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<%?ka\;\2 (3@3} A Familiar Place...

Graphs
(but not pie charts)

Entrances to
the College

Final Project Phase #3 due Tuesday, May 1

Problem Set: Assignment #7 due Thursday, May 3 u-1 u-2

A R A
Y Graph G: Formal Definition 4 " Paths and Cycles
J /

TV TRJU
A grqph G consists of two sets 6 = {V, E} + A path between two vertices
- A set V of vertices, or nodes - A sequence of edges that begins at the
(entities) ' first vertex and ends at the other
- Aset E c VxV of edges (relationships vertex

between entities) - May pass through the same vertex more

A subgraph A _ﬂ“:" onceh

- Consists of a subset of a graph’s simple pat!

vertices and a subset of its edges - A fﬂﬂ‘ that passes through a vertex

Adjacent vertices A °"I Y once

- Two vertices that are joined by an eyce .
edge - A path that begins and ends at the same
vertex
A simple cycle
- A cycle that does not pass through a
vertex more than once
U-3 U-4
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S|y
(%ATA} Connected and Complete
TRU

A connected graph
- A graph that has
a path between each pair of
distinct vertices
+ A disconnected graph
- A graph that has
at least one pair of vertices
without a path between them
+ A complete graph
- Agraph that has

an edge between each pair of
distinct vertices

@FTE} Directed Graphs and DAGs
=

Directed graph
- Each edge is a directed edge, or an arc

- Can have two arcs between a pair of vertices, one in each
direction

- Vertex yis adjacent to vertex xiff
there is a directed edge from x to y

Directed path

- A sequence of directed edges between two vertices
Directed Acyclic Graph (DAG)

- Directed graph that has no cycles

[] Boston
chw York

San Francisco

N\

Santa Fe u-6

How few edges can you remove
to make the graph a DAG?

(3%3\2 Weighted and Multiple Edges
(=3

Weighted graph
- A graph whose edges have
numeric labels

- Usually label correspond fo the [ Boston
“cost" of the relationship 170,
represented by the edge S Franciees New York

2600
Multigraph Bo,
- Not a graph \
- Allows multiple edges between B

vertices Santa Fe

- Multiple edges indicate multiple
relations between vertices

giﬂz\} It's Déja Vu All Over Again
=

A free is a graph in which there
is exactly one simple path
connecting any two nodes

How many edges does a tree
with 7 nodes have?
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(3?1‘3} Graphs as ADTs: Operations
R

Create an empty graph

Determine whether a graph is empty
Determine the number of vertices in a graph
Determine the number of edges in a graph

Determine whether an edge exists between two given vertices;
for weighted graphs, return weight value

Insert a vertex in a graph whose vertices have distinct search keys
that differ from the new vertex's search key

Insert an edge between two given vertices in a graph

Delete a vertex from a graph and any edges between the vertex and
other vertices

Delete the edge between two given vertices in a graph
Retrieve from a graph the vertex that contains a given search key

u-9

Slk,\'\
(ﬁATAJ public interface Graph ({
TRV

public Graph () // Create an empty graph
public boolean isEmpty () // returns true iff a graph is empty
public int numVertices () // returns the number of vertices in a graph

public int numEdges () // returns the number of edges in a graph
public boolean isEdge(Vertex vl, Vertex v2) // returns true iff an edge exists
between two given vertices; for weighted graphs, return weight value

public boolean addVertex (Vertex v)
Insert a vertex in a graph, return true if successful

public boolean addEdge (Vertex vl, Vertex v2)
// Insert an edge between two given vertices in a graph

public boolean addEdge (Vertex vl, Vertex v2, int weight)
// Insert a weighted edge between two given vertices in a graph

public int getEdgeWeight (Vertex vl, Vertex v2)
returns the weight of the edge between the two vertices

public boolean deleteVertex(Vertex v)
// Deletes a vertex from a graph and any edges between the vertex and
other vertices, returns true if successful

public boolean deleteEdge (Vertex vl, Vertex v2)
// Deletes the edge between two given vertices in a graph

public Vertex getAdjacentVertices(String key)
Retrieve from a graph the vertex that contains a given search key !¢

(%fﬁ‘} Implementing Graphs: Adjacency Matrix
TV

+ Adjacency matrix for a graph with n vertices
numbered 0, 1, .., n-1
- An nx n array matrix such that
matrix[A[] =
* 1 (true) iff there is an edge from vertex i to vertex j
*+ 0 (false) iff there is no edge from vertex i to vertex j

v

d
What can you deduce about the matrix of an undirected graph?

Ay
@‘ATA} Adjacency Weighted Matrix
TRU

+ Adjacency matrix for a weighted graph with # vertices
numbered O, 1, .., n-1
- An n x n array matrix such that
matrix[A[/] =
+« The weight label of the edge from vertex i to vertex j
iff there is an edge from i to j

« oo iff there is no edge from vertex i to vertex j

O
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(T’)‘AQTKA'} Implementing Graphs: Adjacency Lists
T=UV

*+ An adjacency list for a graph with n vertices
numbered 0, 1, .., n-1
- Consists of 7 linked lists

- The  linked list has a list entry for vertex j
iff the graph contains an edge from vertex / to vertex j

~

(ﬁfﬁ\" Weighted Adjacency Lists
\PRLJJ

+ Adjacency list for a weighted undirected graph
- Each list entry contains the edge label

- Treats each edge as if it were
two directed edges in opposite directions

U-14

ay
(3;{1‘5} Adjacency Matrix vs Adjacency Lists
=

Adjacency matrix compared with adjacency list
- Two common operations on graphs
- isEdge(v, w)
Determine whether there is an edge from vertex v to vertex w

- getAdjacentVertices(v)
Return list of all vertices adjacent to a given vertex v

- Adjacency matrix
+ Supports isEdge(v, w) more efficiently
- Adjacency list
+ Supports getAdjacentVertices(v) more efficiently
+ Often requires less space than an adjacency matrix

éiﬁ?\)} Graph Traversals
R

+ A graph-traversal algorithm
- Visits all the vertices that it can reach
- Visits all vertices of the graph
iff the graph is connected
(effectively computing connected components)
+ Connected component

- The subset of vertices visited during a traversal that begins at
a given vertex

- Could loop indefinitely if a graph contains a loop
+ To prevent this, the algorithm must
- Mark each vertex during a visit, and
- Never visit a vertex more than once

Does it remind you of another algorithm we have seen?

U-16
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(3%3\2 DepthFirstSearch(v)
R

// traverses a graph starting at
vertex v using DFS
Create a new stack S
Push vonto S
Mark v as visited
While (S is not empty)
If there are no unvisited vertices
adjacent to the vertex on top of S:
Pop S
Else:
Select an unvisited vertex v adjacent
to the vertex won top of S
Push v onto S
Mark v as visited

Draw the DFS tree
And the contents of the stack -

gﬁzl'z} BreadthFirstSearch(1)

// traverses a graph starting at
vertex v using BFS
Create a new queue Q
enQueue v onto Q@
Mark v as visited
While (Q is not empty)
deQueue a vertex w from Q
For each unvisited vertex v
adjacent to w:
Mark v as visited
enQueue v onto @

Draw the BFS tree
And the contents of the queue ;

-18

@?TE} Dependency Graph
R

A directed graph, preferably a DAG

Usually reflect dependencies or requirements

Ie., Assembly lines, Supply lines, Organizational charts, ...
Understanding dependencies requires “topological sorting”

U-19

(DATA) Applicati hs: Topological Sorti
&fﬁd Applications of Graphs: Topological Sorting

Topological order

- A list of vertices in a DAG such that
vertex x precedes vertex y iff
there is a directed edge from x to y in the graph

- There may be several topological orders in a given graph
+ Topological sorting
- Arranging the vertices into a topological order
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(T’)‘fﬁ\‘\“ Topological Sorting Algorithms
‘I‘RU/

Select a vertex v

that has no successor (@) (b) ©
Remove v from the graph /
I(::J?%owilg‘, all edges that 0, & ®
Add v to the beginning

of a list of vertices L
Repeat previous steps
When the graph is empty,

L's vertices will be in
topological order

El-El-ta-e - L[]l

(R logical Sorting Algorith
ngﬁﬁ Another Topological Sorting Algorithm

Select a vertex v

that has no predecessor (@) (b) ©
Remove v from the graph /
(along with all edges that @ & ®

lead to it),

Add v to the end
of a list of vertices L

Repeat previous steps

When the graph is empty,

L's vertices will be in
topological order

u-21 U-22
A . =Y .
(%ATA} Spanning Trees @‘ATA} Spanhing Trees
TV TeU
A tree is an undirected connected graph without cycles Z;Ctla;fam a spanning tree from a connected undirected graph with
X . - Remove edges (maintaining connectedness) until there are no cycles
A spanning tree of a connected undirected graph & You can determine whether a connected graph contains a cycle by
- A subgraph of G that contains all of &'s vertices and enough of its counting its vertices and edges
edges to form a free - A connected undirected graph that has n vertices
O, ®) @ must have at least #7- 1 edges
! / - If it has exactly n-1edges, it cannot contain a cycle
- If it has more than #- 1 edges, it must contain at least one cycle
\ e
@—@®@—=©6 Y
N
@ © ® U2 How many spanning trees does a complete 4-node graph have? | ,,
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(%fﬁ\‘} DFS and BFS Spanning Tree Algorithms
T=UV

@FTE} Minimum Spanning Tree
R

+ Traverse the graph
using DFS/BFS and
mark the edges
that you follow

- After the traversal
ends, the graph's
vertices and marked
edges form the
spanning free

A spanning tree for which
the sum of its edge weights

is minimal
Formulated by Chech engineer
Boruvka in 1923 9
He wanted to find
the cheapest way .‘ﬂ

to bring electricity
to the Bohemian countryside

[a] ,Jo]

5

Lt A
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=G
(%ATA} Minimum Spanning Tree
TRU

(DATEY The ® " lgori
&fﬁd The "Snowball” MST Algorithm

Discovered by Prim

+ Finds an MST
beginning at any vertex

+ Strategy

- Find
the least-cost edge (v, v)
from a visited vertex vto
some unvisited vertex v
Mark v as visited
Add vertex u
and edge (v, v)
to the MST
Repeat the above steps
until there are no more
unvisited vertices

U-28
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Ay
(T’)‘ATA} “Parallel Choices" MST Algorithm
T=UV

Described by Boruvka

+ Finds an MST
beginning at every vertex

+ Strategy

- For every vertex v
select its least-cost edge (v, v)
to the remaining vertices

- Merge connected vertices
into a "supervertex”

- Repeat the above steps until one
verfex remains

U-29

(ﬁfﬁ\,} Shortest Paths

What is the shortest way to go

from the Science Center to Tower?

Shortest path between two vertices in a weighted graph
is the path that has the smallest sum of its edge weights
among all the possible paths

o

U-30

Aoy L , .
(3@5/ Dijkstra's Shortest Path Algorithm

(e
\ T
D)

3

Determines the shortest paths between
a given origin o and all other vertices, using:
- A set vertexSet of selected vertices
- An array pathWeight[], where
pathWeight[V] is the weight of the shortest path
from vertex o to vertex v
that passes through vertices in vertexSet

(ﬁfﬁ\'} Circuits (and evening strolls in Konigsberg)
TRV

A circuit is a special cycle that passes through every vertex (or
edge) in a (multi)graph exactly once

In Konigsberg Eeople wondered if it were possible

to go for a walk in the tfown and cross each bridge once

- Euler circuit: A circuit that begins at a vertex v, passes through
every edge exactly once, and terminates back at v

- Euler proved that it exists if and only if ...

U-32
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a4
(T’)‘ATA} Drawing Without Lifting Your Pencil
T=UV

* Which of the following sketches can you
trace without lifting your pencil from the

paper?

@S'TKAJ\Jh Hamiltonian Circuit and Path
TR

* Begin at some vertex v,
pass through every vertex exactly once,
and terminate back at v (a circuit)

U-34

Ay
(T’)‘ATA} Traveling Salesperson Problem
TV

- Of all the Hamiltonian paths,
find the cheapest one

(3?‘]‘?\;2 Complexity: Easy vs Difficult Problems
R

+ Complexity is measured in terms of
time required to find a solution
- Easy Problems (can be done in O(*), k small)
- Sorting
- Inserting, Deleting, Searching
- BFS and DFS
- Topological sort
- Eulerian circuit
+ Difficult Problems (seem to require O(2") )
- Longest simple cycle problem
- Subset sum problem
- The traveling salesperson problem
- 6raph coloring problem

U-36
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<§§E> Graph Coloring

(@\jﬁ} Subset Sum

61 17 9
20 79
5
51

50

-106 94

-219
-30 -89
141
-33 -
-190
57 ?
48
103 -64
1 118
77
-190
115 201

U-38

AUy .
(3@5/ Are They Really That Different?

+ Find the shortest simple path between two
vertices in a graph

+ Find the /ongest simple path between two
vertices in a graph

+ Find a cycle that traverses each edge of a
graph exactly once (a Euler tour)

+ Find a simple cycle that contains every vertfex
in a graph (a Hamiltonian cycle)

10



