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Depar t ment  of  Comput er  Science
Wellesley College

DFA Operations

Thur sday, Oct ober  11, 2007
Reading: St ought on 3.11 Ð 3.12

Complement , I nt er sect ion,
Dif f er ence, and Equivalence of  DFAs

 DFA Oper at ions 16-2

Some DFAs
Her e ar e some simple DFAs we will use as examples in t odayÕs lect ur e.
What  languages do t hey accept ? 
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Complement  of  DFAs

I f  DFA accept s language L, t hen L is accept ed by DFA, a
ver sion of  DFA in which t he accept ing and non-accept ing
st at es have been swapped.
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Complement  of  Regular  Expr essions
DFAs and r egular  expr essions ar e t wo dif f er ent  ways of  specif ying
r egular  languages.

Because DFAs can be complement ed, r egular  languages ar e closed
under  complement at ion* .

So we could add a complement  oper at or , !, t o r egular  expr essions.
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(ab)* !((ab)* ) = <some r egular  expr ession>

*  Assuming t he alphabet  being used is appar ent .

Reg t o DFA DFA t o Reg

Complement  DFA
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(  ,  )

Ther e ar e sever al sit uat ions in which we want  t o r un t wo
DFAs in par allel on t he same input .  We can do t his via t he
product construction.

Suppose DFA1 = (Q1, s1, A1, T1) and DFA2 = (Q2, s2, A2, T2)

We def ine DFA1 x DFA2 as f ollows:

States:  Q1x2 = Q1 x Q2

Start State: s1x2 = s1 x s2

Accepting States:  Definition depends on how we use product
Transitions:
    T1x2 = { ( (p1,p2), a, (r 1,r 2) ) |
                  (p1, a, r 1) ∈ T1

                            and (p2, a, r 2) ∈ T2 }

Pr oduct  of  DFAs
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( A , D )

Sample Pr oduct s
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DFA1 x  DFA2
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I nt er sect ion of  DFAs

DFA1 ∩ DFA2
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DFA3 ∩ DFA4

We can int er sect  DFA1 and DFA2 (wr it t en DFA1 ∩ DFA2) by
def ining t he accept ing st at es of  DFA1 x DFA2 as t hose st at e
pair s in which both st at es ar e accept ing st at es of  t heir  DFAs.
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Union of  DFAs

DFA1 ∪ DFA2
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DFA3 ∪ DFA4

We can union DFA1 and DFA2 (wr it t en DFA1 ∪ DFA2) by
def ining t he accept ing st at es of  DFA1 x DFA2 as t hose st at e
pair s in which either st at e is an accept ing st at e of  it s DFA.
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Some Consequences
¥  Regular  languages ar e closed under  union. We alr eady knew t hat .
   But  now we have an alt er nat ive way t o union t wo FAs.

¥  Regular  languages ar e closed under  int er sect ion.  So we could
   add an int er sect ion oper at or , &, t o r egular  expr essions.  E.g.,
   (a*b* ) & (b*a* ) would denot e t he same language as DFA3 ∩ DFA4 .

¥ We can def ine t he dif f er ence of  t wo DFAs in t er ms of
   complement  and int er sect ion:

DFA3 − DFA4 = DFA3 ∩ DFA4

  So r egular  languages ar e closed under  dif f er ence. And we could
  add a dif f er ence oper at or , -, t o r egular  expr essions. E.g.,
  (a*b* ) - (b*a* ).
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Ar e Any of  t he Following DFAs Equivalent ?

L
a

b
K

DFA5

M
b a

a,b

O
a

b
N

DFA6

P
b a

a,b

S
a

b

R

DFA7

T
b b

a,b

Q
a

a



6

 DFA Oper at ions 16-11

The Pr oduct  of  DFA5 and DFA6
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The Pr oduct  of  DFA5 and DFA7
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DFA Equivalence Algor it hm
To det er mine if  DFA1 and DFA2 ar e equivalent ,
const r uct  DFA1 x DFA2 and examine all st at e pair s
cont aining at  least  one accept ing st at e f r om
DFA1 or  DFA2:

I f  in all such pair s, bot h component s ar e accept ing,
DFA1 and DFA2 ar e equivalent  --- i.e., t hey accept  t he same
language.

I f  in all such pair s, t he f ir st  component  is accept ing but  in
some t he second is not , t he language of  DFA1 is a superset of
t he language of  DFA2 and it  is easy t o f ind a st r ing accept ed
by DFA1 and not  by DFA2

I f  in all such pair s, t he second component  is accept ing but  in
some t he f ir st  is not , t he language of  DFA1 is a subset of  t he
language of  DFA2, and it  is easy t o f ind a st r ing accept ed by
DFA2 and not  by DFA1

I f  none of  t he above cases holds, t he languages of  DFA1 and
DFA2 ar e unr elat ed, and it  is easy t o f ind a st r ing accept ed by
one and not  t he ot her .


