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1 Dot Product

The notationv - w means thedot product or scalar product or inner product of two vectors,y andw. In
abstract mathematics, we can talk about choosing an inndupt on a vector space, and that inner product
has to satisfy certain properties:

e v-w € R That is, the dot product of two vectors is just a real numbecadar (not a vector).

e Vu,v-v=0iff v = 0. Thatis, the dot product of a vector with itself is zero if ady if the vector
is the zero vector. In 3D, the zero vector is (0,0,0).

e (commutativity)v - w = w - v

e (linearity) v - (au + bw) = a(u - v) 4+ b(v - w). That it, the dot product of a vectorwith the linear
combination of two other vectors, and w, is the same as the linear combination of the two dot
products.

But in this course, we're going to be very concrete.

n
V-w = E V;W;
1=0

In fact, since we only are using 3 dimensions:

VW = VogWo + VW1 + Vw2

You can easily check that this definition of a dot products$igts the required properties.
Note that calculating one element of a matrix multiplicatie the same thing as a dot product: the result
element is the dot product of a row from the first matrix withodunn from the second matrix.

1.1 Example
Suppose we have the following two vectors:

v = (1,2,3)
w = (6,5,4
The dot product of those vectors is:

vow=1%x6+2x5+3x4=6+10+12 =28

Note that the dot product of two vectors islar: a real number, not a vector.



2 Length
Given the dot product, we can define the length of a vector:

[v| = Vv v

This is just our old friend the Pythagorean theorem in disgiuiwhy? Because the dot product of a
vector with itself ends up squaring each element and adtemg wLp.

Note that we can rescale (shrink or grow) any vector (exdepizéero vector) to have unit length. This is
callednormalizing.

2.1 Example
What is the length of the vecter= (2,3,6)?

v =v22+324+62=V4+9+36=V49="7
If we normalize v, what do we get? Leb = v/|v|, we get
w=(2,3,6)/7 = (2/7,3/7,6/7) ~ (0.28,0.43,0.86)

You can easily check thatw| = 1. The vectorw is in exactly the samdirection asv, but it's one unit
long.

3 Angles Between Vectors

The angle between two vectarsandw can be found using the following formula. Amazing, but true.

v--w
COS(H) = W
which | like to also think of as:
w
cos(f) = m m

In other words, it's just the dot product of the two normatizectors. That is, if both of two vectois
andw are normalized (a length of one unit), the formula for tharm®f the angle between them becomes
the following, which is remarkably simple:

cos(f) =v-w

This is good news, because a dot product is very quick to ctenpu 3D, it’s just 3 multiplies and 2
adds. It turns out that the cosine of an angle is often degiredmputer graphics, so being able to compute
it so simply is enormously valuable. In fact, there are oreswhen the tail wags the dog: the cosine of
the angle is used because it's so quick to compute.



3.1 Examplel

Given the following vectors, what is the cosine of the angineen them?

w = (9,6,2)

Since we already know the length oflet’s first find the length ofv:

lw| = Vw-w=v92+62+22=+81+36+4=+121 =11
Therefore, the cosine of the angle betweeandw is:

Cvew 2x943x6+6%2 18+ 18412 48 ~ 0.62
T Tx11 77 B 77 A
If, for some reason, we needed the actual angle, we could w@ntipe arc cosine, but we’'ll almost never

need that. (This angle is about 51 degrees.)

cos ()

3.2 Example?2

Suppose we have the vectars= (1,0,0) andy = (0,1,0). That is, these are unit vectors that point in the
direction of the X and Y axes. It's easy to see that the dotyerbdetween these is zero.

What does this mean? If the cosine of an angle is zero, thahsnbe angle is a right angle (ninety
degrees). That is, these two vectors pagendicular. (We're not surprised that they're perpendicular, but
it's nice to see that the calculation confirms it.) In linekyedra, the ternorthogonal is used for vectors that
are perpendicular. In geek-speak, we say that two thingsoatteogonal” if one doesn’t affect the other.
This makes sense because we can translate an object bylesutiipthe vectorr without affecting its Y
coordinate, and translate it by multiples of the vegtaevithout affecting its X coordinate.

3.3 Example3
What can we say about the angihetween the vectors:

= (2,3,6)
u = (—6,10,—3)

The cosine of the angle is found by:

2,3,6)- (—6,10,—3) —12430-18 0
|v]|ul |v]|ul |v]|ul

cos(f) = (

So, these vectors are perpendicular (orthogonal).



4 Applying the Law of Cosines

This section proves that the dot product of normalized vedthe angle between them. You can skip it if
you're not interested.

Y
According to the law of cosines, from trigopnometry:

o —wl* = [vf* + w]? - 2[v]|w] cos(6)
Whered is the angle betweenandw. With some algebra, we get:

2 2 2
cos(g) — P w2 — v —w

—2|v]|w]
All the terms inv — w are of the form
(vo — wp)?
multiplying out to
v% — 2vpwo + wg

That means that all the squared terms in the numerator agiasgappe—2 cancels with the denominator, and
we are left only with the cross terms:

but that numerator is just the dot productioéindw, so

cos(f) = —]va\

5 CrossProduct

The dot product of two vectors producescalar. The cross product producesector: one that is perpen-
dicular tobaoth of them. In 3D, the cross product is:

n = UXW
(% Wy
= ’Uy X wy
(% Wy




Note that order matters: x w = —w x v. Notice also that in computing,, you use only terms from
the Y and Z components, and similarly fey andn.. There’s a nice graphical way to remember the way to
compute this. Looking at the following figures, multiply ttegms connected by lines, and subtract one line
from another. For the X and Z, you subtract the major diag¢siaping down to the right) from the minor
diagonal, and for Y, you subtract them in the opposite ordejust negate the result).

nx) |VX| WX nx| [vX| [WX nx vx><wx
= VAL X [ = X = v X W
-
nz VZ| Wz nz VZ| Wz nz vZ| Wz

5.1 Direction of the cross product

What direction does the vector go in? For that, we needritjlg-hand rule: point the fingers of your
right hand in the direction of the first vector, sweep themaims the second, and your thumb points in the
direction of the cross product. Alternatively, point yoliuinb in the direction of the first vector, your index
in the direction of the second, and your middle finger in threation of the cross-product.

Interestingly,z = z x y, x = y X z andy = z x x. Thatis, a normalized vector parallel to thexis,
(0,0,1) is the cross product of vectors for thaxis, (1,0,0), and the axis, (0,1,1).

5.2 Length of the cross product

The length of the cross-product divided by the lengths otwevectors gives the sine of the angle between
the two vectors:

sin (@) _ Joxw]

 ollw]

5.3 Example

Find the cross product of the following two vectors:

We’'ll write the vectors vertically in order to find the result

n = UXuw
[ 2 9
= 3| x| 6
6 2
[ 342 —-6x%6
= 9%x6 —2x%2
246 —9%3



[ 6—36
= 54— 4
12 — 27
—30
= 50
~15

We already know from previous examples thdt= 7 and|w| = 11. The sine of the angle between
andw is

~ 0.78

in(9) — L7l _ VOO 200+ 235 _ /3675
ljw| 7 T

Earlier, in section 3.1, we found that the cosine of the abgsveeny andw is 48/77. Therefore, we
should be able to confirm that:

1 = cos?(0) + sin?(#) = (48/77)% + (v/3625/77)% = (2304 + 3625)/77% = 5929/5929

Whew!

5.4 Normal Vectors

A vector that is perpendicular to a surface, such as a plaaspiere, is said to b®rmal to it. It's therefore
called a normal vector. (Other vectors are aatormal.)

Normal vectors for surfaces are crucial in lighting caltiolas, because the normal vector tells us the
orientation of the surface, and the orientation is impdrtarhow light falls on the surface and where it
reflects to.

A common way to find a normal vector for plane is to find two vegtibat lie in the plane and take their
cross product. To find a normal vector for a surface, find agthat is tangent at the desired point, and find
the normal vector for that plane. We'll see examples of thierlin the course.



