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Abstract

Recent work has shown equivalencesbetween various type systemsand °ow logics.
Ideally, the translations upon which such equivalencesare based should be faithful in
the sensethat information is not lost in round-trip translations from °ows to typesand
back or from types to °ows and back. Building on the work of Nielson & Nielson and
of Palsberg & Pavlopoulou, we present the ¯rst faithful translations between a class
of ¯nitary polyvariant °ow analyses and a type system supporting polymorphism in
the form of intersection and union types. Additionally , our °ow/t ype correspondence
solves several open problems posed by Palsberg & Pavlopoulou: (1) it expressescall-
string basedpolyvariance (such as k-CFA) as well as argument basedpolyvariance; (2)
it enjoys a subject reduction property for °ows as well as for types;and (3) it supports
a °ow-oriented perspective rather than a type-oriented one.
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1 In tro duction

Type systemsand °ow logic are two popular frameworks for specifying program analyses.
While theseframeworks seemrather di®erent on the surface,both describe the \plum bing"
of a program, and recent work hasuncovereddeepconnectionsbetweenthem. For example,
Palsberg and O'Keefe [PO95] demonstratedan equivalencebetweendetermining °ow safety
in the monovariant 0-CFA °ow analysis and typabilit y in a system with recursive types
and subtyping [AC93]. Heintze showed equivalencesbetweenfour restrictions of 0-CFA and
four type systemsparameterizedby (1) subtyping and (2) recursive types[Hei95].

Becausethey merge°ow information for all calls to a function, monovariant analysesare
imprecise. Greater precision can be obtained via polyvariant analyses,in which functions
canbeanalyzedin multiple abstract contexts. Examplesof polyvariant analysesinclude call-
string basedapproaches,such ask-CFA [Shi91,JW95, NN97], polymorphic splitting [WJ98],
type-directed °ow analysis [JWW97], and argument basedpolyvariance, such as Schmidt's
analysis [Sch95] and Agesen'scartesian product analysis [Age95]. In terms of the °ow/t ype
correspondence,several forms of °ow polyvariance appear to correspond to type polymor-
phism expressedwith intersection and union types [Ban97, WDMT97a , DMTW97, PP01].
Intuitiv ely, intersection typesare ¯nitary polymorphic types that model the multiple anal-
ysesfor a given abstract closure,while union typesare ¯nitary existential typesthat model
the merging of abstract valueswhere°ow paths join. Palsberg and Pavlopoulou (henceforth
P&P) were the ¯rst to formalize this correspondenceby demonstrating an equivalencebe-
tweena classof °ow analysessupporting argument basedpolyvariance and a type system
with union and intersection types[PP01].

If type and °ow systemsencode similar information, translations betweenthe two should
be faithful , in the sensethat round-trip translations from °ow analysesto type derivations
and back (or from type derivations to °ow analysesand back) should not lose precision.
Faithfulness formalizes the intuitiv e notion that a °ow analysis and its corresponding type
derivation contain the same information content. Interestingly, neither the translations
of Palsberg and O'Keefe nor those of P&P are faithful. The lack of faithfulness in P&P is
demonstrated by a simple example. Let e=

¡
¸ 1x:succ x

¢
@

¡¡
¸ 2y:y

¢
@3

¢
, where we have

labeled two program points of interest. Consider an initial monovariant °ow analysis in
which the only abstract closure reaching point 1 is v1 = (¸ x:succ x; ²) and the only one
reaching point 2 is v2 = (¸ y:y; ²). The °ow-to-t ype translation of P&P yields the expected
type derivation:

¢¢¢

² ` ¸ 1x:succ x : int ! int

¢¢¢

² ` ¸ 2y:y : int ! int ¢¢¢

² ` (¸ 2y:y) @3 : int

² ` (¸ 1x:succ x) @((¸ 2y:y) @3) : int

However, P&P's type-to-°ow translation losesprecision by merging into a single set all
abstract closuresassociated with the same type in a given derivation. For the example
derivation above, the type int ! int translates back to the abstract closure set V =
f v1; v2g, yielding a lessprecise°ow analysis in which V °ows to both points 1 and 2.

In contrast, Heintze's translations are faithful. The undesirable merging in the above
example is avoided by annotating function types with a label set indicating the source

point of the function value. Thus, ¸ 1x:succ x has type int
f 1g
! int while ¸ 2y:y has type

int
f 2g
! int .

1.1 Con tributions of this Paper

In this paper, we present the ¯rst faithful translations betweena broad classof polyvariant
°ow analysesand a type system with polymorphism in the form of intersection and union
types. The translations are faithful in the sensethat a round-trip translation acts as the
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identit y for canonical types/°ows, and otherwise canonicalizes. In particular, our round-
trip translation for typespreservesnon-recursivetypesthat P&P may transform to recursive
types. We achieve this result by adapting the translations of P&P to usea modi¯ed version
of the °ow analysis framework of Nielson and Nielson (henceforth N&N) [NN97]. As in
Heintze's translations, annotations play a key role in the faithfulness of our translations: we
(1) annotate °ow valuesto indicate the sinks to which they °ow, and (2) annotate union and
intersection types with component labels that serve as witnessesfor existential quanti¯ers
that appear in the de¯nition of subtyping. These annotations can be justi¯ed purely in
terms of the type or °ow system, independent of the °ow/t ype correspondence.

Additionally , our framework solvesseveral open problems posedby P&P:

1. Unifying P&P and N&N : Whereas P&P's °ow speci¯cation can readily handle only
argument based polyvariance, N&N's °ow speci¯cation can also expresscall-string
basedpolyvariance. So our translations give the ¯rst type system corresponding to
k-CFA analysis where k ¸ 1.

2. Subject reduction for °ows: We inherit from N&N's °ow logic the property that °ow
information valid before a reduction step is still valid afterwards. In contrast, P&P's
°ow system does not have this property. (Both our system and P&P have subject
reduction for types.)

3. Letting \°ows have their way": P&P discussmismatchesbetween°ow and type sys-
tems that imply the need to chooseone perspective over the other when designinga
translation betweenthe two systems. In their translations, P&P chooseto always let
types\ha ve their way"; for examplethey require analysesto be ¯nitary and to analyze
all closure bodies, even though they may be dead code. In contrast, our design also
lets °ows \ha ve their way", in that our type systemdoesnot require all subexpressions
to be analyzed.

1.2 Motiv ation

While the relationship between °ow logics and type systems is an intriguing theoretical
question, it has important practical rami¯cations as well. Flow information is useful for
guiding and/or enhancing a wide variety of analysesand optimizations, such as closure
conversion([SW97, DWM + 01]), defunctionalization([Tol97, TO98, CJW00], inlining([WJ98 ]),
uncurrying ([HH98]). eager thunk evaluation ([Fax93]), dead code elimination ([WS99]),
run-time check elimination ([WJ98]), loop detection[SGL96], and object specialization ([DCG95,
PC95]). Encoding °ow information into type systemsenablestype-directed compilers to
support such °ow-directed optimizations in a uniform rather than ad hoc fashion, with all
the usual attendant bene¯ts of using a typed intermediate language(e.g.,[TMC+ 96, PJ96,
MWCG99]). For instance, °ow information can be preserved by one compiler transforma-
tion so that it is available for subsequent passes,and the additional °ow information aids
in debugging the implementation of the transformations [DMTW97]. In this context, bet-
ter understanding of the relationship between°ows and typescan lead to improvements in
state-of-the-art compiler technology. Indeed,our motivation for this work is to formalize the
encoding of °ow information in the intersection and union types of CIL, the intermediate
languageusedin the Church Project1 compiler [WDMT97a ].

1.3 Overview of Paper

Sect. 2 presents the sourcelanguage. Our type systemis intro duced in Sect. 3 and our °ow
framework in Sect. 4. Sects.5 and 6 present the type-to-°ow and °ow-to-t ype translations,

1The work reported here is part of the Church Pro ject (http://www.cs.bu.edu/g rou ps/c hur ch/ ), whose
goal is to study sophisticated type systems and their application to programming language design and
implementation.
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e 2 LabExpr ::= uel (labeled expressions)
l 2 Lab el (in¯nite set of labels)

ue 2 UnLabExpr ::= (unlabeled expressions)
z j fn j e@e j c j succ e j if0 e then e else e (pure expressions)
j bd j cl (impure expressions)

z 2 Var ::= f j x (in¯nite set of variables)
f 2 MuV ar (¹ -bound variables)
x 2 LamV ar (¸ -bound variables)

fn 2 Abstr ::= ¹f :¸x:e (abstractions)
c 2 In t ::= f¡ 2; ¡ 1; 0; 1; 2; : : :g (integers)

bd 2 Binder ::= bind se in e (binders)
cl 2 Closure ::= close fn in se (closures)
se 2 SemEn v ::= ² j se[z 7! sv] (semantic environments)
sv 2 Value ::= c j cl (semantic values)

Figure 1: Syntax of the languageL .

respectively, while round-trip translations are discussedin Sect. 7. Sect. 8 concludeswith a
discussionof future work.

2 The Language

2.1 Syntax

We study the relationship betweentypesand °ows in the context of an extended¸ -calculus
we call L . The syntax of L is presented in Fig. 1. The metavariable fn rangesover unlabeled
function abstractions of the form ¹f :¸x:e , which denotesa function with parameter x which
may call itself via f . We use the notation ¸x:e as a shorthand for ¹f :¸x:e where f does
not occur in e.2 ¹ -bound variables (f ) and ¸ -bound variables (x) are distinct; z ranges
over both. In examples,we use the concrete variables x, y and z for ¸ -bound variables; g
is a ¸ -bound variable assumedto be bound to a function. Function applications use the
explicit application symbol @,which servesas a convenient location for labels (seebelow).
L also supports integer constants (c), the successorfunction (succ), and the abilit y to test
for zero (if0 ). It would be straightforward to add other constructs (e.g., other constants
and operations, products, sums,binding constructs3), but to keepthe exposition simple we
shall refrain from doing so.

As in N&N, we use bind (bd) and close (cl) expressionsto represent \in termediate
con¯gurations" in the semantics of L (see Sec. 2.2); these should not appear in initial
\user" programs. Thesecon¯gurations are de¯ned in terms of semantic environments (se)
that map variables to a distinguished subsetof unlabeled expressionscalled values. A value
(sv) is either a number (c) or a closure of the form close fn in se. Semantic environments
are lists of bindings of the form [z 7! sv]. The empty environment is denoted ², and the
juxtap osition notation se[z 7! sv] denotes the environment that results from extending
se with the binding [z 7! sv]. We write E[z1; z2 7! sv] for E[z1 7! sv][z2 7! sv]. We
de¯ne dom(se) as f z j [z 7! sv] 2 seg and cod(se) as f sv j [z 7! sv] 2 seg. We also treat an

2Our formal development assumesthat all abstractions are of the form ¹f :¸x:e , but in the text we often
treat abstractions of the form ¸x:e specially in order to reduce clutter. In particular, we do not show
\useless" bindings involving an unreferenced ¹ -bound variable f even though these are technically required
by the formalism. The reader may imagine that we employ an extended version of our formal system
where ¸x:e is explicitly handled via specialized versions of the rules for handling ¹f :¸x:e that ignore an
unreferenced f .

3The let -polymorphism implied by a let construct can be simulated by intersection types.
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FV e : LabExpr ! P(Var )
FV e(uel ) = FV ue(ue)

FV ue : UnLabExpr ! P(Var )
FV ue(z) = f zg

FV ue(¹f :¸x:e ) = FV e(e) n f f ; xg
FV ue(e1 @e2) = FV e(e1) [ FV e(e2)

FV ue(c) = ;
FV ue(succ e) = FV e(e)

FV ue(if0 e1 then e2 else e3) = FV e(e1) [ FV e(e2) [ FV e(e3)
FV ue(bind se in e) = FV se(se) [ (FV e(e) n dom(se))

FV ue(close fn in se) = FV se(se) [ (FV ue(fn ) n dom(se))

FV se : SemEn v ! P(Var )
FV se(se) =

S
v2 cod (se) FV ue(v)

Figure 2: Free variables in L .

environment se as a partial function from Var to Value : if z 2 dom(se), then se(z) = sv,
where [z 7! sv] is the rightmost binding in sv; otherwise se(z) is unde¯ned. Note that
E[z 7! sv](z0) equals sv if z = z0 and equals E(z0) otherwise. In later sections, we shall
use the sameenvironment notation presented here for environments mapping variables to
entities other than values.

Expressionsare annotated with labels that serve to identify them in the type and °ow
systems.There are two alternating classesof expressions:labeledexpressionsare unlabeled
expressionsannotated with labels, and unlabeled expressionshave labeled expressionsas
immediate subexpressions4. We often write labels on constructors; e.g., we write ¸ l x:e
for (¸x:e ) l and e1 @l e2 for (e1 @e2) l . In examples, we use natural numbers for labels.
The function lab : UnLabExpr ! Lab el returns the label of a labeled expression; i.e.,
lab(uel ) = l .

The free variables of labeled expressions(FV e(e)), unlabeled expressions(FV ue(ue)),
and semantic environments (FV se(se)) are de¯ned in Fig. 2. Note that the semantic envi-
ronments in bind and close expressionsact asbinders for variablesin the other components
of theseexpressions.

An expressionor environment containing free variables is said to be open; otherwise it
is closed. An expressionor environment containing bind or close expressionsis said to be
impure; otherwise it is pure. A pure expressione (resp. ue) is said to be uniquely labeled
if each label occurs at most once in e (resp. ue). A pleasant consequenceof this last
property is that each subexpressionof an expressione denotesa unique \p osition" within
e. A program P is a pure, closedexpressionthat is uniquely labeled.

Example 2.1. The program P2:1 =
¡
¸ 6g:

¡¡
g3 @2 g4

¢
@1 05

¢¢
@0

¡
¸ 8x:x7

¢
shows the need

for polyvariance: ¸ 8x:x7 is applied both to itself and to an integer.

Example 2.2 (P&P, Sect.1.6). The following program P2:2 requireseven more powerful
polyvariance. (Assume that ec is a closedexpressiondenoting an integer.)

P2:2 =
¡
¸ 6g:succ13 ¡¡

g3 @2 g4¢
@1 05¢¢

@0
¡
if0 9 ec then

¡
¸ 8x:x7¢

else
¡
¸ 12y:¸ 11z:z10¢¢

L is similar to the labeled languagesstudied by N&N and P&P. It di®ersfrom N&N's
languageonly in the addition of succ and the omission of a let construct. It di®ersfrom

4Closures close fn in se are an exception to this rule; the immediate subexpression fn is unlabelled.
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P&P's languageonly in its support for recursive functions and its useof bind and close as
intermediate expressionsusedby the semantics.

In the formal development, it is necessaryto refer to various syntactic entities occurring
within a given expressionor environment. Fig. 3 presents the de¯nitions of the syntax ma-
nipulation functions weuselater in the paper. The function call LabExpse(e) returns a setof
all labeledsubexpressionsoccurring within the given expressione. Similarly, LabExpsue(ue)
returns the set of all labeled subexpressionsoccurring within the unlabeled expressionue,
and LabExpsse(se) returns the set of all labeledsubexpressionsoccurring within the seman-
tic environment se. To reduce clutter in Fig. 3, we use the metavariable X to range over
the symbols f e;ue; seg, and de¯ne Domain e = LabExpr , Domain ue = UnLabExpr , and
Domain se = SemEn v . Using X , we can summarizethe signaturesof all three functions for
labeledsubexpressionsvia the pattern LabExpsX : Domain X ! P(LabExpr ), where P(S)
denotesthe power set (set of subsets)of the set S. Similarly, there are three functions re-
turning the unlabeled subexpressionsof expressionsand environments that are summarized
by the signature pattern UnLabExpsX : Domain X ! P(UnLabExpr ), and three func-
tions returning the semantic environments occurring in expressionsand environments that
are summarized by the signature pattern EnvsX : Domain X ! P(SemEn v). LabExpsX ,
UnLabExpsX , and EnvsX are all de¯ned in terms of auxiliary functions SFX that return a
triple (2 SubF orms ) of all (1) labeledexpressions(2) unlabeledexpressionsand (3) seman-
tic environments encountered in a recursive descent of an expressionor environment. The
functions LabsX return the labels occurring within a given syntactic entit y. There are sim-
ilar functions for returning the variables (VarsX ), abstractions (FunsX ), binders (BindsX ),
and closures(ClosX ) within a given syntactic entit y.

De¯nition 2.3 (W ell-formedness of Expressions and Environmen ts). A labeledex-
pressione is well-formed wrt. a program P, written wf P

e (e) i® all of the following conditions
hold:

1. Varse(e) µ Varse(P)

2. Labse(e) µ Labse(P)

3. Funse(e) µ Funse(P)

4. for all bd 2 Bindse(e), FV ue(bd) = ;

5. for all cl 2 Close(e), FV ue(cl) = ;

6. for all se 2 Envse(e), FV se(se) = ;

Well-formednesswrt. a program P for an unlabeledexpression,written wf P
ue(ue), is de¯ned

similarly to the above de¯nition, except that e is replacedby ue and Fe is replacedby Fue

for F ranging over Vars, Labs, Funs, Binds, Clos, and Envs. A semantic environment se is
well-formed wrt. a program P i® se is closedand wf P

ue(v) for all v 2 cod(se).

We say that an expressionor environment is well-formed if there is someprogram P such
that the expressionor environment is well-formed wrt. a program P. Often, a particular
program P will be implied from the context. We useE as a metavariable ranging over all
closed,well-formed expressions.

There are several facts implied by the above de¯nition that we often use later:

² For all programs P it holds that wf P
e (P).

² Every subexpressionor environment occurring within a well-formed expressionor en-
vironment is itself necessarilywell-formed.

² Becauseprograms are necessarilypure, condition (3) implies that all abstractions
occuring in a well-formed expressionor environment have pure bodies.
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SubF orms = P(LabExpr ) £ P(UnLabExpr ) £ P(SemEn v)

© : (SubF orms £ SubF orms ) ! SubF orms
he1; ue1; se1 i © he2; ue2; se2i = he1 [ e2; ue1 [ ue2; se1 [ se2i

SFe : LabExpr ! SubF orms
SFe(uel ) =

­©
uel

ª
; ; ; ;

®
© SFue(ue)

SFue : UnLabExpr ! SubF orms
SFue(ue) = h;; f ueg; ; i © SF0

ue(ue)

SF0
ue : UnLabExpr ! SubF orms

SF0
ue(z) = h;; ; ; ; i

SF0
ue(¹f :¸x:e ) = SFe(e)

SF0
ue(e1 @e2) = SFe(e1) © SFe(e2)

SF0
ue(c) = h;; ; ; ; i

SF0
ue(succ e) = SFe(e)

SF0
ue(if0 e1 then e2 else e3) = SFe(e1) © SFe(e2) © SFe(e3)

SF0
ue(bind se in e) = SFe(e) © SFse(se)

SF0
ue(close fn in se) = SFue(fn ) © SFse(se)

SFse : SemEn v ! SubF orms

SFse(se) = h;; ; ; sei ©
³ L

v2 cod (se) SFue(f vg)
´

Let X range over the symbols f e;ue; seg and de¯ne
Domain e = LabExpr

Domain ue = UnLabExpr
Domain se = SemEn v

LabExpsX : Domain X ! P(LabExpr )
LabExpsX (X ) = a, where ha; b;ci = SFX (X )

UnLabExpsX : Domain X ! P(UnLabExpr )
UnLabExpsX (X ) = b, where ha; b;ci = SFX (X )

EnvsX : Domain X ! P(SemEn v)
EnvsX (X ) = c, where ha; b;ci = SFX (X )

LabsX : Domain X ! P(Lab el)
LabsX (X ) =

©
l j 9ue: uel 2 LabExpsX (X )

ª

VarsX : Domain X ! P(Var )
VarsX (X ) = f z j z 2 UnLabExpsX (X )g

FunsX : Domain X ! P(Abstr )
FunsX (X ) = f fn j fn 2 UnLabExpsX (X )g

BindsX : Domain X ! P(Binder )
BindsX (X ) = f bd j bd 2 UnLabExpsX (X )g

ClosX : Domain X ! P(Closure )
ClosX (X ) = f cl j cl 2 UnLabExpsX (X )g

Figure 3: De¯nitions of subexpressionfunctions for L .
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² Condition (5) implies that all values in a well-formed expressionor environment are
necessarilyclosed.

The following lemma is handy for showing the well-formednessof an expressionin terms
of the well-formednessof its immediate components.

Lemma 2.4 (Necessary and Su±cien t Conditions for W ell-formedness). If e = uel ,
then wf P

e (e) holds if and only if (1) l 2 Labse(P) and (2) ue satis¯es the following require-
ments based on the form of ue:

² ue = z implies z 2 Varse(P);

² ue = fn implies fn 2 Funse(P);

² ue = e1 @e2 implies wf P
e (e1) and wf P

e (e2);

² ue = c implies no requirements;

² ue = succ e implies wf P
e (e);

² ue = if0 e then e else e implies wf P
e (e1), wf P

e (e2), and wf P
e (e3);

² ue = bind se in e implies wf P
e (e), wf P

se(se), and FV ue(ue) = ; ;

² ue = close fn in se implies fn 2 Funse(P), wf P
se(se), and FV ue(ue) = ; .

Proof. Follows easily from Def. 2.3.

2.2 Semantics

LikeN&N, but unlikeP&P, wespecify the meaningof programsusingan environment-based
small-step semantics (Fig. 4). Each step of the semantics is expressedas a judgement of
the form se ` e ) e0, which says that e rewrites to e0 in one step relative to a semantic
environment se. Note that this rewriting is deterministic. The binary relation se ` ) ¤

is the re°exive, transitiv e closureof se ` ) . We abbreviate ² ` e ) e0 as e ) e0.
Our rules are adapted from those in N&N; we deviate from theirs in that we do not

truncate the semantic environment se in the rule (fun), cf. the discussionin Sec.4 of our
rule [fun] in Fig. 10. There are a few aspectsof the rules that are worth highlighting. The
(fun) rule makesa closure from a labeled abstraction by pairing the unlabeled abstraction
with the current semantic environment. The (appv ) rule evaluates the body of the applied
closurerelative to its environment, extended with bindings for the ¹ -bound variable f and
the ¸ -bound variable x. The (bind) and (bindv ) rules say that in se ` bind l se1 in e ) e0,
the body e of the bind is evaluated relative to the semantic environment se1, and not to se,
which is ignored.

Example 2.5. Consider the evaluation of program P2:2 from Ex. 2.2. We intro duce the
following abbreviations:

ue¸ g = ¸ g:succ13
¡¡

g3 @2 g4
¢

@1 05
¢

ue¸ z = ¸ z:z10

ue¸ y = ¸ y:ue11
¸ z

cl ¸ y = close ue¸ y in ²
cl ¸ z = close ue¸ z in sey

seg = ²[g 7! cl ¸ y]
sey = ²[y 7! cl ¸ y]
sez = sey[z 7! 0]

9



(var) se ` zl ) svl , if sv = se(z)

(fun) se ` ¹f :¸ l x:e ) close l ¹f :¸x:e in se

(appl )
se ` e1 ) e0

1

se ` e1 @l e2 ) e0
1 @l e2

(appr )
se ` e2 ) e0

2

se ` cl l 1
1 @l e2 ) cl l 1

1 @l e0
2

(appv ) se `
¡
close l 1 fn1 in se1

¢
@l svl 2

2
) bind l se1[f 7! (close fn1 in se1)][x 7! sv2] in e1,

where fn 1 = ¹f :¸x:e 1

(succ)
se ` e1 ) e0

1

se ` succ l e1 ) succl e0
1

(succv ) se ` succ l cl 0 ) cl
1, where c1 = c + 1

(if )
se ` e0 ) e0

0

se ` if0 l e0 then e1 else e2 ) if0 l e0
0 then e1 else e2

(if0 ) se ` if0 l 0l 0 then uel 1
1 else uel 2

2 ) uel
1

(if> ) se ` if0 l cl 0 then uel 1
1 else uel 2

2 ) uel
2, if c 6= 0

(bind)
se1 ` e1 ) e0

1

se ` bind l se1 in e1 ) bind l se1 in e0
1

(bindv ) se ` bind l se1 in svl 1 ) svl

Figure 4: Semantics of L .

Suppose that ec = ue14
c and ec ) ¤ 17. Then we have the following evaluation sequence

starting at P2:2:

P2:2 = ue6
¸ g @0

³
if0 9 ec then

¡
¸ 8x:x7

¢
else ue12

¸ y

´

)
¡
close 6 ue¸ g in ²

¢
@0

³
if0 9 ec then

¡
¸ 8x:x7

¢
else ue12

¸ y

´

) ¤
¡
close 6 ue¸ g in ²

¢
@0

³
if0 9 1714 then

¡
¸ 8x:x7

¢
else ue12

¸ y

´

)
¡
close 6 ue¸ g in ²

¢
@0 ue9

¸ y

)
¡
close 6 ue¸ g in ²

¢
@0 cl9

¸ y
) bind 0 seg in succ13

¡¡
g3 @2 g4

¢
@1 05

¢

) ¤ bind 0 seg in succ13
¡¡

cl3
¸ y @2 cl4

¸ y

¢
@1 05

¢

) bind 0 seg in succ13
¡¡

bind 2 sey in ue11
¸ z

¢
@1 05

¢

) bind 0 seg in succ13
¡¡

bind 2 sey in cl11
¸ z

¢
@1 05

¢

) bind 0 seg in succ13
¡
cl2

¸ z @1 05
¢

) bind 0 seg in succ13
¡
bind 1 sez in z10

¢

) bind 0 seg in succ13
¡
bind 1 sez in 010

¢

) bind 0 seg in succ13 01

) bind 0 seg in 113

) 10

Theorem 2.6 (Prop erties of Evaluation). Given program P, labeled expression e, and
semantic environment se, suppose that wf P

se(se), wf P
e (e), and FV e(e) µ dom(se). Then

10



se ` e ) ¤ e0 implies the following:

1. lab(e0) = lab(e)

2. FV e(e0) µ FV e(e)

3. wf P
e (e0)

Proof. It is su±cient to show that each of the properties holds for one evaluation step; the
multi-step properties then follow via an easyinduction. Property (1) follows from the fact
that each rule in Fig. 4 preservesthe top-level label of an expression.Properties (2) and (3)
follow together from an induction in the derivation of se ` e ) e0. The important cases
are shown below, where we implicitly rely on Lem. 2.4 for showing the well-formednesof e0.
Note that wf P

e (e) implies in all casesthat the top-level label l 2 Labse(P).

(var). In this case,e = zl and e0 = svl where sv = se(z). From wf P
se(se) we seethat se

and therefore also se(z) is closed,establishing (2), and that wf P
ue(sv), establishing (3).

(fun). In this case,e = ¹f :¸ l x:e1 and e0 = close l ¹f :¸x:e 1 in se. By assumption, se is
well-formed (and therefore closed) and FV e(e) µ dom(se). Thus e0 is closed,establishing
not only (2) but (since wf P

e (e) implies ¹f :¸x:e 1 2 Funse(P)) also (3).

(appv ). In this case,e = cl l 1 @l svl 2
2 where cl = close fn1 in se1 and fn1 = ¹f :¸x:e 1,

and e0 = bind l se0 in e1 where se0 = se1[f 7! cl ][x 7! sv2]. Since e is well-formed, so
are the subexpressionscl, sv2, and e1, and the environment se1, in particular it holds
that cl and sv2 are closed. This enablesus to deduce that se0 is well-formed, and that
FV e(e1) µ (dom(se1) [ f f ; xg) = dom(se0). Thus the resulting bind expressionis closed,
establishing not only (2) but also (3).

(bind). In this case,e = bind l se1 in e1 and e0 = bind l se1 in e0
1 where se ` e ) e0

becausese1 ` e1 ) e0
1. From wf P

e (e) we infer that wf P
e (e1), wf P

se(se1), and FV e(e1)
µ dom(se1). We can thus apply the induction hypothesis to infer that FV e(e0

1) µ FV e(e1)
and that wf P

e (e0
1). But this clearly enablesus to establish (2) and (3).

(bindv ). In this case,e = bind l se1 in svl 1 and e0 = svl . Since e is well-formed, the
subexpressionsv is well-formed, and so is svl , establishing (3). Sincethe value sv is neces-
sarily closed,(2) is established.

Corollary 2.7 (Program Evaluation). If P is a program and P ) ¤ E, then E is closed,
lab(E) = lab(P), and wf P

e (E ). The fact that E is closed and well-formed justi¯es the use
of the metavariableE in this context.

Remark 2.8. The fact that ) preservesthe top-level labels of expressions,unlike what is
the casefor P&P's evaluation rules, seemsto be essential (cf. Sec.4.2) for establishing that
the °ow analysis in Sec.4 is indeed a \closure analysis".

Remark 2.9. [NN98] have argued that an environment-based semantics is more suitable
for proving the semantic soundnessof a °ow analysis than a semantics based on explicit
substitutions. This methodological claim is con¯rmed by the fact that we are able to show a
\sub ject evaluation" result for our °ow logic that is inherited from N&N's approach. P&P
choose, however, a substitution semantics, so as to avoid technical di±culties involved in
proving subject evaluation for their type system. SeeSec.3 for how we addressthis issue.

Remark 2.10. A consequenceof the label preservation property of evaluation is that the
label of abstractions and closuresare not preserved by evaluation. For example, in the

11



t 2 Elemen taryT yp e ::= int j
V

i 2 I f K i : ui ! u0
i g

u 2 UnionT yp e ::=
W

i 2 I f qi : t i g
K 2 P(IT ag) n f;g
k 2 IT ag
q 2 UT ag

Figure 5: Syntax of types in the type system TS for language L . IT ag and UT ag are
unspeci¯ed ¯nite setsof tags for intersection and union types, respectively.

evaluation sequenceshown in Ex. 2.5, the abstraction ue¸ y has the label 12 in the original
program P2:2, but this label is stripp ed when the abstraction is paired with the empty
environment to form the closurecl ¸ y. This closureis initially given label 9 (the label of the
if0 in P2:2), but this label is stripp ed when cl ¸ y is bound to g in seg, and substituting for
g in the body of ue¸ g leadsto copiesof cl ¸ y labeled 3 and 4.

However, the label of the body of an abstraction is preserved via evaluation, even when
the abstraction is copied. For instance, all copies of ue¸ y that appear in the evaluation
sequenceof Ex. 2.5 have a body labeled 11. This property is a consequenceof requiring
that every (unlabeled) abstraction in a program well-formed with respect to P must occur
in P itself (condition (3) of Def. 2.3).

3 The T yp e System

3.1 T yp e Syntax

In this section we present the type systemTS for our languageL . The typesof TS are built
from basetypes, function types, intersection types,and union typesas shown in Fig. 5.

An elementary type t is either the integer type int or an intersection type of the formV
i 2 I f K i : ui ! u0

i g, where:

² I is a (possibly empty) ¯nite index set,

² each ui and u0
i is a union type,

² each K i , known as an I-tagset, is a non-empty ¯nite set of I-tags from IT ag, and

² the I-tagsets for t are pairwise disjoint: i.e., K i \ K j 6= ; implies i = j .

We write dom(t) for [ i 2 I K i , which is unde¯ned if t = int . Intuitiv ely, an entit y that has
the type

V
i 2 I f K i : ui ! u0

i g denotesa function that, for all i 2 I , maps valuesof type ui

into valuesof type u0
i . For this reason,intersection typescan be viewed as ¯nite analogsof

universal types.
A union type u has the form

W
i 2 I f qi : t i g, where:

² I is a (possibly empty) ¯nite index set,

² each t i is an elementary type, and

² the qi are distinct U-tags in UT ag.

We write dom(u) for [ i 2 I f qi g, and u:q= t if there exists i 2 I such that q= qi and t = t i .
We assumethat for all i 2 I it holds that t i = int i® qi = qin t where qin t is a distinguished
U-tag; this re°ects that the U-tags are of interest only for function types, not for base
types. Intuitiv ely, if an expressione has the union type

W
i 2 I f qi : t i g, then there exists an

i 2 I such that e has the elementary type t i . For this reason,union types can be viewed

12



as ¯nite analogs of existential types. The analogy between intersection/union types and
universal/existential types is explored in [WDMT0X].

If I = f 1; : : : ; ng, where n ¸ 0, we write
W

(q1 : t1; : : : ; qn : tn ) for
W

i 2 I f qi : t i g and
write

V
(K 1 : u1 ! u0

1; : : : ; K n : un ! u0
n ) for

V
i 2 I f K i : ui ! u0

i g. We write uin t forW
(qin t : int ).

Example 3.1. The following are types that will be used later in the typing of P2:1 from
Ex. 2.1:

u0
x =

W
(qx :

V
(f 1g : uin t ! uin t ))

ux =
W

(qx :
V

(f 1g : uin t ! uin t ; f 2g : u0
x ! u0

x))
ug =

W
(qg :

V
(f 0g : ux ! uin t ))

We shall see that manifest abstractions are always given a union type with a single in-
tersection type as a component, like those above. The type u0

x is the type of a function
created at source site qx that °ows to sink site 1 and maps integers to integers; we will
call such a function an i2i function. The type ux denotes a function created at source
site qx that maps integers to integersat sink site 1 and maps i2i functions to i2i functions
at sink site 2. The types u0

x and ux are two of the many types that can be given to the
identit y function e¸ x = ¸ 8x:x7. When supplied with a function g of type ux, the function
¸ 6g:

¡ ¡
g3 @2 g4

¢
@1 05

¢
returns an integer, so it can be given the type ug. In this case,

the I-tags 1 and 2 in u0
x and ux correspond directly to the labels on the application sites in

¸ 6g:
¡ ¡

g3 @2 g4
¢

@1 05
¢
, but we shall seethat in general the I-tags can be taken from an ar-

bitrary ¯nite set IT ag that doesnot have a one-to-onecorrespondencewith the application
site labels.

Example 3.2. The following are types that, in conjunction with those from the previous
example,will be used later in the typing of P2:2 from Ex. 2.2:

uz =
W

(qz :
V

(f 1g : uin t ! uin t ))
u0

y =
W

(qy :
V

() )
uy =

W
(qy :

V
(f 3g : u0

y ! uz))
uxy =

W
(qx :

V
(f 1g : uin t ! uin t ; f 2g : u0

x ! u0
x); qy :

V
(f 3g : u0

y ! uz))

Suppose,as in Ex. 2.2, that the function e¸ y = ¸ 12y:¸ 11z:z10 can be applied to itself, and
the result of this application can be applied to an integer. Then ¸ 11z:z10 can be given the
i2i type uz. Looselyspeaking, in an application e¸ y @ȩ y, the right occurrenceof e¸ y can be
given the type u0

y; the empty intersection type indicates that this function is never applied.
The left occurrenceof e¸ y can be given the type uy, becauseit maps the right occurenceto
an i2i function. The expressionif0 9 ec then

¡
¸ 8x:x7

¢
else

¡
¸ 12y:¸ 11z:z10

¢
can have the

type of either e¸ x or ȩ y, so it can be given the union type uxy .

Grammars areusually interpreted inductiv ely, but we intend that the onein Fig. 5 should
beviewedco-inductively. That is, typesare regular (possibly in¯nite) treesformed according
to the given speci¯cation. Two types are consideredequal if their in¯nite unwindings are
equal (modulo renaming of the index sets I ).

Example 3.3. Suppose that q1 = q0
4 and q2 = q0

3 and t1 equals t0
4 and t2 equals t0

3. ThenW
i 2f 1;2gf qi : t i g equals

W
i 2f 3;4gf q0

i : t0
i g.

Our typesare similar to those in P&P except for the presenceof tags. As we shall see,
such tags serve as witnessesfor existential quanti¯ers in the subtyping relation and play
crucial roles in the faithfulness of our °ow/t ype correspondence.U-tags track the \source"
of each intersection type (a function in the 0-CFA case, but more generally an abstract
closure) and, like Heintze's abstraction labels, help to avoid the precision-losing merging
seenin P&P's type-to-°ow translation (cf. Sec.1). I-tagsets track the \sinks" of each arrow
type (an application site in 1-CFA, but more generally an abstract application context) and
help to avoid unnecessaryrecursive types in the °ow-to-t ype translation.
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Note that each I-tag (t ypically) designatesone sink to which an intersection type com-
ponent (i.e., a function) can °ow. In general,a single function can °ow to many sinks, and
many functions can °ow to the samesink. This is why each intersection type component is
tagged with a set of I-tags. In contrast, there is no need for sets of U-tags, becauseeach
U-tag (t ypically) designatesone source, and sourcesare combined via union types. The
disjointnessof I-tagsets is a consequenceof the fact that two functions that °ow to the same
sink and have the sametype can be mergedinto a single a intersection component.

Note that our intersection and union types, unlike those of P&P, are not associative,
commutativ e, or idempotent (ACI) due to the presenceof U-tags and I-tagsets. For example,
while

W
(q1 : t1; q2 : t2) equals

W
(q2 : t2; q1 : t1) it doesnot equal

W
(q1 : t2; q2 : t1).

3.2 Subt yping

We de¯ne an ordering · u on union types and an ordering · t on elementary types, where
u · u u0 meansthat u0 is lessprecisethan u and similarly for · t . To capture the intuition
that something of type t1 has one of the types t1 or t2, · u should satisfy

W
(q1 : t1) · uW

(q1 : t1; q2 : t2). For · t , we want to capture the following intuition: a function that can
be assignedboth typesu1 ! u0

1 and u2 ! u0
2 also

² can be assignedone of them, i.e., for i 2 f 1; 2g,
V

(K 1 : u1 ! u0
1; K 2 : u2 ! u0

2)
· t

V
(K i : ui ! u0

i );

² can be assigneda function type that \covers" both, i.e.,
V

(K 1 : u1 ! u0
1; K 2 : u2 !

u0
2) · t

V
(K 1 [ K 2 : u12 ! u0

12) where any value having type u12 also has one of the
types u1 or u2, and where any value having one of the types u0

1 or u0
2 also has type

u0
12. For then a function that for all i 2 f 1; 2g maps values of type ui into values of

type u0
i surely also will map a value of type u12 into a value of type u0

12.

The following mutually recursive speci¯cation of · u and · t formalizes the above con-
siderations:

W
i 2 I f qi : t i g· u

W
j 2 J f q0

j : t0
j g

i® for all i 2 I there exists j 2 J such that qi = q0
j and t i · t t0

j

int · t int
V

i 2 I f K i : ui ! u0
i g· t

V
j 2 J f K 0

j : u00
j ! u000

j g
i® for all j 2 J there exists I 0 µ I such that

K 0
j = [ i 2 I 0 K i and 8i 2 I 0: u0

i · u u000
j and

8q 2 dom(u00
j ): 9i 2 I 0: q2 dom(ui ) and u00

j :q· t ui :q.

The above speci¯cation is not yet a de¯nition of · u and · t , since types may be in¯nite.
However, it gives rise to a monotone functional H on a complete lattice 5. We then de¯ne
· u and · t as the (components of the) greatest6 ¯xed point of this functional.

A proof by coinduction (given in Appendix A) yields:

Lemma 3.4. The relations · u and · t are re°exive and transitive.

Observe that if t · t t0, then dom(t0) µ dom(t), and that if t =
V

i 2 I f K i : ui ! u0
i g and

t0=
V

i 2 I 0f K i : ui ! u0
i g with I 0 µ I , then t · t t0.

Our subtyping relation di®ersfrom P&P's in several ways. The U-tags and I-tags serve
as \witnesses" for the existential quanti¯ers present in the speci¯cation, reducing the need

5The elements of which are (Qu ; Q t ), with Qu a relation on union types and Q t a relation on elementary
types, and the ordering of which is pointwise subset inclusion.

6To motiv ate this choice, ¯rst note that the least ¯xed point is not even re°exiv e on in¯nite types. Second,
even if we restricted our atten tion to re°exiv e and transitiv e relations, the least ¯xed point would not allow
us to deduce u2 · u u1 where the regular union types u1 and u2 are given by u1 =

W
(0 :

V
(f 1g : u in t ! u1))

and u2 =
W

(0 :
V

(f 1g : u in t ! u2 ; f 2g : u in t ! u in t )).
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[var] A ` zl : u if A(z) · u u

[fun](q:t )
8k 2 K : A[f 7! u00

k ][x 7! uk ] ` e : u0
k

A ` ¹f :¸ l x:e : u

if t =
V

k2 K ff kg : uk ! u0
k g

and
W

(q : t) · u u
and 8k 2 K :

W
(q : t) · u u00

k

[app]w
@ A ` e1 : u1 A ` e2 : u2

A ` e1 @l e2 : u
if 8q 2 dom(u1): u1:q· t

V
(w@(q) : u2 ! u)

[con] A ` cl : u if uin t · u u

[suc]
A ` e1 : u1

A ` succ l e1 : u
if u1 · u uin t · u u

[if ]
A ` e0 : u0 A ` e1 : u1 A ` e2 : u2

A ` if0 l e0 then e1 else e2 : u
if u0 · u uin t and u1 · u u and u2 · u u

[bind]
se ./ A0 A0 ` e : u0

A ` bind l se in e : u
if u0· u u

[clos]
se ./ A0 A0 ` fn : u

A ` close l fn in se : u

Figure 6: The typing rules

for search during type checking. Moreover, our ordering seemsmore natural that the P&P's
· 1 , which has the rather odd property that if _(T1; T2) · 1 _(T3; T4) (with the Ti 's all dis-
tinct), then either _(T1; T2) · 1 T3 or _(T1; T2) · 1 T4, and which is in fact not a congruence:
to seethis, take someincomparable ¾1 and ¾2 and note that

^ (¾1 ! ¾1; ¾2 ! ¾1) · 1 ¾1 ! ¾1 and ^ (¾1 ! ¾2; ¾2 ! ¾2) · 1 ¾2 ! ¾2

but the union of the left hand sidesis not · 1 the union of the right hand sides.

3.3 T yping Rules

A typing T for a program P is a tuple hP; IT T ; UT T ; DT i , where IT T is a ¯nite non-empty
set of I-tags, UT T is a ¯nite set of U-tags, and D T is a derivation of ² ` P : u according
to the inferencerules given in Fig. 6. We require that all I-tags occurring in D T belong to
IT T and that all U-tags occurring in D T belong to UT T .

In Fig. 6, A ranges over type environments whose bindings [z 7! u] map variables to
union types. The inference rules involve type judgementsof the form A ` e : u, which
indicates that expressione has union type u in type environment A. All the type rules are
\purely structural" in the sensethat there is exactly one rule matching each syntactic form
in L , and it is de¯ned in terms of type judgements on immediate subforms of the form. In
particular, there is not a separate\subsumption rule" for subtyping. Instead, all subtyping
relations have been\inlined" into the structural rules. This inlining simpli¯es the type/°o w
correspondence. Note that the typing of an expressionuel does not depend on l , which
may therefore be omitted.

The rules for intermediate con¯gurations employ a predicate se ./ A, pronounced \ se
is consistent with A", that is de¯ned as follows:

se ./ A i® 8z 2 dom(se): ² ` se(z) : A(z):

The use of the empty type environment within the de¯nition of ./ is sensiblebecausea
well-formed semantic environment se is closed. Becausewell-formed bind expressionsare
closed,the type environment A0 used to analyze the e component depends only on se and
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is independent of the type environment A usedin the conclusionof the [bind] rule. Similar
commendshold in the [clos] rule.

The rules for function abstraction and function application are both instrumented with
a \witness" that enablesreconstructing the justi¯cation for applying the rule. In the ap-
plication rule [app]w

@
, the type of the operator e1 is a (possibly empty) union type ui ,

all of whosecomponents have the expected function type u2 ! u, but whosecomponents'
I-tagsets may di®er. The app-witness w@ is a function that maps each q in dom(u1) to an
I-tagset that is appropriate for a particular instantiation of the application rule. Note that
the app-witness in one instantiation of the application rule is independent of those chosen
at any other instantiations of the application rule { a fact which is later critical for encod-
ing polyvariant °ow analysesin TS. Intuitiv ely, each instantiation of the application rule
represents one of the possibly many contexts in which a polyvariant function is analyzed.

In the abstraction rule [fun]w
¸
, the function typesresulting from analyzing the function

body in several di®erent environments (intuitiv ely, oneper abstract application context) are
combined into an intersection type t. This is wrapped into a union type with an arbitrary
U-tag q, which provides a way of keepingtrack of the origin of a function type (cf. Sects.1
and 5). Accordingly, the fun-witness w¸ of the abstraction rule is the pair (q : t).

Remark 3.5. In [fun]w
¸
, note that K may be empty, in which casethe function body is

not analyzed. This is an unusual feature of our type system that distinguishes it from
most standard type systems for function-oriented languages. In typical type systems, a
type derivation for an expressionmust include type derivations for all subexpressions. In
our system, a function that is never applied (i.e., one which is \dead code") neednot have
a body that is well-typed. This allows °exibilit y for encoding in TS a wider range of °ow
analyses(many of which do not analyzedeadcode) than would bepossibleif typederivations
were required for all function bodies. In the terminology of P&P, we let °ows \ha ve it their
way". In contrast, P&P have chosento let types \ha ve it their way". They require that
there is at least one type derivation for every function body, and consequently only consider
°ow analysesthat analyze the bodies of every abstract closure.

Example 3.6. For the program P2:1 from Ex. 2.1, we can construct the typing T2:1 shown
in Fig. 7. Note that ux · u u0

x, and that ux:qx · t
V

(f 2g : u0
x ! u0

x) so that f qx 7! f 2gg is
indeed an app-witness for the inferenceat the top left of D ¸ g.

Example 3.7. For the program P2:2 from Ex. 2.2, we can construct the typing T2:2 shown
in Fig. 8. The derivation DT2: 1 in Fig. 8 demonstratesthat we have the judgements

² ` ¸ 6g:succ13
¡¡

g3 @2 g4
¢

@1 05
¢

:
W

(qg :
V

(f xg : ux ! uin t ; f yg : uy ! uin t ))
and
² ` if0 9 ec then

¡
¸ 8x:x7

¢
else

¡
¸ 12y:¸ 11z:z10

¢
: uxy

which form a valid set of premisesfor [app]f qg7!f x;ygg since
V

(f xg : ux ! uin t ; f yg : uy ! uin t ) · t
V

(f x; yg : uxy ! uin t ).

Note that the typesare all ¯nite, that uy · u u0
y, and that for all q2 dom(uxy) it holds that

either uxy :q= ux:q or uxy :q= uy:q.
This example also illustrates that the I-tags of a function reaching a call site need not

match the sink label at that call site. For example, the app-witness at application site 0
is

©
qg 7! f x; yg

ª
and the app-witness at application site 2 within D ¸ gy is f qx 7! f 3gg. The

app-witness e®ectively allows each copy of an application term in a derivation to have its
own abstract sink labels that are independent of those from any other copy.

3.4 Semantic soundness

The type system in Fig. 6 satis¯es a subject reduction property, proved in Appendix A,
which on top-level reads: If ² ` E ) E 0 and ² ` E : u then also ² ` E 0 : u:
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T2:1 = hP2:1; IT T2: 1 ; UTT2: 1 ; DT2: 1 i , where:

P2:1 =
¡
¸ 6g:

¡¡
g3 @2 g4

¢
@1 05

¢¢
@0

¡
¸ 8x:x7

¢

IT T2: 1 = f 0; 1; 2g
UTT2: 1 =

©
qx; qg

ª

DT2: 1 is the type derivation tree:
D ¸ g D ¸ x

[app]f qg7!f 0gg
² `

¡
¸ 6g:

¡ ¡
g3 @2 g4¢

@1 05¢¢
@0

¡
¸ 8x:x7¢

: uin t

D ¸ g is the type derivation tree:

Ag ` g3 : ux Ag ` g4 : u0
x

[app]f qx7!f 2gg

Ag ` g3 @2 g4 : u0
x Ag ` 05 : uin t

[app]f qx7!f 1gg

Ag `
¡
g3 @2 g4¢

@1 05 : uin t
[fun](qg:t g)

² ` ¸ 6g:
¡¡

g3 @2 g4¢
@1 05¢

: ug

D ¸ x is the type derivation tree:

Ax ` x7 : uin t A0
x ` x7 : u0

x
[fun](qx :t x)

² ` ¸ 8x:x7 : ux

u0
x =

W
(qx :

V
(f 1g : uin t ! uin t ))

tx =
V

(f 1g : uin t ! uin t ; f 2g : u0
x ! u0

x)
ux =

W
(qx : tx)

tg =
V

(f 0g : ux ! uin t )
ug =

W
(qg : tg)

A0
x = [x 7! u0

x]
Ax = [x 7! uin t ]
Ag = [g 7! ux]

Figure 7: A typing TT2: 1 for the program P2:1 from Ex. 2.1.

Theorem 3.8. Supposethat with se ./ A it holds that se ` e ) e0 and A ` e : u. Then
A ` e0 : u.

As a consequence,\w ell-typed programs do not go wrong" as the following argument
sketch demonstrates. For assume(in order to arrive at a contradiction) that ² ` P : u and
that ² ` P ) E , where E is \stuc k" in that E is not a value and yet for no E 0 it holds
that ² ` E ) E 0. By (repeated applications of) Theorem 3.8 we infer that ² ` E : u. A
caseanalysis reveals that within an \evaluation context" of E there exists an expressione
that is of the form either

c@l sv or succl
³

close l 0
fn in se

´
or if0 l

³
close l 0

fn in se
´

then e1 else e2.

SinceE contains e at an evaluation context, also e is typeable (that is, there exists A and
u0 such that A ` e : u0). But this is clearly impossible7, and as desiredwe have arrived at
a contradiction.

7Supposethat say c@l sv is typeable, with the left premise taking the form A ` c : u. The side condition
for [con] tells us that qin t 2 dom(u), but this con°icts with the side condition for [app].
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T2:2 = hP2:2; IT T2: 2 ; UTT2: 2 ; DT2: 2 i , where:

P2:2 = ȩ g @0 eif

ȩ g = ¸ 6g:succ13
¡¡

g3 @2 g4
¢

@1 05
¢

eif = if0 9 ec then
¡
¸ 8x:x7

¢
else

¡
¸ 12y:¸ 11z:z10

¢

IT T2: 2 = f 1; 2; 3; x; yg
UTT2: 2 =

©
qx; qy; qz; qg

ª

DT2: 2 is the type derivation tree:
D ¸ gx D ¸ gy

[fun](qg:t g)

² ` e¸ g : ug D if
[app]f qg7!f x;ygg

² ` e¸ g @0 eif : uin t

D ¸ gx is the type derivation tree:
¢¢¢(Ex: 3:6) ¢¢¢

[app]f qx7!f 1gg

[g 7! ux] `
¡
g3 @2 g4¢

@1 05 : uin t

[g 7! ux] ` succ13 ¡¡
g3 @2 g4¢

@1 05¢
: uin t

D ¸ gy is the type derivation tree:

[g 7! uy] ` g3 : uy [g 7! uy] ` g4 : u0
y

[app]f qx7!f 3gg

[g 7! uy] ` g3 @2 g4 : uz [g 7! uy] ` 0 : uin t
[app]f qz7!f 1gg

[g 7! uy] `
¡
g3 @2 g4¢

@1 05 : uin t

[g 7! uy] ` succ13 ¡¡
g3 @2 g4¢

@1 05¢
: uin t

D if is the type derivation tree:

¢¢¢(Ex: 3:6) ¢¢¢
[fun](qx :t x)

² ` ¸ 8x:x7 : ux

[y 7! u0
y][z 7! uin t ] ` z : uin t

[fun](qz :t z)

[y 7! u0
y] ` ¸ 11z:z10 : uz

[fun](qy :t y)

² ` ¸ 12y:¸ 11z:z10 : uy

² ` if0 9 ec then
¡
¸ 8x:x7¢

else
¡
¸ 12y:¸ 11z:z10¢

: uxy

ug =
W

(qg :
V

(f xg : ux ! uin t ; f yg : uy ! uin t ))
u0

x =
W

(qx :
V

(f 1g : uin t ! uin t ))
tx =

V
(f 1g : uin t ! uin t ; f 2g : u0

x ! u0
x)

ux =
W

(qx : tx)
tz =

V
(f 1g : uin t ! uin t )

uz =
W

(qz : tz)
u0

y =
W

(qy :
V

())
ty =

V
(f 3g : u0

y ! uz)
uy =

W
(qy : ty)

uxy =
W

(qx : tx; qy : ty)

Figure 8: Typing the program P2:2 from Example 2.2.

3.5 Em bedding the Amadio & Cardelli T yp e System

In this section we investigate the relationship to the Amadio & Cardelli (AC) type system
[AC93]. We show (Prop. 3.10) that AC can be embeddedinto the Mono part of our system,
where a typing T belongsto Mono if it

1. is monovariant, that is IT T is a singleton f ²g
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[var]AC B ` zl : s if B (z) · AC s

[fun]AC B [f 7! s0][x 7! s1] ` e : s2

B ` ¹f :¸ l x:e : s
if s1 ! s2 · AC s0 and s1 ! s2 · AC s

[app]AC B ` e1 : s1 B ` e2 : s2

B ` e1 @l e2 : s
if s1 · AC s2 ! s

Figure 9: The Amadio & Cardelli type system, adapted to a core subsetof L .

2. analyzesall code, that is all I-tagsets are non-empty.

In Mono, all intersection typesare thus of the form
V

(f²g : u1 ! u2) which we for the sake
of brevity shall write as u1 ! u2.

Remark 3.9. The embedding proved directly in this section corresponds nicely to results
proved later, sinceinformally we can reasonas follows: given a program P acceptedby the
Amadio & Cardelli type system, we know from [PO95] that P is also acceptedby a 0-CFA
that (i) has safety checks, and (ii) analyzesall subexpressions. The translation in Sec.6
then shows that P can indeed be typed in Mono.

We now brie°y describe the AC type system. An AC type s2 S is a regular (potentially
in¯nite) tree where each node is labelled by either

² int

² ?

² >

² !

where the ¯rst three constructors are nullary, and the last one is binary. (One can think of
? as the empty union, and of > as a very big union.)

AC typescan be equipped8 with a partial order · AC with the following properties:

² 8s 2 S: ? · AC s

² 8s 2 S: s · AC >

² 8s1; s2; s0
1; s0

2 2 S: s1 ! s2 · AC s0
1 ! s0

2 i® s0
1 · AC s1 and s2 · AC s0

2

² 8s1; s2 2 S: s1 ! s2 and int are incompatible wrt. · AC .

For the sake of brevity, we shall only considervariables, function abstractions, and func-
tion applications (but the other constructs poseno additional problems). The corresponding
inferencerules for the AC type system are depicted in Fig. 9.

Prop osition 3.10. Suppose that we have a typing for P in AC. Then we can construct a
Mono typing T for P.

The basic idea of our construction is to de¯ne UT T as the least set containing int as
well as all arrow types occurring (possibly deeply nested) within the AC typing. As AC
typesare regular, UT T is a ¯nite set. Then we can de¯ne a function

T AC : S ! UnionT yp e
8We shall be quite informal when it comes to reasoning about this ordering relation, but as in [KPS95]

a rigorous treatmen t is possible, for instance using the technique of Sec. 3.2.
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employing an auxiliary function T AC
0 : UT T ! Elemen taryT yp e by stipulating

T AC (s) =
_

s02 S

f s0 : T AC
0 (s0)g where S =

©
s0 2 UT T j s0 · AC s

ª

T AC
0 (int ) = int

T AC
0 (s1 ! s2) = T AC (s1) ! T AC (s2)

It is easy to seethat for all s this uniquely de¯nes a tree T AC (s), which moreover is
regular and thus a type. Identifying int with qin t , we have

T AC (int ) =
W

(int : int ) = uin t .

Moreover, T AC has been designed so as to be a monotone function: if s1 · AC s2 then
for all q2 dom(T AC (s1)) we have q· AC s1 · AC s2 so q2 dom(T AC (s2)) with T AC (s1):q=
T AC

0 (q) = T AC (s2):q and therefore T AC (s1) · u T AC (s2). Also T AC
0 is monotone.

From the AC typing we now obtain a derivation D T by replacing all judgements B `
e : s by

T AC (B ) ` e : T AC (s)

where T AC extendspointwise to environments.
Prop. 3.10 now follows from the following Lemma, proved in App. A:

Lemma 3.11. The tuple hP; f²g ; UT T ; DT i , as de¯ned above, is a typing for P.

For the opposite direction, it is probably possibleto translate a typing in Mono into a
typing in AC, for exampleby stipulating

TAC (
_

i 2 I

f qi : t i g) = t i 2 I T 0
AC (t i )

T 0
AC (int ) = int

T 0
AC (u1 ! u2) = TAC (u1) ! TAC (u2)

where we employ that any ¯nite set of AC types has a least upper bound (as well as a
greatest lower bound). But we have not beenable to convince ourselvesthat TAC (u) is in
generala regular tree.

3.6 Auxiliary Concepts

Addresses. In a typing T for P, for each e in SubExprP there may be several judgements
for e in DT , due to the multiple analysesperformed by [fun]. We assignto each judgement
J for e in DT an environment ke (its address) that for all applications of [fun] in the path
from the root of DT to J associates the bound variables with the branch taken.

Example 3.12. In DT2: 1 (Fig. 7), the judgement Ax ` x7 : uin t has address[x 7! 1] and
the judgement A0

x ` x7 : u0
x has address[x 7! 2].

To be more formal: the root of a derivation D T has address²; if A ` ¹f :¸ l x:e : u has
addresske then the premiseindexed by k has addresske[f ; x 7! k]; and if J has addresske
and is derived by something elsethan [fun] then all its premiseshave addresske.

Uniformit y. The translation in Sect. 5 requires that a typing must be uniform, i.e., the
following partial function AT must be well-de¯ned: AT (z; k) = u i® DT contains a judgement
of the form A ` e : u0 with addresske, where ke(z) = k and A(z) = u.

Example 3.13. For T2:1 we have, e.g., AT2: 1 (x; 1) = uin t and AT2: 1 (x; 2) = u0
x.
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4 The Flo w System

Our systemfor °ow analysishasthe form of a °ow logic, in the style of N&N. A °ow analysis
F for program P is a tuple hP; MemF ; CF ; ½F ; ©F i , where P is the program of interest and
where the other components are explained below (together with some auxiliary concepts
derivable from P and MemF ).

Polyvariance is modeled by mementoes, where a memento (m 2 MemF ) represents a
context for analyzing the body of a function. We shall assumethat MemF is non-empty
and ¯nite ; then all other entities occurring in F will also be ¯nite. Each expressione
is analyzed wrt. several di®erent memento environments, where the entries of a memento
environment (me 2 MemEnvF ) take the form [z 7! m] with m in MemF . Accordingly, a
°ow con¯guration (2 FlowConf F ) is a pair (e;me) (e 2 LabExpse(P) and me 2 MemEnvF ),
where FV e(e) µ dom(me).

The goal of the °ow analysis is to associate a set of °ow values to each con¯guration,
where a °ow value (v 2 FlowValF ) is either an integer Int or of the form (ac; M ), where ac
( 2 AbsClosF ) is an abstract closure of the form (fn; me) with fn 2 Funse(P) and FV e(fn) µ
dom(me), and where M µ MemF . The M component can be thought of as a superset of
the \sinks" of the abstract closureac, i.e., the contexts in which it is going to be applied.

In the designof °ow valueswe deviate from N&N in two respects: (i) we do not include
the memento that corresponds to the point of de¯nition (as this is not relevant for our
purposes);(ii) we do include the mementoes of use (the M component), in order to get a
°ow system that (as shown in Sect. 7) is almost isomorphic to the type system of Sect. 3.
This extension does not make it harder to analyze an expression,since one might just let
M = MemF everywhere.

A °ow set V ( 2 FlowSetF ) is a set of °ow values,with the property that if (ac; M 1) 2 V
and (ac; M 2) 2 V then M 1 = M 2. We de¯ne an ordering on FlowSetF by stipulating that
V1 · V V2 i® for all v1 2 V1 there exists v2 2 V2 such that v1 · v v2, where the ordering
· v on FlowValF is de¯ned by stipulating that Int · v Int and that (ac; M 1) · v (ac; M 2) i®
M 2 µ M 1. Note that if V1 · V V2 then V2 is obtained from V1 by adding some\sources"
and removing some\sinks" (in a sensemoving along a \°o w path" from a sourceto a sink),
so in that respect the ordering is similar to the (shallow) type ordering in [WDMT97a]. It
is easy to seethat · V is re°exive and transitiv e, and that it makes FlowSetF a complete
lattice. Note that Int 2 uV

i 2 I Vi i® for all i 2 I it holds that Int 2 I ; and that (ac; M ) 2 uV
i 2 I Vi

i® for all i 2 I there exists M i such that (ac; M i ) 2 Vi with M = [ i 2 I M i . In particular, if
v 2 uV

i 2 I Vi then for all i 2 I there exists vi 2 Vi with v · v vi .
The function ²v erasesthe M component from °ow valuesso as to produce unannotated

°ow values, where an unannotated °ow value (uv 2 UnAnnFlowValF ) is either an integer
Int or an abstract closure;similarly the function ¶v produces°ow valuesfrom unannotated
°ow values by annotating all abstract closures with MemF . That is, ²v (In t ) = Int and
²v ((ac; M )) = ac and ¶v (In t) = Int and ¶v (ac) = (ac; MemF ); note that for all uv it holds
that ²v (¶v (uv)) = uv. The functions ²v and ¶v are trivially lifted to functions ²V and ¶V

betweenFlowSetF and P(UnAnnFlowValF ). Note that if V1 · V V2 then ²V (V1) µ ²V (V2).
©F is a partial mapping from (Labse(P) £ MemEnvF ) £ AbsClosF to P(MemF ). Intu-

itiv ely, if the abstract closureac in the context me is applied to an expressionwith label l ,
then ©F (( l ; me); ac) denotesthe actual sinks of ac.

CF is a mapping from Labse(P)£ MemEnvF to (FlowSetF )? . Intuitiv ely, if CF (l ; me) = V
(6= ? ) and CF is valid (de¯ned below) for the °ow con¯guration (uel ; me) then all valuesthat
uel may evaluate to in a semantic environment approximated by me can be approximated
by the set V . Similarly, ½F (z; m) approximates the set of values to which z may be bound
when analyzed in memento m.

Unlike N&N, we distinguish between CF (l ; me) being the empty set and being ? . The
latter meansthat no °ow con¯guration (uel ; me) is \reachable", and so there is no needto
analyzeit. The relation · V on FlowSetF is lifted to a relation · V on FlowSetF ? ; note that
? · V ; is true whereas; · V ? is false. FlowSetF ? is a complete lattice, and uV

i 2 I Vi = ?
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i® there exists an i 2 I such that Vi = ? . Also the predicate 2 can be lifted 9 in the natural
way, so that, e.g., v 62? is considereda true statement.

Example 4.1. For the program P2:1 from Ex. 2.1, a °ow analysis F2:1 with MemF2: 1 =
f 0; 1; 2g is given below. We have named someentities (note that vx · v v0

x):
meg = [g 7! 0] acg = (¸ g:¢¢¢; ²) vg = (acg; f 0g)
mex1 = [x 7! 1] acx = (¸ x:x7; ²) v0

x = (acx ; f 1g)
mex2 = [x 7! 2] vx = (acx ; f 1; 2g)

CF2: 1 and ½F2: 1 are given by the entries below (all other are ? ):
©

vg
ª

= CF2: 1 (6; ²)

f Intg = ½F2: 1 (x; 1) = CF2: 1 (7; mex1) = CF2: 1 (5; meg) = CF2: 1 (1; meg) = CF2: 1 (0; ²)

f v0
xg = ½F2: 1 (x; 2) = CF2: 1 (7; mex2) = CF2: 1 (4; meg) = CF2: 1 (2; meg)

f vxg = ½F2: 1 (g; 0) = CF2: 1 (3; meg) = CF2: 1 (8; ²)

Thus
¡
g3 @2 g4

¢
@1 05 is analyzedwith g bound to 0, and x7 is analyzedtwice: with x bound

to 1 and with x bound to 2. Accordingly, ©F2: 1 is given by

©F2: 1 ((8; ²); acg) = f 0g, ©F2: 1 ((5; meg); acx) = f 1g, ©F2: 1 ((4; meg); acx) = f 2g.

Example 4.2. For the program P2:2 from Ex. 2.2, a °ow analysis F2:2 with MemF2: 2 =
f 1; 2; 3; x; yg is given below. We have named someentities:

megx = [g 7! x] acg = (¸ g:¢¢¢; ²) vg = (acg; f x; yg)
megy = [g 7! y] v0

x = (acx; f 1g)
mex1 = [x 7! 1] acx = (¸ x:x7; ²) vx = (acx; f 1; 2g)
mex2 = [x 7! 2] v0

y = (acy; ; )
mey = [y 7! 3] acy = (¸ y:¸ 11z:z10; ²) vy = (acy; f 3g)
mez = [y 7! 3; z 7! 1] acz = (¸ z:z10; mey) vz = (acz; f 1g)

CF2: 2 and ½F2: 2 are given by the entries below (all other are ? ):
©

vg
ª

= CF2: 2 (6; ²)

f Intg = ½F2: 2 (x; 1) = ½F2: 2 (z; 1) = CF2: 2 (7; mex1) = CF2: 2 (10; mez)

= CF2: 2 (5; megx) = CF2: 2 (5; megy) = CF2: 2 (1; megx) = CF2: 2 (1; megy)

= CF2: 2 (13; megx) = CF2: 2 (13; megy) = CF2: 2 (0; ²)

f v0
xg = ½F2: 2 (x; 2) = CF2: 2 (7; mex2) = CF2: 2 (4; megx) = CF2: 2 (2; megx)

f vxg = ½F2: 2 (g; x) = CF2: 2 (3; megx) = CF2: 2 (8; ²)
©

v0
y

ª
= ½F2: 2 (y; 3) = CF2: 2 (4; megy)

©
vy

ª
= ½F2: 2 (g; y) = CF2: 2 (3; megy) = CF2: 2 (12; ²)

f vzg = CF2: 2 (2; megy) = CF2: 2 (11; mey)
©

vx ; vy
ª

= CF2: 2 (9; ²)

We seethat
¡
g3 @2 g4

¢
@1 05 is analyzed twice: with g bound to x, and with g bound to y.

And in fact, ©F2: 2 is given by

©F2: 2 ((9; ²); acg) = f x; yg
©F2: 2 ((5; megx); acx) = f 1g, ©F2: 2 ((5; megy); acz) = f 1g
©F2: 2 ((4; megx); acx) = f 2g, ©F2: 2 ((4; megy); acy) = f 3g

9We do not apply similar conventions for partial functions: for say ©F (( l2 ; me); ac) µ M to be true, the
left hand side must be de¯ned.
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[var] F j= me zl i® ? 6= ½F (z; me(z)) · V CF (l ; me)

[fun] F j= me ¹f :¸ l x:e0 i® f (( ¹f :¸x:e 0; me); MemF )g · V CF (l ; me)

[app] F j= me uel 1
1 @l uel 2

2 i®
CF (l ; me) 6= ? and F j= me uel 1

1 and F j= me uel 2
2 and

8(ac0; M 0) 2 CF (l1; me)
let M = ©F (( l2; me); ac0) and (¹f :¸x: uel 0

0 ; me0) = ac0 in
M µ M 0 and 8v 2 CF (l2; me): 9m 2 M : f vg · V ½F (x; m) and
8m 2 M : F j= me 0[f ;x 7! m ] uel 0

0 and
CF (l0; me0[f ; x 7! m]) · V CF (l ; me) and
½F (x; m) 6= ? and f (ac0; MemF )g· V ½F (f ; m)

[con] F j= me cl i® Int 2 CF (l ; me)

[suc] F j= me succl e1 i® F j= me e1 and Int 2 CF (l ; me)

[if ] F j= me if0 l e0 then uel 1
1 else uel 2

2 i®
F j= me e0 and F j= me uel 1

1 and F j= me uel 2
2 and

CF (l1; me) · V CF (l ; me) and CF (l2; me) · V CF (l ; me)

[bind] F j= me bind l se in uel 1
1 i®

9me1 with se R F me1:
F j= me 1 uel 1

1 and CF (l1; me1) · V CF (l ; me)

[clos] F j= me close l fn in se i®
9me0 with se R F me0: f (( fn ; me0); MemF )g· V CF (l ; me)

Figure 10: The °ow logic

4.1 Validit y

Of course,not all °ow analysesgive a correct description of the program being analyzed.
To formulate a notion of validit y, we de¯ne a predicate F j= me e (to be read: F analyzes
e correctly wrt. the memento environment me), with (e;me) 2 FlowConf F . The predicate
must satisfy the speci¯cation in Fig. 10, where the clause for intermediate con¯gurations
employs a predicate R F that is de¯ned mutually recursively with another predicate VF :

se R F me i® 8z 2 dom(se): se(z) VF ½F (z; me(z))

c VF V i® Int 2 V

(close fn in se) VF V i® 9me with se R F me: f (( fn ; me); MemF )g· V V

The speci¯cation in Fig. 10 gives rise to a monotone functional GF on the complete
lattice P(FlowConf F ); following the convincing argument of N&N, we de¯ne F j= me e as
the greatest ¯xed point of this functional so as to be able to cope with recursive functions.

Concerning the rule [fun], we deviate from N&N by recording me, rather than the re-
striction of me to FV e(¹f :¸x:e 0). As in P&P, this facilitates the translations to and from
types.

Concerning the rule [app], the set M corresponds to P&P's notion of cover, which in
turn is neededto model the \cartesian product" algorithm of [Age95]. In N&N's framework,
M is always a singleton f mg; in that casethe condition \ 8v 2 CF (l2; me): : : : " amounts
to the simpler \ CF (l2; me) · V ½F (x; m)". On the other hand, unlike N&N we do not give
freedomto intro duce new mementoeselsewhere.

In examplesinvolving non-recursive functions of the form ¸x:e , this being a shorthand
for ¹f :¸x:e where f doesnot occur in e, we shall not bother about the set ½F (f ; m) and in
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particular implicitly discard the last clausein the rule [app].
Note that even if e is a subexpressionof a program P with F j= ² P then it is not

necessarilythe casethat F j= me e for someme; this might happen if e is \dead code". But
keep in mind that we work under a \closed world" assumption: if P = ¸x:e then e is dead
code!

By structural induction in uel we seethat if F j= me uel then CF (l ; me) 6= ? . We would
also like the converseimplication to hold:

De¯nition 4.3. Let a °ow analysis F for P be given. We say that F is valid i® (i) F j= ²

P; (ii) whenever e= uel 2 SubExprP with (e;me) 2 FlowConf F and CF (l ; me) 6= ? then
F j= me e.

4.2 Semantic Soundness.

Our °ow logic satis¯es a subject reduction property, proved in Appendix B.1 using tech-
niquesas in N&N, which for closedE reads: if ² ` E ) E 0 and F j= ² E then F j= ² E 0:

Theorem 4.4. Supposethat with se R F me it holdsthat se ` e ) e0 and F j= me e. Then
F j= me e0.

As a consequence,we see that a °ow analysis F indeed is a \closure analysis": if
se R F me and se ` uel ) ¤ ¹f :¸ l x:e0 and F j= me uel then ((¹f :¸x:e 0; me); M ) 2
CF (l ; me) for some M . For by (repeated applications of) Theorem 4.4 we infer F j= me

¹f :¸ l x:e0, that is f (( ¹f :¸x:e 0; me); MemF )g· V CF (l ; me). Note that this result hinges on
the fact that se ` uel 1

1 ) uel 2
2 implies l1 = l2 (unlik e what is the casein P&P).

So far, even for badly behaved programs like P = 7@9 it is possible(just as in N&N) to
¯nd a F for P such that F is valid. Sinceour type systemrejects such programs, we would
like to ¯lter them out (in this respect \letting typeshave it their way"):

De¯nition 4.5. Let a °ow analysis F for P be given. We say that F is safe i® for all
uel in SubExprP and for all me it holds: (i) if ue= uel 1

1 @e2 then Int =2 CF (l1; me); (ii) if
ue= succ uel 1

1 then v 2 CF (l1; me) implies v = Int; (iii) if ue= if0 uel 0
0 then e1 else e2

then v 2 CF (l0; me) implies v = Int.

Example 4.6. Referring back to Examples4.1 and 4.2, it clearly holds that F2:1 is safeand
F2:2 is safe,and it is easy(though a little cumbersome)to verify that F2:1 is valid and F2:2

is valid.

4.3 Taxonom y of Flo w Analyses

Two common categoriesof °ow analysesare the \call-string based" (e.g., [Shi91]) and the
\argument-based" (e.g., [Sch95, Age95]). Below we shall seethat our descriptive framework
can model both approaches(which can be \mixed", as in [NN99]).

A °ow analysis F for P such that F is valid is in CallString P
¯ , where ¯ is a mapping

from Labse(P) £ MemEnvF into MemF , i® whenever ©F (( l2; me); ac) is de¯ned it equals
f ¯ (l ; me)g where l is such that 10 e1 @l uel 2

2 2 SubExprP . All k-CFA analyses¯t into this
category: for 0-CFA we take MemF = f ² g and ¯ (l ; me) = ² ; for 1-CFA we take MemF =
Labse(P) and ¯ (l ; me) = l ; and for 2-CFA (the generalization to k > 2 is immediate) we
take MemF = Labse(P) [ (Labse(P) £ Labse(P)) and de¯ne ¯ (l ; me) as follows: let it be l
if me= ², and let it be (l ; l1) if me takesthe form me0[z 7! m] with m either l1 or (l1; l2).

Example 4.7. The °ow analysis F2:1 is a 1-CFA, whereasthe °ow analysis F2:2 is not in
CallString P2: 2

¯ for any ¯ (since ©F2: 2 in one casereturns a doubleton).
10 It is tempting to write \© F (( l ; me); ac0 )" in Fig. 10 (th us replacing l2 by l ), but then subject reduction

for °ows would not hold.
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A °ow analysisF for P such that F is valid is in ArgBasedP
® , where® is a total mapping

from MemF into P(UnAnnFlowValF ), i® for all ¸ -bound variables x and mementoes m it
holds that whenever ½F (x; m) 6= ? then ²V (½F (x; m)) = ®(m). For this kind of analysis, a
memento m essentially denotesa set of unannotated °ow values. We may imposefurther
demandson ® so as to more precisely capture speci¯c brands of argument-based analyses,
such as [Age95] or the type-directed approach of [JWW97]; below we shall treat two inter-
esting subcategories: if ®(m1) and ®(m2) are disjoint whenever m1 6= m2 we write Disj ®;
and if ® satis¯es that each element in UnAnnFlowValF occurs in at least one®(m) we write
Cover®.

Example 4.8. The °ow analysis F2:1 is in ArgBasedP2: 1
® , with ®(0) = ®(2) = f acxg and

®(1) = f Intg. The °ow analysisF2:2 is in ArgBasedP2: 2
® , with ®(x) = ®(2) = f acxg and ®(y) =

®(3) =
©

acy
ª

and ®(1) = f Intg.
Note that by appropriate renaming (collapsing) of mementoes, both °ow analysescan

be converted so as to ¯t into a classArgBased® with Disj ®.

4.4 Existence of Least Analyses

Givena program P, it turns out that for all ¯ the classCallString P
¯ , and for certain kinds of ®

alsothe classArgBasedP
® , contains a least (i.e., most precise)°ow analysis;herethe ordering

on °ow analysesis de¯ned pointwise11 on CF , ½F and ©F . This is much as in N&N where
for all total and deterministic \instan tiators" the corresponding classof analysescontains a
least element, something we cannot hope for sincewe allow ©F to return a non-singleton12.

Theorem 4.9. For all P and ¯ the class CallString P
¯ contains a least °ow analysis; and

for all P and ® with Disj ® the classArgBasedP
® contains a least °ow analysis provided it is

not empty|a su±cient condition for which is that Cover®.

Proof. The theorem is an immediate consequenceof LemmasB.5 and B.6, stated and proved
in Appendix B.2.

4.5 Enco ding the P&P Framew ork

Our °ow system was developed along the lines of N&N, generalizing somefeatures (while
omitting other). That the resulting framework hassubstantial descriptivepower is indicated
by the fact that the framework of P&P, designedsoasto model several existing °ow analyses,
can be encoded into our framework|ev en though on the surface it is quite di®erent from
ours.

A P&P analysis of a program P is a set R of triples of the form (½;e;s) with ½2
FlowEnv(P) and e an expression2 LabExpse(P) and s2 P(Val(P)). Here FlowEnv(P) and
Val(P) are recursively de¯ned (note that valuesmay be in¯nite structures):

² a value a 2 Val(P) is either Int or a pair (¸x:e; ½) with ½2 FlowEnv(P);

² an environment ½2 FlowEnv(P) has entries of the form [x 7! s] with s2 P(Val(P)).

As in P&P we say that an analysis of P is an F-analysis if (i) it satis¯es certain criteria,
listed in Fig. 11, ensuring that \the analysisgivesa correct description of P"; and (ii) there
exists s such that (²; P; s) 2 R.

As values in P&P may be in¯nite whereasin our framework all °ow values are ¯nite
structures, it seemshard to embed the former into the latter. This is when the \¯nitary"
condition, which by the way is necessaryfor P&P's translation into types,comesto rescue:

11 Unlik e [JWW97 ], we do not compare analyses with di®erent sets of mementoes: if F1 and F2 are two °ow
analyses for P we stipulate that F1 · F F2 holds i® (i) Mem F 1 = Mem F 2 ; (ii) CF 1 (l ; me) · V CF 2 (l ; me) for
all l and me; (iii) ½F 1 (z; m) · V ½F 2 (z; m) for all z and m; (iv) ©F 1 (( l ; me); ac) µ ©F 2 (( l ; me); ac) whenever
the left hand side is de¯ned.

12 The \culprit" is the condition for [app] \ 8v 2 CF (l2 ; me): 9m 2 M : f vg · V ½F (x; m)".
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(½;x l ; s) 2 R implies ½(x) µ s

(½;̧ l x:e; s) 2 R implies (¸x:e; ½) 2 s

(½;e1 @l e2; s) 2 R implies 9s1; s2:
(½;e1; s1) 2 R and (½;e2; s2) 2 R and
8(¸x:e; ½0) 2 s1: 9C:

s2 µ [ C and
8s0 2 C: 9s00:

(½0[x 7! s0]; e;s00) 2 R and s00µ s

(½;cl ; s) 2 R implies Int 2 s

(½;succl e1; s) 2 R implies Int 2 s and 9s1:
(½;e1; s1) 2 R

(½;if0 l e0 then e1 else e2; s) 2 R implies 9s0; s1; s2:
s1 µ s and s2 µ s and for i = 0; 1; 2: (½;ei ; si ) 2 R

Figure 11: Speci¯cation of an F-analysis.

De¯nition 4.10. Let R be a P&P analysis. We say that R is ¯nitary if there exists a ¯nite
set Val¯n of (possibly in¯nite) °ow values such that all values occurring (possibly deeply
nested) in R are members of Val¯n . To be more precise: with FlowEnv¯n the environments
in FlowEnv(P) where all entries are of the form [x 7! s] with s2 P(Val¯n ), it must hold
that

² if a 2 Val¯n then a is either Int or a pair (¸x:e; ½) with ½2 FlowEnv¯n ;

² each element in R takesthe form (½;e;s) with ½2 FlowEnv¯n and s2 P(Val¯n ).

Additionally , it seemsthat we must also assumethat R has the following deterministic
cacheproperty: there exists a function CachR such that in the casefor application in Fig. 11
wecanchoosethe \cache" C to beCachR ((e1 @l e2; ½); (¸x:e ; ½0)) (that is, C doesnot depend
on s, s1, or s2).

Prop osition 4.11. Supposethat R is a ¯nitary F-analysis for P that has the deterministic
cache property. Then we can from R construct a °ow analysis F such that F is valid.
Moreover, F belongsto ArgBasedP

® for some®.

The basic idea of our construction is|with Val¯n and FlowEnv¯n asin De¯nition 4.10|
to de¯ne MemF asa set of the samesizeof P(Val¯n ). Let ° be a bijection betweenP(Val¯n )
and MemF ; this mapping in the obvious way induces a bijection ° me from FlowEnv¯n to
MemEnvF . We next extend ° me to a mapping ° v from Val¯n to FlowValF :

° v (In t) = Int

° v (( ¸x:e; ½)) = ((¸x:e; °me (½)) ; MemF )

And in the obvious way we extend ° v to a mapping ° V from P(Val¯n ) to FlowSetF .
We now de¯ne CF and ½F , by stipulating

½F (x; m) = ° V (° ¡ 1(m))

and for uel 2 SubExprP stipulating

CF (l ; me) = let S =
©

s j (° ¡ 1
me (me); uel ; s) 2 R

ª

in if S = ; then ? else° V (\ S)
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Wede¯ne ©F usingCachR (cf. above): if CachR ((e1 @l uel 2
2 ; ½); (¸x:e ; ½0)) = C then ©F (( l2; °me (½)); (¸x:e; °me (½0))) =

f ° (s) j s 2 Cg.
This completes the de¯nition of a °ow analysis F . Proposition 4.11 now follows from

the following lemma, proved in Appendix B.3, together with the observation that F belongs
to ArgBasedP

® with ®(m) = ²V (° V (° ¡ 1(m))).

Lemma 4.12. Let a °ow analysis F be de¯ned as above. Then F is valid.

The framework of P&P can model 0-CFA, by requiring every cache C to be a singleton
and to depend only on the function body. Such an analysis is by the construction depicted
above translated into a °ow analysiswhere©F (( l ; me); (¸x:e; me0)) is a singleton depending
on ¸x:e only. Sofor each z there existsonly onem such that ½F (z; m) is of interest. Therefore
one might collapseall mementoes into a single memento, corresponding to the way 0-CFA
is modeled in our framework (cf. Sect. 4.3).

One can also go the other direction, and convert an argument-based °ow analysis into a
¯nitary F-analysis:

Prop osition 4.13. Suppose that F is a °ow analysis for P such that F is valid, and that
F 2 ArgBasedP

® . Then we can from F construct a ¯nitary F-analysis for P.

The idea is to use®: MemF ! P(UnAnnFlowValP ) to write mutually recursive functions

±me : MemEnvF ! FlowEnv(P)

±uv : UnAnnFlowValF ! Val(P)

±V : FlowSetF ! P(Val(P))

as follows:

±me (me)(x) = f ±uv (uv) j uv 2 ®(me(x))g

±uv (In t ) = Int

±uv (( ¸x:e; me)) = (¸x:e; ±me (me))

±V (V ) = f ±uv (uv) j uv 2 ²V (V )g

This is clearly well-de¯ned (but the output may contain in¯nite structures). Note that ±V

is monotonic: if V1 · V V2 then ±V (V1) µ ±V (V2). We then stipulate

R =
©

(±me (me); e;±V (CF (l ; me)) ) j e = uel 2 SubExprP and F j= me e
ª

.

which is well-de¯ned (as CF (l ; me) 6= ? if F j= me e) and clearly ¯nitary .
Proposition 4.13 now follows from the following lemma, proved in Appendix B.3.

Lemma 4.14. Let R be de¯ned as above. Then R is an F-analysis.

The relationship betweenthe two translations presented in this section, such aswhether
the roundtrips might be the identit y, is left for future work.

4.6 Reachabilit y

For a °ow analysis F , someentries may be garbage. To seean example of this, suppose
that ¹f :¸x: uel in SubExprP , and suppose that ½F (x; m) = ? for all m 2 MemF . From
this we infer that the above function is never called, so for all me the value of CF (l ; me) is
uninteresting. It may therefore be replaced by ? , something which is in fact achieved by
the roundtrip described in Sect. 7.1.

To formalize a notion of reachabilit y weintro ducea setReachF
P that is intendedto encom-

pass13 all entries of CF and ½F that are\reachable" from the root of P. Let AnalyzesFm (¹f :¸x: uel 0
0 ; me)

13 This is somewhat similar to the reachabilit y predicate of [GNN97].
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bea shorthand for CF (l0; me[f ; x 7! m]) 6= ? and ½F (x; m) 6= ? and
n

((¹f :¸x: uel 0
0 ; me); MemF )

o
· V

½F (f ; m). We de¯ne ReachF
P as the least set satisfying:

[prg] (P; ²) 2 ReachF
P

[fun]
³

(¹f :¸ l x:uel 0
0 ; me) 2 ReachF

P and AnalyzesFm (¹f :¸x: uel 0
0 ; me)

´
)

n
(uel 0

0 ; me[f ; x 7! m]); (x; m); (f ; m)
o

µ ReachF
P

[app] (e1 @l e2; me) 2 ReachF
P ) f (e1; me); (e2; me)g µ ReachF

P

[suc] (succ l e1; me) 2 ReachF
P ) (e1; me) 2 ReachF

P

[if ] (if0 l e0 then e1 else e2; me) 2 ReachF
P )

f (e0; me); (e1; me); (e2; me)g µ ReachF
P

Example 4.15. It is easyto verify that for uel 2 SubExprP2: 1
it holds that CF2: 1 (l ; me) 6= ?

i® (uel ; me) 2 ReachF2: 1
P2: 1

, and that ½F2: 1 (z; m) 6= ? i® (z; m) 2 ReachF2: 1
P2: 1

. Similarly for P2:2

and F2:2.

Note that if (e;me) 2 ReachF
P then e2 SubExprP and (e;me) 2 FlowConf F . The fol-

lowing result, proved in Appendix B.4, shows that reachabilit y implies de¯nednessprovided
that the °ow analysis is valid.

Lemma 4.16. Let F be a °ow analysis for P such that F is valid. If (uel ; me) 2 ReachF
P

then (i) CF (l ; me) 6= ? and (ii) whenever(z 7! m) 2 me then (z; m) 2 ReachF
P holds. Also,

if (z; m) 2 ReachF
P then ½F (z; m) 6= ? .

5 Translating T yp es to Flo ws

Let a uniform typing T for a program P be given. We now demonstrate how to construct
a corresponding °ow analysis F = F (T) such that F is valid and safe. First de¯ne MemF

as IT T ; note that then an addresscan serve as a memento environment. Next we de¯ne a
function FT that translates from UTypT , that is the union types that can be built using
IT T and UTT , into FlowSetF :

FT (
W

i 2 I f qi : t i g) =
f (( ¹f :¸x:e; me); M ) j 9i 2 I with M = dom(t i ):

a judgement for ¹f :¸ l x:e occurs in DT with addressme
and is justi¯ed by [fun](qi :t ) where t · t t i g

[ (if 9i: such that qi = qin t then f Intg else; )

The idea behind the translation is that F T (u) should contain all the closures that are
\sources" of elementary typesin u; it is easyto trace such closuresthanks to the presenceof
U-tags. The condition t · t t i is neededas a \sanit y check", quite similar to the \trimming"
performed in [Hei95], to guard against the possibility that two unrelated entities in D T

incidentally have usedthe sameU-tag qi . As the typesof P&P do not contain fun-witnesses,
their translation has to rely solely on this sanity check (at the cost of precision, cf. the
examplegiven in Sect. 1).

Example 5.1. With terminology asin Examples3.6and 4.1, it is easyto seethat F T2: 1 (u0
x) =

f v0
xg and that FT2: 1 (ux) = f vxg.

Lemma 5.2. The function F T is monotone.

Proof. Assume that u · u u0. Let v 2 FT (u) be given; we must show that there exists v02
FT (u0) such that v · v v0. First assumethat v = Int. Then qin t 2 dom(u), so also qin t 2
dom(u0) implying Int 2 FT (u0).

28



Next assumethat v takes the form (ac; K ), with ac= (¹f :¸x:e; me). There thus exists
q2 dom(u) such that K = dom(u:q) and such that a judgement for ¹f :¸x:e occurs in D T

with addressme and is derived by [fun](q:t ) wheret · t u:q. Sinceu · u u0 we have u:q· t u0:q,
implying

t · t u0:q and dom(u0:q) µ dom(u:q).

Let K 0= dom(u0:q) and v0= (ac; K 0). From the above we infer the desired relations: v02
FT (u0) where v · v v0 (since K 0µ K ).

Lemma 5.3. FT (uin t ) = f Int g.

De¯nition 5.4. With T a typing for P, the °ow analysisF = F (T) is givenby hP; IT T ; CF ; ½F ; ©F i ,
where CF , ½F , and ©F are de¯ned below:

CF (l ; me) = FT (u) i® DT contains a judgement A ` uel : u with addressme

½F (z; m) = FT (u) i® u = AT (z; m)

©F (( l2; me); (¹f :¸x:e 0; me0)) = M i® there exists q such that DT contains
a judgement for ¹f :¸x:e 0 at me0 derived by [fun](q:t ) ,
a judgement for e1 @uel 2

2 at me derived by [app]w
@

where w@(q) = M .

Example 5.5. It is easyto check that F2:1 = F (T2:1), and that F2:2 = F (T2:2).

Theorem 5.6. With T a uniform typing for P, for F = F (T) it holds that

² F is valid and safe

² (uel ; me) 2 ReachF
P i® CF (l ; me) 6= ? (for ue2 SubExprP )

² (z; m) 2 ReachF
P i® ½F (z; m) 6= ?

Proof. The result follows from LemmasC.2, C.3, C.4, C.5, and C.6 that are all established
in Appendix C. In particular, note that the proof that F is valid is by coinduction.

6 Translating Flo ws to T yp es

Let a °ow analysisF for a program P be given, and assumethat F is valid and safe. We now
demonstrate how to construct a corresponding uniform typing T = T (F ). First we de¯ne
IT T as MemF and UTT as AbsClosF [ f qin t g. Next we de¯ne a function TF that translates
from FlowSetF into UTypT ; inspired by P&P (though the setting is somewhatdi®erent) we
stipulate:

TF (V ) =
W

v2 V f qv : tv g where
if v = Int then qv = qin t and tv = int
if v = (ac; M ) with ac= (¹f :¸x:e l 0

0 ; me)
then qv = ac
and tv =

V
m 2 M 0

ff mg : TF (½F (x; m)) ! TF (CF (l0; me[f ; x 7! m]))g

where M 0 =
n

m 2 M j AnalyzesFm (ac)
o

.

The above de¯nition clearly for each V determines a unique union type TF (V ), since
recursion is \b eneath a constructor" and sinceFlowSetF is ¯nite (ensuring regularity).
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Example 6.1. With terminology asin Examples3.6and 4.1, it is easyto see|pro vided that
qx is consideredanother namefor acx|¯rst that TF2: 1 (f v0

xg) = u0
x, and then that TF2: 1 (f vxg) =

ux sinceTF2: 1 (f vxg):qx can be found as
^

(f 1g : TF2: 1 (½F2: 1 (x; 1)) ! TF2: 1 (CF2: 1 (7; mex1)) ; f 2g : TF2: 1 (½F2: 1 (x; 2)) ! TF2: 1 (CF2: 1 (7; mex2)))

=
^

(f 1g : TF2: 1 (f Intg) ! TF2: 1 (f Intg); f 2g : TF2: 1 (
©

v0
x

ª
) ! TF2: 1 (

©
v0

x

ª
))

=
^

(f 1g : uin t ! uin t ; f 2g : u0
x ! u0

x):

Note that without the M component in a °ow value (ac; M ), vx would equal v0
x causing

TF2: 1 (f vxg) to be an in¯nite type (as in P&P).

Lemma 6.2. The function TF is monotone.

Proof. Assumethat V · V V 0. Let q2 dom(TF (V )) be given; we must show that

q2 dom(TF (V 0)) with TF (V ):q· t TF (V 0):q.

First assumethat q= qin t so that TF (V ):q= int ; then Int 2 V so also Int 2 V 0 implying
q2 dom(TF (V 0)) with TF (V 0):q= int .

Next assumethat q6= qin t ; that is q= ac for someac with the property that there existsM
such that (ac; M ) 2 V . SinceV · V V 0 there existsM 0 with M 0µ M such that (ac; M 0) 2 V 0,
showing that q2 dom(TF (V 0)). For each m 2 M there exists um and u0

m such that

TF (V ):q=
V

m 2 M 0
ff mg : um ! u0

m g where M 0 =
n

m 2 M j AnalyzesFm (ac)
o

TF (V 0):q=
V

m 2 M 0
0
ff mg : um ! u0

m g where M 0
0 =

n
m 2 M 0 j AnalyzesFm (ac)

o
.

SinceM 0
0 µ M 0, this demonstratesthe desiredrelation TF (V ):q· t TF (V 0):q.

Lemma 6.3. TF (f Int g) = uin t .

For z and m such that (z; m) 2 ReachF
P , we de¯ne T ½

F (z; m) as TF (½F (z; m)) (by
Lemma 4.16 this is well-de¯ned). And for e= uel and me such that (e;me) 2 ReachF

P ,
we construct a judgement T J

F (e;me) as

T A
F (me) ` e : TF (CF (l ; me))

where T A
F (me) is de¯ned recursively by T A

F (²) = ² and T A
F (me[z 7! m]) = T A

F (me)[z 7!
T ½

F (z; m)] (by Lemma 4.16 also this is well-de¯ned).

De¯nition 6.4. With F a °ow analysisfor P, the typing T = T (F ) is givenby hP; MemF ; AbsClosF [ f qin t g; DT i ,
where DT is de¯ned by stipulating that whenever (e;me) is in ReachF

P then DT contains
T J

F (e;me), and that T J
F (e0; me0) is a premise of T J

F (e;me) i® (e;me) 2 ReachF
P is among

the immediate conditions (cf. the de¯nition of ReachF
P ) for (e0; me0) 2 ReachF

P .

Example 6.5. It is easy to check that T2:1 = T (F2:1) and that T2:2 = T (F2:2), modulo re-
naming of the U-tags.

Clearly DT is a tree-formed derivation, and T J
F (e;me) has addressme in DT . We must

of course also prove that all judgements in D T are in fact derivable from their premises
using the inference rules in Fig. 6. This is the core of the following theorem, proved in
Appendix D.

Theorem 6.6. If F is valid and safe then T = T (F ) as constructed by De¯nition 6.4 is a
typing for P. The derivation D T has the following properties:

² if DT contains at address me a judgement for ¹f :¸x:e , it is derived using [fun]w
¸

where w¸ = (ac : (TF (f (ac; MemF )g)) :ac) with ac = (¹f :¸x:e; me);
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² if DT contains at addressme a judgement for e1 @uel 2
2 with the leftmost premise of

the form A ` e1 : u1, then it is derived using [app]w
@

where for all q2 dom(u1) it
holds that w@(q) = ©F (( l2; me); q).

Final ly, T is uniform with AT given by T ½
:

7 Round Trips

The two previous sectionshave provided translations F and T betweenderivations and °ow
analyses,and their correctnesshave beenstated (Theorems 5.6 and 6.6). Next considerthe
\round-trip" translations F ± T (from °ows to types and back) and T ± F (from types to
°ows and back). Both roundtrips are idempotent: they act as the identit y on \canonical"
elements, and otherwise \canonicalize".

Example 7.1. Exs. 5.5 and 6.5 illustrate that F ± T is the identit y on F2:1 and F2:2, and
that T ±F is the identit y (modulo renaming of U-tags) on T2:1 and T2:2. In particular T ±F
doesnot necessarilyintro duce in¯nite types, thus solving an open problem in P&P.

7.1 Round Trips from the Flo w World

The results below, to be proved in Appendix E, show that F ±T ¯lters out everything that
is not reachable, and acts as the identit y ever after.

Theorem 7.2. Assume that F is valid and safe for a program P, and let F 0= F (T (F )) .
Then F 0 is valid and safe for P with MemF 0 = MemF , and

² ReachF 0

P = ReachF
P

² CF 0(l ; me) 6= ? i® CF (l ; me) 6= ? and (uel ; me) 2 ReachF
P , in which caseCF 0(l ; me) =

¯lter F
P (CF (l ; me))

² ½F 0(z; m) 6= ? i® ½F (z; m) 6= ? and (z; m) 2 ReachF
P , in which case ½F 0(z; m) =

¯lter F
P (½F (z; m))

² ©F 0(( l2; me); ac) = K i®|with ac= (¹f :¸x:e 0; me0) and with l2 suchthat e= uel 1
1 @l uel 2

2
in SubExprP |it holdsthat ©F (( l2; me); ac) = K and (e;me) 2 ReachF

P and (¹f :¸x:e 0; me0) 2
ReachF

P and there exists M such that (ac; M ) 2 CF (l1; me).

Here ¯lter F
P (V ) is given by

f (ac; M 0) j (ac; M ) 2 V and (¹f :¸x:e 0; me0) 2 ReachF
P

where ac= (¹f :¸x:e 0; me0) and M 0=
n

m 2 M j (e0; me0[f ; x 7! m]) 2 ReachF
P

o

[ (if Int 2 V then f Int g else; )

Corollary 7.3. Assume that F is valid and safe for a program P, let F 0= F (T (F )), and
let F 00= F (T (F 0)). Then F 00= F 0.

Clearly everything not reachable may be considered \junk". However, some junk is
reachable and is hencenot removed by F ± T , as demonstrated by the following example.
That our °ow/t ype correspondencecan faithfully encode such imprecisionsshows the power
of our framework.

Example 7.4. Consider the program P given by

(¸ 1x:x2) @0 (¸ 3y:¸ 4z:z5)
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[x 7! uy] ` x2 : uy

² ` ¸ 1x:x2 : ux ² ` ¸ 3y:¸ 4z:z5 : uy

² ` (¸ 1x:x2 ) @0 (¸ 3y:¸ 4z:z5) : uy

Figure 12: Example 7.4: the derivation D T .

[x 7! uy] ` x2 : uy

² ` ¸ 1x:x2 : uxz ² ` ¸ 3y:¸ 4z:z5 : uy

² ` (¸ 1x:x2) @0 (¸ 3y:¸ 4z:z5) : uy

Figure 13: Example 7.4: the derivation D Tz .

and let
acx = (¸ x:x2; ²) vx = (acx; f ²g)
acy = (¸ y:¸ 4z:z5; ²) vy = (acy; f ²g)
acz = (¸ z:z5; [y 7! ² ]) vz = (acz; f ²g)

By Theorem 4.9 there exists a least 0-CFA °ow analysis F for P, and it is easyto see
that F is given by the entries below:

©
vy

ª
= CF (0; ²) = CF (2; [x 7! ² ]) = CF (3; ²) = ½F (x; ² )

f vxg = CF (1; ²)

The typing T = T (F ) contains the derivation depicted in Fig. 12, where

uy = TF (
©

vy
ª

) =
W

(acy :
V

())
ux = TF (f vxg) =

W
(acx :

V
(f² g : uy ! uy))

Note that T doesnot contain a judgement for ¸ 4z:z5 since(¸ 4z:z5; ²) is not in ReachF
P .

Next considera 0-CFA °ow analysisFz where somejunk that is not reachable has been
added: Fz is as F except that

CFz (1; ²) = f vx; vzg
½Fz (z; ² ) = CFz (5; [z 7! ² ]) =

©
vy

ª
.

The typing Tz = T (Fz) contains the derivation depicted in Fig. 13, where

uy = TFz (
©

vy
ª

) =
W

(acy :
V

() )
uxz = TFz (f vx; vzg) =

W
(acx :

V
(f² g : uy ! uy); acz :

V
(f²g : uy ! uy))

Now it is easyto seethat F Tz (uy) =
©

vy
ª

and FTz (uxz) = f vxg, implying that F (T (Fz)) =
F . This illustrates that F ±T removesjunk that is not reachable.

Finally consider a 0-CFA °ow analysis Fy where somejunk that is reachable has been
added: Fy is given by the entries below:

©
vy

ª
= CFy (2; [x 7! ² ]) = CFy (3; ²) = ½Fy (x; ² ) = ½Fy (y; ² )

©
vx; vy

ª
= CFy (1; ²)

f vzg = CFy (4; [y 7! ² ])
©

vy; vz
ª

= CFy (0; ²)

The typing Ty = T (Fy) contains the derivation depicted in Fig. 14, where

uz = TFy (f vzg) =
W

(acz :
V

() )
uy = TFy (

©
vy

ª
) =

W
(acy :

V
(f² g : uy ! uz))

uxy = TFy (
©

vx ; vy
ª

) =
W

(acx :
V

(f² g : uy ! uy); acy :
V

(f² g : uy ! uz))
uyz = TFy (

©
vy ; vz

ª
) =

W
(acy :

V
(f² g : uy ! uz); acz :

V
() )
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[x 7! uy] ` x2 : uy

² ` ¸ 1x:x2 : uxy

[y 7! uy] ` ¸ 4z:z5 : uz

² ` ¸ 3y:¸ 4z:z5 : uy

² ` (¸ 1x:x2) @0 (¸ 3y:¸ 4z:z5 ) : uyz

Figure 14: Example 7.4: the derivation D Ty .

Now it is easyto seethat

FTy (uz) = f vzg
FTy (uy) =

©
vy

ª

FTy (uxy) =
©

vx ; vy
ª

FTy (uyz) =
©

vy ; vz
ª

implying that F (T (Fy)) = Fy. This illustrates that F ± T does not remove junk that is
reachable.

The above example also illustrates that T ±F ±T = T doesnot in generalhold, since

T (F (T (Fz))) = T (F ) = T 6= Tz = T (Fz):

7.2 Round Trips from the T yp e World

The canonical typings are the onesthat are strongly consistent:

De¯nition 7.5. A typing T is strongly consistent i® for all u that occur in14 DT and for
all q2 dom(u) with q6= qin t the following holds:

DT contains exactly onejudgement derivedby an application of [fun]w
¸

with w¸ taking
the form (q : t), and this t satis¯es t · c

^ u:q.

Here · c
^ is a subrelation of · t , de¯ned by stipulating that int · c

^ int and that
V

i 2 I f K i : ui ! u0
i g· c

^
V

i 2 I 0
f K i : ui ! u0

i g i® I 0 µ I .

Theorem 7.6. Assumethat T is a uniform typing for a program P, and let T 0= T (F (T)) .
Then T 0 is a uniform typing for P with IT T 0 = IT T , and

² DT 0 contains a judgement for e with address ke i® D T contains a judgement for e
with addresske (i.e., the two derivations have the sameshape);

² DT 0 is strongly consistent;

² if DT is strongly consistent then D T 0 equalsDT (modulo renaming of U-tags).

Proof. SeeAppendix E.

Example 7.7. We now againconsiderthe motivating exampleput forward in Sect.1, where
the program

¡
¸ 1x:succ x

¢
@

¡¡
¸ 2y:y

¢
@3

¢

was given essentially the typing hP; f² g ; f ² g ; D T i with DT as depicted in Fig. 15; we use
i ! i as a shorthand for

V
(f² g : uin t ! uin t ). Note that T is not strongly consistent.

The °ow analysis F = F (T) is given by
14 That is, the u with the prop erty that there exists u0 with u a subtree of u0 such that D T contains a

judgement A 0 ` e0 : u0 with u0= u0 or (z 7! u0) 2 A 0 for some z.
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[x 7! uin t ] ` x : uin t

[x 7! uin t ] ` succ x : uin t
[fun]( ² : i ! i )

² ` ¸ x:succ x :
_

(² : i ! i )

[y 7! uin t ] ` y : uin t
[fun]( ² : i ! i )

² ` ¸ y:y :
_

(² : i ! i ) ² ` 3 : uin t

² `
¡
¸ 2y:y

¢
@3 : uin t

² `
¡
¸ 1x:succ x

¢
@

¡¡
¸ 2y:y

¢
@3

¢
: uin t

Figure 15: Example 7.7: the derivation D T .

[x 7! uin t ] ` x : uin t

[x 7! uin t ] ` succ x : uin t
[fun]( q1 :i ! i )

² ` ¸ x:succ x : u

[y 7! uin t ] ` y : uin t
[fun]( q2 :i ! i )

² ` ¸ y:y : u ² ` 3 : uin t

² ` (¸ y:y) @3 : uin t

² ` (¸ x:succ x) @(( ¸ y:y) @3) : u in t

Figure 16: Example 7.7: the derivation D T 0.

CF (1; ²) = CF (2; ²) = F T (
W

(² : i ! i )) = f (( ¸ x:succ x; ²); f ² g); (( ¸ y:y; ²); f² g)g

in that all other reachable entries in CF and ½F are f Intg.
Then the typing T 0= T (F ) is given by hP; f²g ; f q1; q2g; DT 0i , with q1 = (¸ x:succ x; ²)

and q2 = (¸ y:y; ²), and with DT 0 as depicted in Fig. 16 where u denotes
W

(q1 : i ! i ; q2 :
i ! i ). Note that T 0 is strongly consistent, as guaranteed by Theorem 7.6.

Again, the abilit y to faithfully encode both preciseand imprecise analysesin both the
type world and the °ow world demonstratesthe power of our framework.

8 Discussion

Our °ow system follows the lines of N&N, generalizingsomefeatureswhile omitting others
(such aspolymorphic splitting [WJ98], left for future work). That it hassubstantial descrip-
tiv e power is indicated by the fact that it encompassesboth argument-basedand call-string
basedpolyvariance. In particular, the °ow analysis framework of P&P, designedso as to
model several existing °ow analysesand on the surface quite di®erent from ours, can be
encoded into our framework. Unlike P&P, our °ow logic has a subject reduction property,
inherited from the N&N approach.

The generality of our type system is lessclear. The annotation with tags gives rise to
intersection and union types that are not associative, commutativ e, or idempotent (ACI).
This stands in contrast to the ACI types of P&P, but is similar to the non-ACI intersec-
tion and union types of CIL, the intermediate languageof an experimental compiler that
integrates °ow information into the type system [WDMT97a , DMTW97 ]. Indeed, a key
motivation of this work was to formalize the encoding of various °ow analysesin the CIL
type system. Developing a translation between the the type system of this paper and CIL
is our next goal.

Ac knowledgmen ts

Our work adds a new layer on top of foundations constructed by JensPalsberg, Flemming
Nielson, and Hanne Riis Nielson in their seminal work. We are fortunate to have had many
interesting discussionson type systemsand °ow analysiswith theseauthors, aswell aswith
our Church Project compatriots, especially Assaf Kfoury, Joe Wells, Bob Muller, Allyn
Dimock, and Anindya Banerjee. This paper grew out of an ESOP conferencepaper that
bene¯ted from the feedback of the referees.
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A T yp es

Proof of Lemma 3.4. First note that we can decomposethe functional H into H u and H t ,
that is H(Qu ; Qt ) equals(H u (Qt ); H t (Qu ; Qt )); here

W
i 2 I f qi : t i g H u (Qt )

W
j 2 J f q0

j : t0
j g i® 8i 2 I : 9j 2 J : qi = q0

j and t i Qt t0
j

and similarly for H t (Qu ; :)
Below, we shall want to prove

Qu µ · u and Qt µ · t (1)

for suitable choices of Qu and Qt . By the principle of coinduction, this can be done by
establishing (Qu ; Qt ) µ H(Qu ; Qt ) which amounts to showing

Qu µ H u (Qt ) and Qt µ H t (Qu ; Qt ). (2)

Re°exivit y amounts to (1) with Qu and Qt de¯ned as follows: u Qu u0 holds i® u = u0

and t Qt t0 holds i® t = t0. For this choice of Qu and Qt we must show (2). So ¯rst assume
that u Qu u, with u =

W
i 2 I f qi : t i g. Then for all i 2 I we have qi = qi and t i Qt t i , showing

that u H u (Qt ) u. This establishesthe ¯rst half of (2).
Next assumethat t Qt t. If t = int , we clearly have t H t (Qu ; Qt ) t. So assumethat

t =
V

i 2 i f K i : ui ! u0
i g. Then for all i 2 I it holds with I 0 = f ig that

K i = [ i 0 2 I 0 K i 0 and 8i 0 2 I 0: u0
i 0

Qu u0
i and

8q 2 dom(ui ): 9i 0 2 I 0: q2 dom(ui 0 ) and ui :q Qt ui 0 :q.

So also here we have t H t (Qu ; Qt ) t. This establishesthe secondhalf of (2).
Transitivit y amounts to (1) with Qu and Qt de¯ned as follows: u Qu u0 holds i® there

exists u00with u · u u00and u00· u u0; t Qt t0 holds i® there exists t00with t · t t00and t00· t t0.
For this choice of Qu and Qt we must show (2). So ¯rst assumethat u · u u00· u u0, with
u =

W
i 2 I f qi : t i g and with u0=

W
i 2 I 0f q0

i : t0
i g and with u00=

W
i 2 I 00f q00

i : t00
i g. Let i 2 I be

given. Sinceu · u u00 there exists i 00 2 I 00such that qi = q00
i 00 and t i · t t00

i 00, and sinceu00· u u0

there then exists i 0 2 I 0 such that q00
i 00 = q0

i 0 and t00
i 00 · t t0

i 0. This shows that qi = q0
i 0 and

t i Qt t0
i 0, which amounts to the ¯rst half of (2).

Next assumethat t · t t00· t t0. If t = int then clearly t00= int and t0= int , establishing
the secondhalf of (2). So assumethat t takesthe form

V
i 2 I f K i : u0i ! u1i g; then t00takes

the form
V

i 2 I 00f K 00
i : u00

0i ! u00
1i g and t0 takes the form

V
i 2 I 0f K 0

i : u0
0i ! u0

1i g. Let i 0 2 I 0

be given. Sincet00· t t0 there exists J µ I 00such that

K 0
i 0 = [ j 2 J K 00

j and 8j 2 J: u00
1j · u u0

1i 0 and
8q 2 dom(u0

0i 0): 9j 2 J : q2 dom(u00
0j ) and u0

0i 0:q· t u00
0j :q.

Sincet · t t00, for all j 2 J there exists I j µ I such that

K 00
j = [ i 2 I j K i and 8i 2 I j : u1i · u u00

1j and
8qj 2 dom(u00

0j ): 9i 2 I J : qj 2 dom(u0i ) and u00
0j :qj · t u0i :qj .
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Let I 0 = [ j 2 J I j . Then I 0 µ I , and

K 0
i 0 = [ i 2 I 0 K i and 8i 2 I 0: u1i Qu u0

1i 0 and (3)
8q 2 dom(u0

0i 0): 9j 2 J : 9i 2 I J : q2 dom(u0i ) and u0
0i 0:q· t u00

0j :q· t u0i :q

where the latter line implies that

8q 2 dom(u0
0i 0): 9i 2 I 0: q2 dom(u0i ) and u0

0i 0:q Qt u0i :q. (4)

Now (3) and (4) demonstratesthe secondhalf of (2).

Proof of Lemma 3.8. As a preparation, we state a number of rather trivial facts (some
proved by induction in the derivation):

Lemma A.1. If A ` e : u and u · u u0 then also A ` e : u0.

Lemma A.2. Assume that for all z 2 FV e(e) it holds that A(z) = A0(z). Then A ` e : u
implies A0 ` e : u.

Lemma A.3. Suppose that A ` ¹f :¸x:e : u is derived using [fun](q:t ) . Then also A `
¹f :¸x:e :

W
(q : t).

Lemma A.4. If A ` sv : u then there exists q2 dom(u) such that A ` sv :
W

(q : u:q).

We are now ready to prove Theorem 3.8, which facilitates a proof by induction in the
derivation of se ` e ) e0. We perform a caseanalysis in the rule applied; ¯rst we consider
the structural cases:

(appl ). The situation is that se ` e1 @l e2 ) e0
1 @l e2 becausese ` e1 ) e0

1. The
premisesof the judgement A ` el

1e2 : u are of the form

A ` e1 : u1 and A ` e2 : u2.

The left premise shows that we can apply the induction hypothesis on the inferencese `
e1 ) e0

1, yielding A ` e0
1 : u1. Together with the right premise this shows that A `

e0
1

l e2 : u. We have exploited that the condition for applying [app]w
@

dependssolely on the
union types(and not on the expressions).

The cases(appr ), (succ), and (if ) are similar. The remaining casesare treated below:

(var). The situation is that se ` zl ) svl with sv = se(z). Our assumptionsare that
se ./ A, implying ² ` sv : A(z), and that A ` z : u, implying A(z) · u u. By LemmasA.1
and A.2 this demonstratesthe desired judgement A ` sv : u.

(fun). The situation is that se ` ¹f :¸ l x:e ) close l fn in se, where fn = ¹f :¸x:e . Our
assumption is that se ./ A and that A ` ¹f :¸ l x:e : u. But this shows the desired
judgement A ` close l fn in se : u.

(succv ). The situation is that se ` succ l cl 0 ) cl
1. Our assumption is that A `

succl cl 0 : u, implying uin t · u u. Then clearly also A ` c1 : u, as desired.

(if0 ). (the case(if> ) is similar.) The situation is, with e= if0 l 0l 0 then uel 1
1 else e2,

that se ` e ) uel
1. Among the premisesof the judgement A ` e : u is a judgement of

the form A ` uel 1
1 : u1, where u1 · u u. By Lemma A.1, this shows that A ` uel

1 : u as
desired.

(bind). The situation is that se ` bind l se1 in e1 ) bind l se1 in e0
1 becausese1 `

e1 ) e0
1. Our assumptionsare that A ` bind l se1 in e1 : u, implying that there exists

A1 with se1 ./ A1 and u1 · u u such that A1 ` e1 : u1. We can thus apply the induction
hypothesis on the inference se1 ` e1 ) e0

1, yielding A1 ` e0
1 : u1. This demonstrates

A ` bind l se1 in e0
1 : u, as desired.

38



(bindv ). The situation is that se ` bind l se1 in svl 1 ) svl . Our assumptions are
that A ` bind l se1 in svl 1 : u, implying that there exists A1 and u1 · u u such that
A1 ` sv : u1. By Lemmas A.1 and A.2 (recall that FV e(sv) = ; ) we infer the desired
judgement A ` sv : u.

(appv ). The situation is, with sv1 = close fn 1 in se1 and fn 1 = ¹f :¸x:e 1 that

se ` svl 1
1 @l svl 2

2 ) bind l se1[f 7! sv1][x 7! sv2] in e1.

Our assumption is that A ` sv1 @l sv2 : u. Let w@, u1 and u2 be such that this judgement
is derived by [app]w

@
from

A ` sv1 : u1 (5)
A ` sv2 : u2 (6)

employing that

8q1 2 dom(u1): u1:q1 · t
V

(w@(q1) : u2 ! u). (7)

From (5) we seethat there exists A1 with

se1 ./ A1 (8)

such that A1 ` fn 1 : u1; there exists q and

t =
V

k2 K ff kg : uk ! u0
k g

such that this judgement is derived using [fun](q:t ) . That is,
W

(q : t) · u u1 (9)

and for all k 2 K there exists u00
k with

W
(q : t) · u u00

k (10)

such that one can derive

A1[f 7! u00
k ][x 7! uk ] ` e1 : u0

k . (11)

By Lemma A.3 it holds that A1 ` fn 1 :
W

(q : t), implying A ` sv1 :
W

(q : t); so from (10)
we by LemmasA.1 and A.2 infer

8k 2 K : ² ` sv1 : u00
k . (12)

From (6) we by Lemma A.4 infer that there exists q2 2 dom(u2) such that

A ` sv2 :
W

(q2 : u2:q2). (13)

(7) and (9) implies t · t
V

(w@(q) : u2 ! u) from which we deducethat there exists k0 2 K
such that

u0
k0

· u u (14)

and such that u2:q2 · t uk0 :q2 which together with (13) demonstrates (using Lemmas A.1
and A.2) that

² ` sv2 : uk0 . (15)

(8), (12) and (15) demonstratesthat

se1[f 7! sv1][x 7! sv2] ./ A1[f 7! u00
k0

][x 7! uk0 ].

Together with (11) and (14) this demonstratesthe desired judgement
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A ` bind l se1[f 7! sv1][x 7! sv2] in e1 : u.

This completesthe proof.

Proof of Lem. 3.11. Our task is to prove that each inferencein D T is justi¯ed. Three cases:

[var]AC has beenapplied. The inferencetakesthe form

T AC (B ) ` zl : T AC (s)

where B (z) · AC s. The monotonicity of T AC thus yields the desired

T AC (B )(z) = T AC (B (z)) · u T AC (s).

[fun]AC has beenapplied. The inferencetakesthe form

T AC (B )[f 7! T AC (s0)][x 7! T AC (s1)] ` e : T AC (s2)

T AC (B ) ` ¹f :¸ l x:e : T AC (s)

where s1 ! s2 · AC s0 and s1 ! s2 · AC s.
Let t = T AC (s1) ! T AC (s2) and q= s1 ! s2. Sinceq2 UT T with q· AC s0 and q· AC s,

we infer that the union typesT AC (s) and T AC (s0) both contain a component (q : T AC
0 (q)),

that is (q : t). This shows the desiredrelations
W

(q : t) · u T AC (s) and
W

(q : t) · u T AC (s0).

[app]AC has beenapplied. The inferencetakesthe form

T AC (B ) ` e1 : T AC (s1) T AC (B ) ` e2 : T AC (s2)

T AC (B ) ` e1 @l e2 : T AC (s)

where s1 · AC s2 ! s.
Let q2 dom(T AC (s1)), that is q· AC s1 and therefore q· AC s2 ! s. We then have the

desiredrelation (where trivially , w@(q) = f ²g)

T AC (s1):q= T AC
0 (q) · t T AC (s2) ! T AC (s).

B Flo ws

B.1 Sub ject reduction

Proof of Lemma 4.4. As a preparation, we state a number of rather trivial 15 facts:

Lemma B.1. If sv VF V and V · V V 0 then also sv VF V 0.

Lemma B.2. If sv VF V then there exists v 2 V such that sv VF f vg.

Lemma B.3. sv VF CF (l ; me) i® F j= me svl .

Lemma B.4. If F j= me uel and CF (l ; me) · V CF (l0; me) then F j= me uel 0
.

We are now ready to prove Theorem 4.4, which facilitates a proof by induction in the
derivation of se ` e ) e0. We perform a caseanalysis in the rule applied; ¯rst we consider
the structural cases:

(appl ). The situation is that se ` e1 @l e2 ) e0
1 @l e2 becausese ` e1 ) e0

1, where

there exists l1, ue1 and ue0
1 such that e1 = uel 1

1 and e0
1 = ue0

1
l 1 . By assumption we have

se R F me and that
15 For Lemma B.4 we exploit that in [app], ©F is given l2 rather than l as argument.
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F j= me e1 @l e2. (1)

(1) implies F j= me e1 soby applying the induction hypothesison the inferencese ` e1 ) e0
1

we infer F j= me e0
1, which together with (1) demonstrates the desired relation F j= me

e0
1 @l e2. We have exploited that in the clause[app], the only condition that dependson ue1

is \ F j= me uel 1
1 ".

The cases(appr ), (succ), and (if ) are similar. The remaining casesare treated below:

(var). The situation is that se ` zl ) svl with sv = se(z). Since se R F me we have
sv VF ½F (z; me(z)); and sinceF j= me zl wehave½F (z; me(z)) · V CF (l ; me). By Lemma B.1
this shows sv VF CF (l ; me), which by Lemma B.3 amounts to the desiredF j= me svl .

(fun). The situation is that se ` ¹f :¸ l x:e ) close l fn in se, where fn = ¹f :¸x:e . Our
assumptionis that se R F me, and that F j= me ¹f :¸ l x:e which amounts to f (( fn ; me); MemF )g · V

CF (l ; me). This demonstratesthat F j= me close l fn in se, as desired.

(succv ). The situation is that se ` succ l cl 0 ) cl
1. By assumption we have F j= me

succl cl 0 implying Int 2 CF (l ; me), showing F j= me cl
1 as desired.

(if0 ). (the case(if> ) is similar.) The situation is that

se ` if0 l 0l 0 then uel 1
1 else e2 ) uel

1.

By assumption we have F j= me if0 l 0l 0 then uel 1
1 else e2, implying F j= me uel 1

1 and
CF (l1; me) · V CF (l ; me). By Lemma B.4 this demonstratesthat F j= me uel

1, as desired.

(bind). The situation is that se ` bind l se1 in e1 ) bind l se1 in e0
1 becausese1 `

e1 ) e0
1, where there exists l1, ue1 and ue0

1 such that e1 = uel 1
1 and e0

1 = ue0
1

l 1 .
By assumptionwehaveF j= me bind l se1 in e1, that is there existsme1 with se1 R F me1

such that F j= me 1 e1 and CF (l1; me1) · V CF (l ; me). We can thus apply the induction
hypothesis on the inference se1 ` e1 ) e0

1, yielding F j= me 1 e0
1. This shows F j= me

bind l se1 in e0
1, as desired.

(bindv ). The situation is that se ` bind l se1 in svl 1 ) svl . By our assumptionF j= me

bind l se1 in svl 1 we infer that there existsme1 such that CF (l1; me1) · V CF (l ; me) and such
that F j= me 1 svl 1 , which by Lemma B.3 amounts to sv VF CF (l1; me1). By Lemma B.1 we
infer sv VF CF (l ; me), which by Lemma B.3 amounts to the desiredF j= me svl .

(appv ). The situation is, with sv1 = close fn 1 in se1 and fn1 = ¹f :¸x:e 0 and e0 = uel 0
0 ,

that

se ` svl 1
1 @l svl 2

2 ) bind l se1[f 7! sv1][x 7! sv2] in e0.

By assumption we have

F j= me svl 1
1 @l svl 2

2 (2)

from which we infer that F j= me svl 1
1 and F j= me svl 2

2 , which by Lemma B.3 amounts to

sv1 VF CF (l1; me) and (3)
sv2 VF CF (l2; me) (4)

where (4) by Lemma B.2 implies that there exists v2 such that

v2 2 CF (l2; me) (5)
sv2 VF f v2g. (6)

From (3) we infer that there exists me1 and M 1 such that (( fn 1; me1); M 1) 2 CF (l1; me) and
such that
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se1 R F me1. (7)

From (2) and (5) we therefore deduce,with M = ©F (( l2; me); (fn 1; me1)), that there exists
m 2 M such that f v2g· V ½F (x; m) which together with (6) by Lemma B.1 implies

sv2 VF ½F (x; m). (8)

For this m we deduce,still from (2), that

F j= me 1[f ;x 7! m ] e0 (9)
CF (l0; me1[f ; x 7! m]) · V CF (l ; me) (10)
f (( fn 1; me1); MemF )g· V ½F (f ; m). (11)

From (7) and (11) we deducesv1 VF ½F (f ; m) which together with (7) and (8) enablesus
to infer

se1[f 7! sv1][x 7! sv2] R F me1[f ; x 7! m].

Together with (9) and (10), this amounts to F j= me bind l se1[f 7! sv1][x 7! sv2] in e0, as
desired.

This completesthe proof.

B.2 Least Analysis

Lemma B.5. Let P and M be given. Then there exists a °ow analysis F for P such that
F is valid and MemF = M . (Note that MemEnvF , FlowConf F and UnAnnFlowValF are
determined by P and M ). Moreover, we have:

1. if ¯ is a mapping from Labse(P)£ MemEnvF into MemF wecan ensure that F belongs
to CallString P

¯ ;

2. if ® is a mapping from MemF into P(UnAnnFlowValF ) with Cover® we can ensure
that F belongsto ArgBased®

:

Proof. First de¯ne X = f (e;me) 2 FlowConf F j e 2 SubExprP g. Next we de¯ne CF , ½F

and ©F : for (uel ; me) 2 X we stipulate CF (l ; me) = ¶V (UnAnnFlowValF ); for all f and
m we stipulate ½F (f ; m) = ¶V (UnAnnFlowValF ); for all x and m we stipulate ½F (x; m) =
¶V (UnAnnFlowValF ), except in case2 where we stipulate ½F (x; m) = ¶V (®(m)); and for
all l , me and ac we stipulate ©F (( l ; me); ac) = MemF , except in case1 where we stipulate
©F (( l ; me); ac) = f ¯ (l0; me)g with l0 such that e1 @l 0 uel

2 2 SubExprP .
Our task is to prove that F is valid, which amounts to showing that F j= me e for

all (e;me) 2 X . By the principle of coinduction, this can be done by demonstrating that
X µ GF (X ). So consider (e;me) 2 X ; we do a caseanalysis on e (which is pure) and in all
caseswe must establish (e;me) 2 GF (X ).

e= zl . Clearly ? 6= ½F (z; me(z)) · V CF (l ; me) (except for case2, \ · V " is even \=").
This shows (e;me) 2 GF (X ).

e= ¹f :¸ l x:e0. Hereac = (¹f :¸x:e 0; me) 2 AbsClosF µ UnAnnFlowValF , and therefore(ac; MemF ) 2
¶V (UnAnnFlowValF ) = CF (l ; me). This shows (e;me) 2 GF (X ).

e= e1 @l e2. Let e1 = uel 1
1 and e2 = uel 2

2 . To demonstrate (e;me) 2 GF (X ) we must ¯rst
demonstrate CF (l ; me) 6= ? and (e1; me) 2 X and (e2; me) 2 X , which is obvious. Next we
must consider a given (ac0; M 0) 2 CF (l1; me); let ac0 = (fn ; me0) with fn = ¹f :¸x:e 0 where
e0 = uel 0

0 , and let M 0= ©F (( l2; me); ac0). Note that M 0 = MemF , that fn 2 Funse(P) im-
plying e0 2 SubExprP , and that FV e(fn ) µ dom(me0). This clearly shows that M 0µ M 0 and
that for all m 2 M 0 we have (e0; me0[f ; x 7! m]) 2 X , CF (l0; me0[f ; x 7! m]) · V CF (l ; me),
½F (x; m) 6= ? , and (ac0; MemF ) 2 ¶V (UnAnnFlowValF ) implying f (ac0; MemF )g· V ½F (f ; m).

Thus the only task left is to verify that
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8v 2 CF (l2; me): 9m 2 M 0: such that f vg · V ½F (x; m). (12)

First observe that we can write v as ¶v (uv). In case 2, we have Cover® and therefore
there exists m 2 MemF such that uv 2 ®(m) implying v 2 ½F (x; m); sinceM 0= MemF this
establishes(12). Otherwise, (12) holds trivially sinceM 0 is non-empty.

The remaining cases.They can easilybe handled, using the techniquesfrom the previous
cases.

Lemma B.6. Let f Fj j j 2 J g be a non-empty family of °ow analysesfor P, such that
MemFj does not depend on j and such that for all j it holds that F j is valid. Suppose that
either

1. there exists ¯ such that all Fj belong to CallString P
¯ ;

2. there exists ® with Disj ® such that all Fj belong to ArgBasedP
® .

Let F = hP; MemF ; CF ; ½F ; ©F i be de¯ned as u j 2 J Fj , that is: MemF = MemFj for all j 2

J ; for all l and me it holds that CF (l ; me) = uV
j 2 J CFj (l ; me); for all z and m it holds

that ½F (z; m) = uV
j 2 J ½Fj (z; m); and for all l , me and ac it holds that ©F (( l ; me); ac) =

\ j 2 J ©Fj (( l ; me); ac) (the left hand side is de¯ned i® the right hand side is).

Then F is valid. In case 1, F wil l belong to CallString P
¯ ; in case 2, F wil l belong to

CallString P
® .

Proof. First we show that F belongs to the appropriate categories. In the case 1, if
©F (( l2; me); ac) is de¯ned then for all j 2 J also ©Fj (( l2; me); ac) is de¯ned and therefore

given by f ¯ (l ; me)g (where l is such that e1 @l uel 2
2 2 SubExprP ); thus ©F (( l2; me); ac) =

f ¯ (l ; me)g as desired. In the case2, if ½F (x; m) 6= ? then for all j 2 J also ½Fj (x; m) 6= ?
and therefore ²V (½Fj (x; m)) = ®(m); this clearly implies the desiredrelation ²V (½F (x; m)) =
®(m).

Now to the main obligation of proving that F is valid. For that purposewe de¯ne

X = f (e;me) 2 FlowConf F j e 2 SubExprP and 8j 2 J: Fj j= me eg.

Exploiting that for all j 2 J it holds that Fj is valid, we infer that (P; ²) 2 X , and that if
CF (l ; me) 6= ? with e= uel 2 SubExprP and (e;me) 2 FlowConf F then for all j 2 J it holds
that CFj (l ; me) 6= ? and henceFj j= me e, that is (e;me) 2 X . Our task is thus to show that
F j= me e for all (e;me) 2 X , which by the principle of coinduction can be accomplishedby
proving

X µ GF (X ).

Soconsider(e;me) 2 X ; we do a caseanalysison e (which is pure) and in all caseswe must
establish (e;me) 2 GF (X ).

e= zl . For all j 2 J we have Fj j= me zl , that is ? 6= ½Fj (z; me(z)) · V CFj (l ; me). Then
clearly ? 6= ½F (z; me(z)) · V CF (l ; me), showing (e;me) 2 GF (X ) as desired.

e= ¹f :¸ l x:e0. For all j 2 J we have Fj j= me e, that is
n

((¹f :¸x:e 0; me); MemFj )
o

· V

CFj (l ; me) where MemFj = MemF . Then clearly f (( ¹f :¸x:e 0; me); MemF )g · V CF (l ; me),
showing (e;me) 2 GF (X ) as desired.

e= e1 @l e2. Let e1 = uel 1
1 and e2 = uel 2

2 . By assumption we have

8j 2 J: Fj j= me e (13)

from which we deduce
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8j 2 J: Fj j= me e1 and Fj j= me e2 and CFj (l ; me) 6= ?

which (since for i = 1; 2 we have (ei ; me) 2 FlowConf F and ei 2 SubExprP ) shows that

(e1; me) 2 X and (e2; me) 2 X and CF (l ; me) 6= ? . (14)

Now assume(ac0; M 0) 2 CF (l1; me), where ac0 = (¹f :¸x:e 0; me0) with e0 = uel 0
0 . Clearly

e0 2 SubExprP and 8m 2 MemF : FV e(e0) µ dom(me0[f ; x 7! m]). (15)

For all j 2 J it holds that CF (l1; me) · V CFj (l1; me), showing that for all j 2 J there exists
M 0

j with M 0
j µ M 0 such that (ac0; M 0

j ) 2 CFj (l1; me). This, together with (13), implies that
with M j = ©Fj (( l2; me); ac0) we have

8j 2 J: M j µ M 0
j µ M 0 (16)

8j 2 J: 8v 2 CFj (l2; me): 9m 2 M j : f vg · V ½Fj (x; m) (17)

8j 2 J: 8m 2 M j : Fj j= me 0[f ;x 7! m ] e0

CFj (l0; me0[f ; x 7! m]) · V CFj (l ; me)
½Fj (x; m) 6= ? and f (ac0; MemF )g · V ½Fj (f ; m)

(18)

Let M = ©F (( l2; me); ac0); note that M is de¯ned and equals\ j 2 J M j . Using (16) we infer

M µ M 0 (19)

and using (18) and (15) it is easyto seethat

8m 2 M : (e0; me0[f ; x 7! m]) 2 X
CF (l0; me0[f ; x 7! m]) · V CF (l ; me)
½F (x; m) 6= ? and f (ac0; MemF )g· V ½F (f ; m)

(20)

Note that (14), (19), and (20) almost demonstratesthe desiredrelation (e;me) 2 GF (X ); we
only needto establish

8v 2 CF (l2; me): 9m 2 M : f vg · V ½F (x; m).

So let v 2 CF (l2; me) be given; our goal is to ¯nd m 2 M such that

f vg · V ½F (x; m). (21)

For all j 2 J there exists vj 2 CFj (l2; me) with v · v vj ; by (17) this implies that there exists
mj 2 M j such that

f vj g· V ½Fj (x; m j ). (22)

It will be su±cient to show that

9m: 8j 2 J: m j = m. (23)

For then we from (22) infer that for all j 2 J it holds that f vg· V ½Fj (x; m), clearly
establishing (21).

We now split the analysis,according to the caseslisted in the assumption of the lemma.
In case1, we for all j 2 J have M = M j = f ¯ (l ; me)g which trivially implies (23).

Next we addresscase2, where for all j 2 J it holds that F j 2 ArgBasedP
® with Disj ®.

This establishes(23), sinceby (22)

8j 2 J: ²v (v) = ²v (vj ) 2 ²V (½Fj (x; m j )) = ®(m j ).
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The remaining cases.They can easilybe handled, using the techniquesfrom the previous
cases.

B.3 Connection to P&P

Proof of Lemma 4.12. We de¯ne

X =
©©

(e;me) 2 FlowConf F with e 2 SubExprP j 9s: (° ¡ 1
me (me); e;s) 2 R

ªª

and our task can be accomplished(as (P; ²) 2 X follows from R being an F-analysis) by
showing that for all (e;me) 2 X we have F j= me e. By the principle of coinduction this can
be done by showing X µ GF (X ). So consider(e;me) 2 X with e= uel ; we do a caseanalysis
on ue (which is pure). In all caseswe let ½= ° ¡ 1

me (me) and let S = f f s j (½;e;s) 2 Rgg
(which is non-empty), and must establish (e;me) 2 GF (X ).

ue= x. Let m = me(x). For all s2 S we have ° ¡ 1(m) = ½(x) µ s, and thus ° ¡ 1(m) µ \ S.
This clearly implies the desiredrelation

? 6= ½F (x; m) = ° V (° ¡ 1(m)) · V °V (\ S) = CF (l ; me).

ue= ¸x:e 0. For all s2 S we have (¸x:e 0; ½) 2 s, and thus (¸x:e 0; ½) 2 \ S. This implies
the desiredrelation

f (( ¸x:e 0; me); MemF )g= f ° v (( ¸x:e 0; ½))g· V °V (\ S) = CF (l ; me).

ue= e1 @e2. For i = 1; 2 we let ei = uel i
i , and de¯ne Si = f s j (½;ei ; s) 2 Rg.

Our ¯rst task is to show that (e1; me) 2 X and (e2; me) 2 X which amounts to S1 and
S2 being non-empty, but this follows from S being non-empty.

Next wemust consider(ac0; M 0) 2 CF (l1; me), with ac0 = (¸x:e 0; me0) and e0 = uel 0
0 . Let

½0 = ° ¡ 1
me (me0). We infer that M 0 = MemF , and that (¸x:e 0; ½0) 2 \ S1. We now exploit our

assumptionthat R hasthe deterministic cacheproperty, and de¯ne C = CachR ((e1 @l e2; ½); (¸x:e 0; ½0)).
Let M = ©F (( l2; me); ac0), that is M = f ° (s0) j s0 2 Cg. Trivially M µ M 0.

For the rest of the proof, we assumethat somes2 S is given. SinceR is an F-analysis
there exists s1 2 S1 and s2 2 S2 such that s2 µ [ C and, since (¸x:e 0; ½0) 2 \ S1 µ s1, for all
s02 C there exists s00such that (½0[x 7! s0]; e0; s00) 2 R and s00µ s.

Next we considerv 2 CF (l2; me) = ° V (\ S2) µ ° V (s2). From s2 µ [ C we infer that there
existss02 C such that v 2 ° V (s0). With m = ° (s0) wehavethe desiredrelation v 2 ° V (° ¡ 1(m)) =
½F (x; m).

Finally, we must considerm 2 M . (Trivially , ½F (x; m) 6= ? .) Let

S0=
©

s00j (½0[x 7! ° ¡ 1(m)]; e0; s00) 2 R
ª

.

From the above we infer (since ° ¡ 1(m) 2 C) that S0 is not empty, implying (since e0 2
SubExprP ) that (e0; me0[x 7! m]) 2 X , and that there exists s002 S0 with s00µ s. This
shows that \ S0µ s, and as S0 does not depend on our choice of s we infer that \ S0µ \ S
which implies CF (l0; me0[x 7! m]) · V CF (l ; me). This concludesthe proof of this case.

ue= c. For all s2 S we have Int 2 s, and thus Int 2 \ S. This implies the desiredrelation
Int 2 ° V (\ S) = CF (l ; me).

ue= succ e1. Let s belong to S. Then there exists s1 such that (½;e1; s1) 2 R, show-
ing that (e1; me) 2 X . Moreover, Int 2 s. Therefore Int 2 \ S, implying Int 2 ° V (\ S) =
CF (l ; me).

ue= if0 e0 then e1 else e2. For i = 0; 1; 2 welet ei = uel i
i , and de¯ne Si = f s j (½;ei ; s) 2 Rg.

Since S is non-empty, each Si is non-empty, and thus for i = 0; 1; 2 we have (ei ; me) 2 X .
For all s2 S there exists s1 2 S1 and s2 2 S2 such that s1 µ s and s2 µ s; this shows that for
i = 1; 2 we have \ Si µ \ S and therefore the desired relation
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CF (l i ; me) = ° V (\ Si ) · V °V (\ S) = CF (l ; me).

Proof of Lemma 4.14. SinceF is valid we have F j= ² P so clearly there exists s such that
(²; P; s) 2 R.

To check the conditions in Fig. 11, assumethat (½;e;s) 2 R becausewith e= uel 2
SubExprP we have F j= me e with ½= ±me (me) and s= ±V (CF (l ; me)). We now perform
caseanalysis on ue:

ue= x. Let m = me(x). From ½F (x; m) · V CF (l ; me) we infer the desiredrelation

½(x) = f ±uv (uv) j uv 2 ®(m)g = f ±uv (uv) j uv 2 ²V (½F (x; m))g

· V f ±uv (uv) j uv 2 ²V (CF (l ; me))g = ±V (CF (l ; me))

= s:

ue= ¸x:e 0. From f ((¸x:e 0; me); MemF )g· V CF (l ; me) and by monotonicity of ±V we
obtain the desiredrelation f (¸x:e 0; ½)gµ s.

ue= e1 @e2. For i = 1; 2 welet ei = uel i
i , and from F j= me ei weinfer that CF (l i ; me) 6= ?

so with si = ±V (CF (l i ; me)) it holds that (½;ei ; si ) 2 R.
Now let (¸x:e 0; ½0) 2 s1 with e0 = uel 0

0 . There thus exists (( ¸x:e 0; me0); M 0) 2 CF (l1; me)
with ½0 = ±me (me0). From F j= me e we infer that there exists M with M µ M 0 such that
for all v 2 CF (l2; me) there exists m 2 M with f vg · V ½F (x; m) and such that for all m 2 M
we have F j= me 0[x 7! m ] e0 and CF (l0; me0[x 7! m]) · V CF (l ; me). We then de¯ne

C = f sm j m 2 M g where sm = f ±uv (uv) j uv 2 ®(m)g.

We must ¯rst prove that s2 µ [ C. So let a 2 s2 be given. There exists v 2 CF (l2; me) such
that a = ±uv (²v (v)). And from the above we infer that there exists m 2 M such that f vg · V

½F (x; m), implying that ²v (v) 2 ²V (½F (x; m)) = ®(m) which shows the desired relation a 2
sm µ [ C.

Next let s02 C be given, with s0= sm for some m 2 M . From F j= me 0[x 7! m ] e0 and
? 6= CF (l0; me0[x 7! m]) · V CF (l ; me) we infer (using the monotonicity of ±V ) that with
s00= ±V (CF (l0; me0[x 7! m])) we have s00µ s, and (since ±me (me0[x 7! m]) = ½0[x 7! sm ])
we also infer that (½0[x 7! s0]; e0; s00) 2 R.

ue= c. From Int 2 CF (l ; me) we infer that Int 2 s.

ue= succ e1. Let e1 = uel 1
1 . We know that Int 2 CF (l ; me), implying that Int 2 s, and

that F j= me e1, implying that with s1 = ±V (CF (l1; me)) we have (½;e1; s1) 2 R.

ue= if0 e0 then e1 else e2. For i = 0; 1; 2 we let ei = uel i
i , and from F j= me ei we infer

that CF (l i ; me) 6= ? so with si = ±V (CF (l i ; me)) it holds that (½;ei ; si ) 2 R. Moreover, since
for i = 1; 2 we have CF (l i ; me) · V CF (l ; me) it holds by monotonicity of ±V that s1 µ s and
s2 µ s.

B.4 Reachabilit y

Proof of Lemma 4.16. The last claim of the lemma is trivial. For the ¯rst claim, we proceed
by induction in the \deriv ation" of (uel ; me) 2 ReachF

P ; let e= uel .

[prg]. Here e= P and me= ². SinceF is valid we have F j= ² P, implying (i) . (ii) is void.

[fun]. Here me takes the form me0[x; f 7! m0], and (i) is among the premisesof [fun].

For (ii) , assumethat (z 7! m) 2 me. If m = m0 and z 2 f x; f g, (z; m) 2 ReachF
P is part of
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the conclusion of [fun]. Otherwise, (z 7! m) 2 me0 so (z; m) 2 ReachF
P follows from the

induction hypothesisapplied to (¹f :¸x:e; me0) 2 ReachF
P .

[app]. Assumethat the premise takes the form (e@l 0 e2; me) 2 ReachF
P (the symmetric

caseis similar). The induction hypothesis tells us that CF (l0; me) 6= ? , so as F is valid we
infer F j= me e@l 0 e2. Therefore F j= me e, implying CF (l ; me) 6= ? . (ii) follows trivially
from the induction hypothesis.

The remaining cases.They are similar to [app].

C T yp e to Flo w

First an auxiliary result:

Lemma C.1. Supposethat D T contains at addresske a judgementA ` ¹f :¸ l x:e : u that
is derived by [fun](q:t ) . Then for all k 2 dom(t) it holds that AnalyzesFk (¹f :¸x:e; ke).

Proof. Let k 2 dom(t) be given. D T contains at addresske[f ; x 7! k] a judgement of the
form A[f 7! u00

k ][x 7! uk ] ` e : u0
k where the side condition for [fun](q:t ) ensuresthat

W
(q :

t) · u u00
k . Clearly (( ¹f :¸x:e; ke); dom(t)) belongsto F T (

W
(q : t)), so by Lemma 5.2 we infer

f (( ¹f :¸x:e; ke); MemF )g · V FT (
W

(q : t)) · V FT (u00
k ) = FT (AT (f ; k)) = ½F (f ; k).

This yields the desiredresult, sinceclearly ½F (x; k) 6= ? and (with e= uel ) CF (l ; ke[f ; x 7! k]) 6=
? .

Lemma C.2. It holds that F is valid.

Proof. We de¯ne

X = f f (e;me) j DT contains a judgement for e at addressmegg

Note that if e= uel 2 SubExprP and CF (l ; me) 6= ? then (e;me) 2 X ; our task can thus be
accomplished(as trivially (P; ²) 2 X ) by showing that for all (e;me) 2 X we have F j= me e
and by the principle of coinduction this can be done by showing X µ GF (X ). So consider
(e;me) 2 X ; wedo a caseanalysison e= uel (which is pure) and in all caseswemust establish
(e;me) 2 GF (X ), using the assumption that D T contains at addressme a judgement J of
the form A ` e : u (so CF (l ; me) = FT (u)).

e= zl . We have A(z) = AT (z; me(z)) and A(z) · u u, so by Lemma 5.2 we infer

? 6= ½F (z; me(z)) = FT (AT (z; me(z))) · V FT (u) = CF (l ; me)

which shows (e;me) 2 GF (X ).

e= ¹f :¸ l x:e0. Let J bederivedusing[fun](q:t ) ; then
W

(q : t) · u u. With ac= (¹f :¸x:e 0; me)
we infer that (ac; dom(t)) 2 F T (

W
(q : t)), so Lemma 5.2 yields

f (ac; MemF )g· V FT (
W

(q : t)) · V FT (u) = CF (l ; me)

which shows (e;me) 2 GF (X ).

e= e1 @l e2. Let e1 = uel 1
1 and e2 = uel 2

2 . Let w@ be such that J is derived using [app]w
@

;
the premisesof J take the form A ` e1 : u1 and A ` e2 : u2 where for all q2 dom(u1) we
have

u1:q· t
V

(w@(q) : u2 ! u). (1)

We ¯rst observe that

(e1; me) 2 X and (e2; me) 2 X and CF (l ; me) 6= ? . (2)
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Now consider (ac0; M 0) 2 CF (l1; me) = FT (u1), where ac0 = (¹f :¸x:e 0; me0) with e0 = uel 0
0 .

Thus DT at addressme0 contains a judgement J0 of the form A0 ` ¹f :¸x:e 0 : u0 derived
using [fun](q0:t 0) , with q0 2 dom(u1) and

t0 · t u1:q0 (3)

and with M 0 = dom(u1:q0). We infer that with M = w@(q0) we have

©F (( l2; me); ac0) = M (4)

and (1) tells us that

M µ M 0. (5)

t0 takesthe form
V

k2 K ff kg : uk ! u0
k g; by (1) and (3) we infer that

V
k2 K ff kg : uk ! u0

k g· t
V

(M : u2 ! u) (6)

implying M µ K .
Now let m 2 M be given. Clearly D T will contain at addressme0[f ; x 7! m] (as a premise

of J0) a judgement of the form

A0[f 7! u00
m ][x 7! um ] ` e0 : u0

m .

We can now assert

(e0; me0[f ; x 7! m]) 2 X (7)
CF (l0; me[f ; x 7! m]) = FT (u0

m ) · V FT (u) · V CF (l ; me) (8)
½F (x; m) 6= ? (9)
f (ac0; MemF )g · V ½F (f ; m) (10)

where (8) follows from Lemma 5.2 since(6) implies u0
m · u u, and where (10) is provided by

Lemma C.1.
(2), (4), (5), (7), (8), (9) and (10) almost establishes(e;me) 2 GF (X ); the only task left

is to prove

8v 2 CF (l2; me): 9m 2 M : f vg · V ½F (x; m).

So let v 2 CF (l2; me) = FT (u2) be given; clearly there exists q2 dom(u2) such that v 2
FT (

W
(q : u2:q)). From (6) we then infer that there exists m 2 M such that u2:q· t um :q,

which by Lemma 5.2 implies the desiredrelation

f vg · V FT (
W

(q : u2:q)) · V FT (um ) = FT (AT (x; m)) = ½F (x; m).

e= cl . Sinceuin t · u u we by Lemmas5.2 and 5.3 infer that

f Intg= FT (uin t ) · V FT (u) = CF (l ; me)

which shows (e;me) 2 GF (X ).

e= succl e1. Since uin t · u u we by Lemmas 5.2 and 5.3 infer that f Intg= F T (uin t ) · V

FT (u) = CF (l ; me). Together with (e1; me) 2 X this shows (e;me) 2 GF (X ).

e= if0 l e0 then e1 else e2. Let e1 = uel 1
1 and e2 = uel 2

2 . The premisesof J (all at address
me) take the form

A ` e0 : u0 and A ` e1 : u1 and A ` e2 : u2

where u1 · u u and u2 · u u; so by Lemma 5.2 we infer that

CF (l1; me) = FT (u1) · V FT (u) · V CF (l ; me) and CF (l2; me) = FT (u2) · V FT (u) · V CF (l ; me).
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This establishes(e;me) 2 GF (X ), since the above judgements show that (e0; me) 2 X and
(e1; me) 2 X and (e2; me) 2 X .

Lemma C.3. It holds that F is safe.

Proof. Let uel 2 SubExprP ; we must considerseveral cases.

ue= uel 1
1 @e2. Assume that CF (l1; me) 6= ? ; we must show that Int does not belong

to CF (l1; me). The situation is that there exists u1 with FT (u1) = CF (l1; me) such that
A ` uel 1

1 : u1 occurs with addressme in DT , as a left premise of a judgement derived
by [app]w

@
. If Int 2 CF (l1; me) then qin t 2 dom(u1), but by the side condition of applying

[app]w
@

this is impossible.

ue= succ uel 1
1 . Assumethat CF (l1; me) 6= ? . The situation is that there exists u1 with

FT (u1) = CF (l1; me) such that A ` uel 1
1 : u1 occurswith addressme in DT , as the premise

of a judgement derived by [suc]. Therefore u1 · u uin t , which by Lemmas5.2 and 5.3 implies
that FT (u1) · V FT (uin t ) = f Intg. This shows that if v 2 CF (l1; me) then v = Int.

ue= if0 e0 then e1 else e2. This caseis similar to the previous case.

Lemma C.4. Let e= uel 2 SubExprP . If CF (l ; me) 6= ? then (e;me) 2 ReachF
P .

Proof. Our assumption is that D T contains a judgement J for e at addressme. We proceed
by induction in the distance from J to the root of D T . If J is in fact the root of DT , then
e= P and me= ² so the claim is clear.

Otherwise we can assumethat there exists e0 and a judgement J0 for e0 that occurs at
addressme0 such that J is a premiseof J0; the induction hypothesistells us that (e0; me0) 2
ReachF

P . Therefore (e;me) 2 ReachF
P follows immediately, unlesse0 is of the form ¹f :¸ l x:e

in which casethere exists m such that me= me0[f ; x 7! m]. But also in this casewe have
(e;me) 2 ReachF

P , thanks to Lemma C.1.

Lemma C.5. If ½F (z; m) 6= ? then (z; m) 2 ReachF
P .

Proof. It is easy to see that our assumption ensures that there exists address me and
¹f :¸x:e l 2 SubExprP with z 2 f f ; xg such that CF (l ; me[f ; x 7! m]) 6= ? . Lemma C.4 tells
us that (uel ; me[f ; x 7! m]) 2 ReachF

P ; inspecting the de¯nition of ReachF
P then shows that

also (z; m) 2 ReachF
P must hold.

Lemma C.6. If (uel ; me) 2 ReachF
P then CF (l ; me) 6= ? , and if (z; m) 2 ReachF

P then
½F (z; m) 6= ? .

Proof. From Lemma C.2 weknow that F is valid, sothe claim follows from Lemma 4.16.

D Flo w to T yp e

Proof of Theorem 6.6. We are given e= uel and me such that (e;me) 2 ReachF
P , and we

want to show that the judgement J =

T A
F (me) ` e : TF (CF (l ; me))

(which has addressme) is derivable from its premises.We do a caseanalysis on ue (which
is pure); in all caseswe employ that since CF (l ; me) 6= ? (by Lemma 4.16) then (as F is
valid) it holds that F j= me e.

ue= z. Since F j= me e we have ? 6= ½F (z; me(z)) · V CF (l ; me) which by Lemma 6.2
implies

T A
F (me)(z) = T ½

F (z; me(z)) · u TF (CF (l ; me)).
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This shows that J is derivable from its premises(of which there are none).

ue= ¹f :¸x:e 0. Let e0 = uel 0
0 , let ac = (¹f :¸x:e 0; me), let v = (ac; MemF ), and let M =n

m j (e0; me[f ; x 7! m]) 2 ReachF
P

o
. Then the set of premisesof J can be written as

©
T A

F (me[f ; x 7! m]) ` e0 : TF (CF (l0; me[f ; x 7! m])) j m 2 M
ª

with

T A
F (me[f ; x 7! m]) = T A

F (me)[f 7! TF (½F (f ; m)) ][x 7! TF (½F (x; m)) ].

Note that M =
n

m j AnalyzesFm (ac)
o

(so m 2 M implies f vg · V ½F (f ; m)) which shows that

TF (f vg) =
W

(ac :
V

m 2 M ff mg : TF (½F (x; m)) ! TF (CF (l0; me[f ; x 7! m]))g).

SinceF j= me e we have f vg· V CF (l ; me), so Lemma 6.2 tells us that

TF (f vg) · u TF (CF (l ; me)) and 8m 2 M : TF (f vg) · u TF (½F (f ; m)).

This demonstratesthat J is derivablefrom its premisesby [fun]w
¸

with w¸ = (ac : TF (f vg):ac).

ue= e1 @e2. Let e1 = uel 1
1 and e2 = uel 2

2 . The premisesof J take the form

T A
F (me) ` e1 : TF (CF (l1; me)) and T A

F (me) ` e2 : TF (CF (l2; me)).

Let q0 2 dom(TF (CF (l1; me))) be given. In order to show that J is derived from its premises
using [app]w

@
where w@ is as in the theorem, we must show

TF (CF (l1; me)) :q0

· t
V

(©F (( l2; me); q0) : TF (CF (l2; me)) ! TF (CF (l ; me)) ).
(1)

SinceF is safe, Int is not in CF (l1; me) so we infer that there exists ac0 = (¹f :¸x:e 0; me0)
with e0 = uel 0

0 such that q0 = ac0, and that there existsM 1 such that (ac0; M 1) 2 CF (l1; me).
Then

TF (CF (l1; me)) :q0 =
V

m 2 M 0
ff mg : TF (½F (x; m)) ! TF (CF (l0; me0[f ; x 7! m]))g

where M 0 =
n

m 2 M 1 j AnalyzesFm (ac0)
o

.

From F j= me e and (ac0; M 1) 2 CF (l1; me) we infer that M = ©F (( l2; me); ac0) is well-
de¯ned, that M µ M 1 and subsequently that M µ M 0. To demonstrate (1) we still need
to establish

8m 2 M : TF (CF (l0; me0[f ; x 7! m])) · u TF (CF (l ; me)) (2)
8q 2 dom(TF (CF (l2; me))) : 9m 2 M : TF (CF (l2; me)) :q· t TF (½F (x; m)) :q. (3)

Concerning (2), we infer for m 2 M from F j= me e that CF (l0; me0[f ; x 7! m]) · V CF (l ; me)
which by Lemma 6.2 implies the desiredrelation.

Concerning(3), wefor q2 dom(TF (CF (l2; me))) infer that there existsv 2 CF (l2; me) such
that TF (f vg):q= TF (CF (l2; me)) :q. Still employing F j= me e, we then seethat there exists
m 2 M such that f vg· V ½F (x; m) which by Lemma 6.2 implies TF (f vg) · u TF (½F (x; m))
and hencethe desiredrelation.

ue= c. From F j= me e we infer f Intg· V CF (l ; me) which by Lemmas6.2 and 6.3 implies
uin t · u TF (CF (l ; me)), showing that J is derivable from its (empty) set of premises.

ue= succ e1. Let e1 = uel 1
1 . The premiseof J takesthe form

T A
F (me) ` e1 : TF (CF (l1; me)).
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From F j= me e we deduce f Intg· V CF (l ; me) and since F is safe we have CF (l1; me) · V

f Intg. By Lemmas6.2 and 6.3 this implies

TF (CF (l1; me)) · u uin t · u TF (CF (l ; me))

which shows that J is derivable from its premises.

ue= if0 e0 then e1 else e2. Let ei = uel i
i for i 2 f 0; 1; 2g. The premisesof J take the

form

T A
F (me) ` e0 : TF (CF (l0; me)) and T A

F (me) ` e1 : TF (CF (l1; me)) and T A
F (me) `

e2 : TF (CF (l2; me)).

From F j= me e we deduceCF (l1; me) · V CF (l ; me) and CF (l2; me) · V CF (l ; me), and since
F is safewe have CF (l0; me) · V f Intg. By Lemmas6.2 and 6.3 this implies

TF (CF (l1; me)) · u TF (CF (l ; me)) and TF (CF (l2; me)) · u TF (CF (l ; me)) and
TF (CF (l0; me)) · u uin t

which shows that J is derivable from its premises.
The last claim, concerninguniformit y, is obviousexceptthat wemust show that whenever

T ½
F (z; m) is de¯ned then DT in fact contains a judgement A ` e : u with addressme such

that me(z) = m. But for such z and m we have (z; m) 2 ReachF
P so there exists ¹f :¸x:e and

me with z 2 f f ; xg such that (e;me[f ; x 7! m]) 2 ReachF
P ; this shows that DT in fact does

contain a judgement with addressme[f ; x 7! m].

E Round Trips

Proof of Theorem 7.2. First note that T = TF is uniform (by Theorem6.6), soF 0= F (T (F ))
is valid and safe(by Theorem 5.6). Clearly MemF 0 = IT T = MemF .

For the claim that ReachF 0

P = ReachF
P , we observe (by Theorems 5.6 and 6.6 and by

De¯nitions 5.4 and 6.4) that (e;me) 2 ReachF 0

P i® (with e= uel ) CF 0(l ; me) 6= ? i® DT

contains a judgement for e with addressme i® (e;me) 2 ReachF
P , and that (z; m) 2 ReachF 0

P
i® ½F 0(z; m) 6= ? i® AT (z; m) is de¯ned i® T ½

F (z; m) is de¯ned i® (z; m) 2 ReachF
P .

We next establish an auxiliary result:

Lemma E.1. For V 2 FlowSetF it holds that F T (TF (V )) = ¯lter F
P (V ).

Proof. Clearly Int 2 F T (TF (V )) i® qin t 2 dom(TF (V )) i® Int 2 V . In the following, let ac=
(¹f :¸x:e; me) with e= uel .

First assumethat (ac; M 0) 2 FT (TF (V )). There thus exists q2 dom(TF (V )) such that
M 0= dom(TF (V ):q) and such that a judgement for ¹f :¸x:e occurs in D T with addressme
and is derived by [fun]w

¸
where w¸ takes the form (q : t); by Theorem 6.6 we infer that

q= ac. Sinceac2 dom(TF (V )) we next infer that there exists M such that (ac; M ) 2 Vand
such that M 0= dom(TF (V ):ac) is given by

n
m 2 M j AnalyzesFm (ac)

o

which since(¹f :¸x:e; me) 2 ReachF
P (by De¯nition 6.4) implies that

M 0=
n

m 2 M j (e;me[f ; x 7! m]) 2 ReachF
P

o
.

This shows (ac; M 0) 2 ¯lter F
P (V ).

Next assumethat (ac; M 0) 2 ¯lter F
P (V ), which amounts to (¹f :¸x:e; me) 2 ReachF

P and
the existenceof M such that (ac; M ) 2 V and such that

M 0=
n

m 2 M j (e;me[f ; x 7! m]) 2 ReachF
P

o
.
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Then ac 2 dom(TF (V )) and clearly M 0= dom(TF (V ):ac), and (by Theorem 6.6) D T con-
tains a judgement for ¹f :¸x:e at address me derived by [fun]w

¸
with w¸ of the form

(ac : TF (f (ac; MemF )g):ac) whereby Lemma 6.2 we have TF (f (ac; MemF )g) · u TF (V ) and
henceTF (f (ac; MemF )g):ac · t TF (V ):ac. This demonstrates(ac; M 0) 2 FT (TF (V )).

Now observe that CF 0(l ; me) = V ( 6= ? ) i® DT contains a judgement A ` uel : u with
addressme and with V = F T (u) i® (uel ; me) 2 ReachF

P with u = TF (CF (l ; me)) and with
V = FT (u). Soby Lemma E.1 we infer asdesiredthat CF 0(l ; me) = V i® (uel ; me) 2 ReachF

P
and V = FT (TF (CF (l ; me))) = ¯lter F

P (CF (l ; me)).
Similarly observe that ½F 0(z; m) = V ( 6= ? ) i® there existsu with T ½

F (z; m) = AT (z; m) =
u and with V = FT (u) i® (z; m) 2 ReachF

P with u = TF (½F (z; m)) and with V = FT (u).
So by Lemma E.1 we infer as desired that ½F 0(z; m) = V i® (z; m) 2 ReachF

P and V =
FT (TF (½F (z; m))) = ¯lter F

P (½F (z; m)).
Now we consider the claim concerning ©F 0, where ac= (¹f :¸x:e 0; me0) and l2 is such

that e= uel 1
1 @l uel 2

2 in SubExprP . If ©F 0(( l2; me); ac) = K then there exists q such that
DT contains (i) a judgement for ¹f :¸x:e 0 with addressme0 derived by [fun]w

¸
with w¸ of

the form (q : t); (ii) a judgement for e with addressme derived by [app]w
@

where w@(q) =
K . From the former judgement, we infer by Theorem 6.6 that q= ac. From the latter
judgement, whoseleftmost premisetakesthe form A ` uel 1

1 : TF (CF (l1; me)) , we infer that
ac2 dom(TF (CF (l1; me))) and by Theorem 6.6 that w@(ac) = ©F (( l2; me); ac). This shows
that ©F (( l2; me); ac) = K and that there exists M such that (ac; M ) 2 CF (l1; me). Clearly
we also have that (¹f :¸x:e 0; me0) 2 ReachF

P and (e;me) 2 ReachF
P .

Conversely, assumethat (¹f :¸x:e 0; me0) 2 ReachF
P and (e;me) 2 ReachF

P and (ac; M ) 2
CF (l1; me) and ©F (( l2; me); ac) = K . By Theorem 6.6 we infer that D T contains at address
me0 a judgement for ¹f :¸x:e 0 derived by [fun]w

¸
with w¸ of the form (ac : t); and (since

ac2 dom(TF (CF (l1; me)))) we also infer that D T contains at addressme a judgement for
e with leftmost premise of the form A ` uel 1

1 : TF (CF (l1; me)) derived by [app]w
@

with
w@(ac) = K . This demonstratesthat ©F 0(( l2; me); ac) = K .

Proof of Corollary 7.3. In the following, we shall apply Theorem 7.2 to F as wells as to F 0.
First we observe that MemF 00 = MemF 0, that ReachF 0

P = ReachF
P and therefore ¯lter F 0

P =
¯lter F

P , and that ¯lter F
P is idempotent.

Therefore CF 00(l ; me) 6= ? i® CF 0(l ; me) 6= ? and (uel ; me) 2 ReachF 0

P i® CF (l ; me) 6= ?
and (uel ; me) 2 ReachF

P and (uel ; me) 2 ReachF 0

P i® CF (l ; me) 6= ? and (uel ; me) 2 ReachF
P

i®CF 0(l ; me) 6= ? , in which casewehaveCF 00(l ; me) = ¯lter F 0

P (CF 0(l ; me)) = ¯lter F 0

P (¯lter F
P (CF (l ; me))) =

¯lter F
P (¯lter F

P (CF (l ; me))) = ¯lter F
P (CF (l ; me)) = CF 0(l ; me). This shows CF 00 = CF 0; in a sim-

ilar way we seethat ½F 00 = ½F 0.
Finally, we must prove ©F 00 = ©F 0 and it su±ces to prove that whenever ©F 0 is de-

¯ned then also ©F 00 is de¯ned. So assumethat ©F 0(( l2; me); ac) is de¯ned, where ac=
(¹f :¸x:e 0; me0) and l2 is such that e= uel 1

1 @l uel 2
2 in SubExprP ; then (e;me) 2 ReachF

P
and (¹f :¸x:e 0; me0) 2 ReachF

P and for some M (ac; M ) 2 CF (l1; me). Still employing
Theorem 7.2, we infer that CF 0(l1; me) 6= ? and that CF 0(l1; me) = ¯lter F

P (CF (l1; me)),
so clearly there exists M 0 such that (ac; M 0) 2 CF 0(l1; me). Since (e;me) 2 ReachF 0

P and
(¹f :¸x:e 0; me0) 2 ReachF 0

P , this shows(by applying Theorem7.2on F 0) that ©F 00(( l2; me); ac)
is de¯ned.

Proof of Theorem 7.6. Let F = F (T), so that T 0= T (F ). First note that F is valid and safe
(by Theorem 5.6) so T 0 is uniform (by Theorem 6.6). Clearly IT T 0 = MemF = IT T .

Further observe (with e= uel ) that DT 0 contains a judgement for e with addressme i®
(e;me) 2 ReachF

P i® (by Theorem 5.6) CF (l ; me) 6= ? i® DT contains a judgement for e
with addressme.
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Next we prove that D T 0 is strongly consistent. So let u occur in D T 0 with q6= qin t in
dom(u). Examining De¯nition 6.4 shows that u takesthe form TF (V ) for someV , where V
is in the rangeof either CF or ½F ; in both casesthere exists u1 such that V = FT (u1). From
u = TF (V ) we infer that there exists (ac; M ) in FlowValF such that q= ac and (ac; M ) 2 V ;
let ac= (¹f :¸x:e; me). From (ac; M ) 2 V = F T (u1) we infer that DT contains a judgement
for ¹f :¸x:e with address me, and we have already seen that then also D T 0 contains a
judgement for ¹f :¸x:e with addressme. By Theorem 6.6, this judgement is derived by
[fun]w

¸
where w¸ = (ac : TF (f (ac; MemF )g):ac). It is immediate from the de¯nition of TF

that

TF (f (ac; MemF )g):ac · c
^ TF (V ):ac= TF (f (ac; M )g):ac

which shows the \at least one" part of De¯nition 7.5; the \at most one" part is obvious.
Finally, we assumethat DT is strongly consistent and must prove that D T 0 equalsDT |

modulo renaming, so wlog. we can assumethat if D T contains a judgement for ¹f :¸x:e 0

with addressme0 derived by [fun](q:t ) then q= (¹f :¸x:e 0; me0). Our goal will be to show
that

if u occurs in DT then TF (FT (u)) = u (1)

for then we can reasonas follows: let D T contain a judgement A ` uel : u with address
me; then the judgement for uel in DT 0 with addressme will be of the form A0 ` uel : u0

where

u0= TF (CF (l ; me)) = TF (FT (u)) = u

and where A0= T A
F (me). To seethat A0 equalsA, note that

T A
F (²) = ² and T A

F (me[z 7! m]) = T A
F (me)[z 7! T ½

F (z; m)] = T A
F (me)[z 7! TF (FT (AT (z; m))) ] =

T A
F (me)[z 7! AT (z; m)]

and that A equalsA(me) where

A(²) = ² and A(me[z 7! m]) = A(me)[z 7! AT (z; m)].

So we now embark on proving (1); since TF (FT (uin t )) = uin t it is easy to seethat this can
be done by establishing that if u occurs in D T and q6= qin t 2 dom(u) then with t = u:q the
following holds:

if t =
V

k2 K ff kg : uk ! u0
k g

then TF (FT (
W

(q : t))) =
W

(q :
V

k2 K ff kg : TF (FT (uk )) ! TF (FT (u0
k ))g). (2)

So consider such q and t; our assumptions guarantee that D T contains a judgement for
¹f :¸x:e 0 with addressme0 derived by [fun](q:t 0) , whereq= (¹f :¸x:e 0; me0) and wheret0 · c

^
t. The premisesof this judgement are thus of the form

k 2 K 0: A[f 7! u00
k ][x 7! uk ] ` e0 : u0

k (3)

where K µ K 0. By the \at most one" part of De¯nition 7.5 we infer that F T (
W

(q : t)) =
f (q; K )g, so with e0 = uel 0

0 we have

TF (FT (
W

(q : t))) =
W

(q :
V

k2 K 0ff kg : TF (½F (x; k)) ! TF (CF (l0; me0[f ; x 7! k]))g)

where K 0 is given by
n

k 2 K j AnalyzesFk (q)
o

.

The judgements in (3) demonstrate(using Lemma C.1) that K 0= K and that for each k 2 K
it holds that ½F (x; k) = FT (uk ) and that CF (l0; me0[f ; x 7! k]) = FT (u0

k ), thus establishing
(2).
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