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RECURRENCES AND SUMMATIONS

This handout summarizes highlights of CLR Chapters 3 & 4.

Two-Step Strategy for Analyzing Algorithms
1. Characterize running-time (space, etc.) of algorithm by a recurrence equation.
2. Solve the recurrence equation, expressing answer in asymptotic notation.

Recurrence Equations

A recurrence equation isjust arecursive function definition. It defines afunction at one input in terms
of its value on smaller inputs.

We use recurrence equations to characterize the running time of algorithms. T(n) typically stands for the
running-time (usually worst-case) of a given algorithm on an input of size n.

Recurrence equations for divide-and-conquer algorithms typically have the form:

General Case(n3 1)
T(n) = [# of subproblems] T ([ size of each subproblem]) + [ cost of divide& glue]

Base Case (n< 1)
T(n)=0

Because the base case is always the same, it is usually omitted when defining T(n).

Deriving Recurrence Equations

Insert an element into a sorted list of T(n) = T( ) +
length n

Insertion-sort alist of length n. T(n) = T( ) +
Binary search on an array of n elements. T(n) = T( ) +
Find the maximum of the leaves of a

balanced binary tree.with n leaves. T(n) = T( ) +
Merge-sort alist of n elements T(n) = T( ) +

Find the maximum element of array
A[0..n-1] by iteratively setting A[i] to
max(A[2i], A[2i+1]) for Ig(n) iterations T(n) = T( ) +

Towers of Hanoi T(n) = T( ) +




Solving Recurrence Equations: The Substitution M ethod

In the substitution method, we guess a solution involving various coefficients, and determine the
coefficients that lead to a solution (if any).

Examplel: T(n)=T(n-1)+1

Assume solution hasforman + b

Example2: T(n)=T(n-1) +n

Assume solution has form an? + bn + ¢:

What if we assumed solution had form an + b?



Solving Recurrence Equations: The Iteration Method

Theiteration method is atwo-step strategy for solving recurrence equations:
1. Iteratively construct arecursion tree by unwinding the recurrence equation.
2. Determine the cost of the entire tree by summing the costs of the nodes.

There are other methods for solving recurrence equations; see CLR for details. However, we will use the
iteration method almost exclusively.

Example3: T(n)=T(n-1)+1
Alsoderivablee T(n-1)=T(n-2)+1

T(n-2)=T(n-3)+1
etc.
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Total cost of nodes = number of nodes=n



Example4: T(n)=T(n-1) +n
Alsoderivablee  T(n-1)=T(n-2)+(n-1)

T(n-2)=T(n-3)+(n-2)
etc.
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Total cost of nodes=1+2+3+..+(n-2)+(n-1)+n {Arithmetic series, see below}
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Example5: T(n) =T(n/2) + 1
Also derivable:  T(n/2) =T(n/4) + 1

T(n/4) = T(/8) + 1
etc.
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Total cost of nodes = number of nodes =Ig(n) + 1 = Q(lg(n))

(We start with one T(n) node and generate a number of subnodes equal to the number of times n can
be successively divided by 2. The latter quantity islg(n); including the 1 generated by the origina
T(n) node givesIg(n) + 1 nodes.)



Example6: T(n) =2T(n/2) + 1

Also derivablee  T(n/2) =2T(n/4) + 1
T(n/4) =2T(n/8) + 1

Tota cost = number of nodes
= sum of nodes at each level

=14+2+4+8+..+ 290N {Geometric series!}
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Example7: T(n) =2T(n/2) + n

Also derivable:  T(n/2) = 2T(/4) + n/2
T(n/4) = 2T(n/8) + n/4
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Total cost = (n)(number of levels) = n(lg(n) + 1) = Q(nxlg(n))




Example8: T(n) =T(n/2) + n
Also derivable:  T(n/2) = T(n/4) + n/2
T(n/4) = T(n/8) + n/4
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Total cost = n+n/2+n/4 + ... + n/29(n) :a X < a x =
Example9: T(n)=2T(n-1) +1

Also derivable:  T(n-1) =2T(n-2) +1
T(n-2)=2T(n-3) +1

What is the picture?

What is the sum?



Summations

Sigma notation:
n

n
A3 =a tat.ta= g
j=1 k=1
Linearity Laws:
n n
2 o
a Cxg = cxa
k=1 k=1

n n n

a@+b) = ga + Qb

Arithmetic Series
A seriesisarithmeticif g =c+ &(k-1)

Trick: Sum corresponding pairs of numbers:

' ¥ £

al + a2 + a3 an_2+ an_1+

On n
a ac=2@+a
k=1

Examples:

e 1+2+3+..+n=

e Sum of first n elementsof series7+ 10+ 13+ 16 + ...



Geometric Series

A seriesisgeometricif a, = cxg.1)

n
Let S(n) stand for § yxcK =gy +aqC+g R +aB+...+3C"
k=0

(Note carefully: S(n) has n+1 terms, not n terms!)

Notice the following:

cS(n) = gC+aC2+agyC3+..+ayCc+gyctl
—S(n) =gy +ggC+gC2+ayC3+ ... +gyC"

(c—1) S(n) =gg ™! —gy =gp(c™ - 1)

go(c™! -1)
SM="(c-10

If 0<c<1andn® ¥, the above formula can be rewritten as:

limpe ¥ S(N) :% if0<c<1

Examples:

1+2+4+8+..+20 =

1+2+4+8+..+2lg0n) =

1/2+14+18+...=

V3+19+ 127+ .=



