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Asymptotics

[1] Of the recurrence equations below, indicate
1. Which gives rise to the best asymptotic running time?
2. Which gives rise to the worst asymptotic running time?

aT(n=1+T(n-a, a>0
b.T(n)=1+T(an), O<ax<1l
c.T(N=n+T(n-a, a>0
d. T(n)=n+T(an), O<ax<l

[3] List all of the following sets that are subsets of O(n?)

a o(n) f.o(n2) k. o(n3)
b. O(n) g. O(n2) l.O(n3)
c.Q(n) h.Q(n2) m. Q(n3)
d. W(n) i.Wn2) n. Wn3)
e. w(n) j.w(n2) 0. w(n3)

[4] List al of the following sets that are non-empty:

a. o(n) C O(n)
b.o(n) ¢ Q(n)
c.o(n) CWn)
d. o(n) C w(n)
e. O(n) —(o(n) E Q(n))
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[5] Consider the recurrence T(n) = n + k(n/2). For each of the following sets, give avaue

of k3 1 suchthat T(n) will have asolution in that set.

a. Q(n)
b. Q(nlg(n))
c.Q(n?)



Sorting/Order Statistics

[2] Consider sorting n numbers (not necessarily distinct) in the range[1..n]. List all of the
following algorithms that have O(n Ig(n)) worst-case running times on this problem:

a. selection sort

b. insertion sort

c. bubble sort

d. merge sort

e. quick sort (using two-finger partition with random pivot)

f. heap sort

0. tree sort (insert elements into binary search tree, and extract them viain-order traversal.)
h. counting sort

i. radix sort

j. general bucket sort

Extra: Answer the question for (1) average-case; (2) best-case; (3) Q(n Ig(n))

[3] The quicksort algorithms we studied in class had Q(n Ig n) expected running time
but Q(n2 ) worst-case running time. Describe a single simple modification to these algorithms
that makes them run in Q(n Ig n) worst-case time

[4] Given aheap with n elements, what is the best-case running time for an algorithm that
removes all the elements from the heap in sorted order?

[5] Using an O(n) worst-case linear-time black-box subroutine for finding the median of a set
of n numbers, describe a simple linear-time algorithm that solves the selection problem for an
arbitrary order statistic.



Dynamic Sets

[1] For which of the following dynamic set implementations does the Sear ch operation
have an O(Ig(n)) worst-case running time?

a. unsorted array g. binary tree

b. sorted array h. binary search tree
c. unsorted singly-linked list i. red-black tree

d. sorted singly-linked list j. 2-3tree

e. unsorted doubly-linked list k. AVL tree

f. sorted doubly-linked list

[2] List al of the following dynamic set implementations whose Pr edecessor operation
has a smaller asymptotic worst-case running time than that for red-black trees:

a. unsorted array

b. sorted array

c. unsorted singly-linked list

d. sorted singly-linked list

e. unsorted doubly-linked list

f. sorted doubly-linked list

g. binary tree

h. binary search tree
[3] What are the (1) worst-case and (2) expected running times of inserting n distinct
elementsin random order into the following dynamic set structures

worst-case | expected

a unsorted list

b. sorted list

C. binary search tree

d. red-black tree

[4] For each of the following augmentations to each node of ared-black tree, indicate
which cannot be maintained without changing the O(Ig(n)) worst-case running time of
I nsert and Del et e:

a. minimum of the subtree rooted at the node.

b. sucessor of the node.

c. size of the subree rooted at the node.

d. depth of the node.

e. height of the node.

f. black-height of the node.
[5] Give formulae for the (1) smallest and (2) largest possible number of non-leaf nodes
in ared-black tree with black height k.



[1] What isthe name of a directed graph

a. That has no back edges?
b. That has no back edges, forward edges, or cross edges?

[3] Supposethat G is acomplete graph of cities whose edges indicate the distance
between the cities. Match each of the following problems with the algorithms (there may
be more than one) that can be used to solve it:

a. Find the smallest length of fiber-optic cable to connect all the cities.
b. Find the shortest distance path between two cities.
c. Find the path between two cities that visits the fewest cities in-between.

1. Breadth-first Search
2. Depth-first Search
3. Prim's Algorithm

4. Kruskal's Algorithm
5. Dijkstra's Algorithm

[4] Draw the smallest graph for which depth-first search induces a different tree from
breadth-first search.

[5] Arrange 4 verticesin aDAG such that it hasit has exactly four topological sorts.

Extra: one topological sort; two topological sorts; what is the maximum number of
topological sorts?



Complexity

[1] For each of the following statements, indicate whether (1) it is known to be true
(2) itisknown to be false or (3) its truth is unknown.

aP!NP
b.Pi NP

c. P=co-NP
d.Pi co-NP
e. NP =co-NP

f.NPI co-NP
[2] Supposethat A isalanguage in P. For each of the following conditions, indicate
whether it is sufficient to provethat B isin P.

aA £pB

b.B £pA

c. £pB

dBE£pu
[3] Supposethat A isan NP-complete language and B isin NP. For each of the
following conditions, indicate whether it is sufficient to prove that B is NP complete.

aAfpB

b.BEpA

c.ForalLinNP,L £pB
[4] Let L bethelanguage { <A, k, n> | nisthe kth smallest element of array A}. Using a
black box algorithm A that decides L in polynomial time, show that thereisa

polynomial time algorithm that finds the kth order statistic of A in polynomial time.
[5] A simple path between verticesaand b of agraph G is said to be hamiltonian if it
includes al the verticesin G. In the following, assume that G is a complete, weighted
graph, and that aand b are arbitrary verticesin G. For each of the following languages,
indicate whether it is "obviously" in each of P, NP, or co-NP:

L1 ={<G, a b, k> | thereis a path between a and b whose weight is < k.}

L2 ={<G, a, b, k> | there is a hamiltonian path between a and b whose weight is< k.}
L3 ={<G, a, b, k> | al paths between aand b have weight <k.}

L4 ={<G, a, b, k> | al hamiltonian paths between aand b have weight <k.}



Potpourri

[1] Of the following greedy algorithms, list all that are not optimal:

a. 0/1 knapsack algorithm

b. fractional knapsack algorithm

c. Prim's algorithm

d. Kruskal's algorithm

e. Dijkstra's algorithm

f. coin-changing with arbitrary denominations

[2] Trueor fase: A dynamic programming algorithm that uses a d-dimensional table,
each of whose dimensionsis size n, runs in O(nd) time. Briefly justify your answer.

[3] What isthe largest n such that distinct integersin [1..n] can be arranged into asingle
binary tree that is both aBST and and heap?

[4] The following game costs $1 to play: given a coin with probability p of getting heads,
flip it twice. If you get two heads you get $2; otherwise you get nothing. What is the
smallest p for which you should play this game?



