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Abstract

Recert work has showvn equivalencesbetween various type systemsand °ow logics.
Ideally, the translations upon which such equivalencesare based should be faithful in
the sensethat information is not lost in round-trip translations from °ows to typesand
back or from typesto °ows and back. Building on the work of Nielson & Nielson and
of Palsberg & Pavlopoulou, we presert the rst faithful translations between a class
of nitary polyvariant °ow analysesand a type system supporting polymorphism in
the form of intersection and union types. Additionally , our °ow/t ype correspondence
solves seweral open problems posedby Palsberg & Pavlopoulou: (1) it expressescall-
string basedpolyvariance (such as k-CFA) aswell asargument basedpolyvariance; (2)
it enjoys a subject reduction property for °ows aswell asfor types;and (3) it supports
a °ow-oriented perspective rather than a type-oriented one.



1 Intro duction

Type systemsand °ow logic are two popular frameworks for specifying program analyses.
While theseframeworks seemrather di®erernt on the surface,both describe the \plum bing"

of a program, and recert work has uncovered deepconnectionsbhetweenthem. For example,
Palsberg and O'Keefe [PO95] demonstrated an equivalencebetweendetermining °ow safety

in the monovariant 0-CFA °ow analysis and typability in a system with recursive types
and subtyping [AC93]. Heintze showed equivalencesbetweenfour restrictions of 0-CFA and
four type systemsparameterizedby (1) subtyping and (2) recursive types[Hei95.

Becausethey merge°ow information for all callsto a function, monovariant analysesare
imprecise. Greater precision can be obtained via polyvariant analyses,in which functions
canbeanalyzedin multiple abstract contexts. Examplesof polyvariant analysesinclude call-
string basedapproades,suc ask-CFA [Shi91,JW95, NN97], polymorphic splitting [WJ98],
type-directed °ow analysis [JWW97], and argumen basedpolyvariance, such as Schmidt's
analysis[Sc95] and Agesen'scartesian product analysis[Age9]. In terms of the °ow/t ype
correspondence,seeral forms of °ow polyvariance appear to correspond to type polymor-
phism expressedwith intersection and union types[Ban97, WDMT97a, DMTW97, PPO01].
Intuitiv ely, intersection typesare nitary polymorphic typesthat model the multiple anal-
ysesfor a given abstract closure,while union typesare nitary existertial typesthat model
the merging of abstract valueswhere °ow paths join. Palsbergand Pavlopoulou (henceforth
P&P) werethe rst to formalize this correspondenceby demonstrating an equivalencebe-
tweena classof °ow analysessupporting argumert based polyvariance and a type system
with union and intersection types[PP01].

If type and °ow systemsencade similar information, translations betweenthe two should
be faithful, in the sensethat round-trip translations from °ow analysesto type derivations
and bac (or from type derivations to °ow analysesand bad) should not lose precision.
Faithfulness formalizes the intuitiv e notion that a °ow analysis and its corresponding type
derivation contain the sameinformation content.  Interestingly, neither the translations
of Palsberg and O'Keefe nor those of P&P are faithful. The ﬁ\ck of faithfginess in P&P is
demonstrated by a simple example. Let e=  x:succx @ ,?%y:y @3, where we have
labeled two program points of interest. Consider an initial monovariant °ow analysis in
which the only abstract closure reaching point 1 is v; = (, x:succ x;2) and the only one
reaching point 2 is v, = (, y:y;2). The °ow-to-type translation of P&P yields the expected

type derivation: coe
¢ee 2 2y:ycint !oint ¢ee
2> Ixisuccx :int ! oint 2" ((%yy)@3: int

2 (. Ix:suce x) @((, %y:y) @3) : int

However, P&P's type-to-°ow translation losesprecision by merging into a single set all
abstract closuresassaiated with the sametype in a given derivation. For the example
derivation above, the type int ! int translates back to the abstract closure set V =
fvi; V20, yielding a lessprecise®ow analysisin which V °owsto both points 1 and 2.

In contrast, Heintze's translations are faithful. The undesirable merging in the above
example is avoided by annotating function types with a label set indicating the source

f! 19

point of the function value. Thus, , 'x:succ x has type int int while , %2y:y hastype

. f2g.
int !g|nt.

1.1 Contributions of this Paper

In this paper, we presert the rst faithful translations betweena broad classof polyvariant
°ow analysesand a type system with polymorphism in the form of intersection and union
types. The translations are faithful in the sensethat a round-trip translation acts as the



identit y for canonical types/°ows, and otherwise canonicalizes. In particular, our round-
trip translation for typespresenesnon-recursivetypesthat P&P may transform to recursive
types. We achieve this result by adapting the translations of P&P to usea modi ed version
of the °ow analysis framework of Nielson and Nielson (henceforth N&N) [NN97]. As in
Heintze's translations, annotations play a key role in the faithfulness of our translations: we
(1) annotate °ow valuesto indicate the sinksto which they °ow, and (2) annotate union and
intersection typeswith componert labelsthat sere as witnessesfor existertial quanti ers
that appear in the de nition of subtyping. These annotations can be justi ed purely in
terms of the type or °ow system, independert of the °ow/t ype correspondence.
Additionally , our framework solvesseweral open problems posedby P&P:

1. Unifying P&P and N&N: Whereas P&P's °ow speci cation can readily handle only
argumernt based polyvariance, N&N's °ow speci cation can also expresscall-string
based polyvariance. So our translations give the rst type system corresponding to
k-CFA analysiswherek , 1.

2. Subjeet reduction for °ows: We inherit from N&N's °ow logic the property that °ow
information valid before a reduction step is still valid afterwards. In cortrast, P&P's
°ow system does not have this property. (Both our system and P&P have subject
reduction for types.)

3. Letting \°ows havetheir way": P&P discussmismatchesbetween®ow and type sys-
tems that imply the needto chooseone perspective over the other when designing a
translation betweenthe two systems. In their translations, P&P chooseto always let
types\havetheir way"; for examplethey require analysesto be nitary andto analyze
all closure bodies, even though they may be dead code. In contrast, our designalso
lets °ows \have their way", in that our type systemdoesnot require all subexpressions
to be analyzed.

1.2 Motiv ation

While the relationship between °ow logics and type systemsis an intriguing theoretical
question, it has important practical rami cations as well. Flow information is useful for
guiding and/or enhancing a wide variety of analysesand optimizations, such as closure
cornversion([SW97 DWM * 01]), defunctionalization([T 0l97, TO98, CJWO00], inlining([WJ981]),
uncurrying ([HH98]). eagerthunk ewaluation ([Fax93]), dead code elimination ([WS99]),
run-time ched elimination (JWJ98]), loop detection[SGL9q, and object specialization ([DCG95,
PC95)). Encoding °ow information into type systemsenablestype-directed compilers to
support such °ow-directed optimizations in a uniform rather than ad hoc fashion, with all
the usual attendant bene'ts of using a typed intermediate language(e.g.,[TMC* 96, PJ96,
MW CG99)]). For instance, °ow information can be presened by one compiler transforma-
tion sothat it is available for subsequen passes,and the additional °ow information aids
in debuggingthe implementation of the transformations [DMTW97]. In this context, bet-
ter understanding of the relationship between°ows and typescan lead to improvemerts in
state-of-the-art compiler technology. Indeed, our motivation for this work is to formalize the
encaling of °ow information in the intersection and union typesof CIL, the intermediate
languageusedin the Church Project! compiler WDMT97a].

1.3 Overview of Paper

Sect. 2 presernts the sourcelanguage. Our type systemis introducedin Sect.3 and our °ow
framework in Sect.4. Sects.5 and 6 presert the type-to-°ow and °ow-to-type translations,

1The work reported here is part of the Church Project (http://www.cs.bu.edu/g  roups/c hurch/), whose
goal is to study sophisticated type systems and their application to programming language design and
implementation.



e 2 LabExpr := ue (labeled expressions)

| 2 Label (in"nite set of labels)
ue 2 UnLabExpr := (unlabeled expressions)
zjfnje@ejcjsuccejif0 ethen eelse e (pure expressions)
jbdjcl (impure expressions)
z 2 Var:=fjx (in"nite set of variables)
f 2 MuVar (* -bound variables)
X 2 LamV ar (, -bound variables)
fn 2 Abstr = :xe (abstractions)
c 2 Intx=fj 27 10,1,2:::9 (integers)
bd 2 Binder := bind sein e (binders)
cl 2 Closure ::= close fn in se (closures)
se 2 SemEnv = 2jsgz7! sv] (semartic ernvironments)
sv 2 Value :=cjcl (semartic values)

Figure 1: Syntax of the languagel .

respectively, while round-trip translations are discussedn Sect.7. Sect. 8 concludeswith a
discussionof future work.

2 The Language
2.1 Syntax

We study the relationship betweentypesand °ows in the context of an extended, -calculus
we call L. The syntax of L is presenied in Fig. 1. The metavariable fn rangesover unlabeled
function abstractions of the form if : x:e , which denotesa function with parameter x which
may call itself via f. We usethe notation x:e asa shorthand for f : x:e wheref does
not occur in e -bound variables (f) and , -bound variables (x) are distinct; z ranges
over both. In examples,we usethe concrete variables x, y and z for , -bound variables; g
is a , -bound variable assumedto be bound to a function. Function applications use the
explicit application symbol @, which sernesas a conveniert location for labels (seebelow).
L also supports integer constarts (c), the successoffunction (succ), and the ability to test
for zero (if0 ). It would be straightforward to add other constructs (e.g., other constarts
and operations, products, sums, binding constructs®), but to keepthe exposition simple we
shall refrain from doing so.

As in N&N, we use bind (bd) and close (cl) expressionsto represen \in termediate
con gurations" in the semartics of L (see Sec. 2.2); these should not appear in initial
\user" programs. Thesecon gurations are de ned in terms of semantic environments (se€)
that map variablesto a distinguished subsetof unlakeled expressionscalled values A value
(sv) is either a number (c) or a closure of the form close fn in se. Semaric ernvironments
are lists of bindings of the form [z 7! sv]. The empty ernvironment is denoted 2, and the
juxtap osition notation se[z 7! sv] denotesthe ervironment that results from extending
se with the binding [z 7! sv]. We write E[z;;z, 7! sv] for E[z; 7! sV][zz 7! sv]. We
de ne dom(se) asfzj[z 7! sv] 2 seg and cod(se) asfsvj [z 7! sv] 2 seg. We alsotreat an

20ur formal development assumesthat all abstractions are of the form if : x:e , but in the text we often
treat abstractions of the form  x:e specially in order to reduce clutter. In particular, we do not show
\useless" bindings involving an unreferenced ! -bound variable f even though these are technically required
by the formalism. The reader may imagine that we employ an extended version of our formal system
where x:e is explicitly handled via specialized versions of the rules for handling f : x:e that ignore an
unreferenced f .

3The let -polymorphism implied by a let construct can be simulated by intersection types.



FVe : LabExpr ! P(Var)

FVe(ue') = FVye(ue)
FVue : UnLabExpr ! P(Var)
FVee(z) = fzg
FVe(if ;. x:e) = FVe(e) n ff;xg
FVie(er @e2) = FVe(er) [ FVe(er)
FV ue(C) ;

EV.(e)

FVe(er) [ FVe(e2) [ FVe(es)
FVse(se) [ (FVe(e) n dom(se))
FVse(se) [ (FVe(fn) n dom(se))

FV ye(succ e)

FV e(if0 e then e, else e3)
FV e(bind sein €)

FV e(close fn in se)

FVse : gemEnv! P(Var)
FVSE(Se) v2 cod(se) FVUB(V)

Figure 2: Free variablesin L.

ervironment se as a partial function from Var to Value: if z 2 dom(se), then se(z) = sv,
where [z 7! sv] is the rightmost binding in sv; otherwise se(z) is unde ned. Note that
E[z 7! sv](z9) equalssv if z = z° and equals E(z% otherwise. In later sections, we shall
use the sameenvironment notation preseried here for ervironments mapping variables to
ertities other than values.

Expressionsare annotated with labelsthat serwe to identify them in the type and °ow
systems. There are two alternating classesf expressions:labeled expressionsare unlabeled
expressionsannotated with labels, and unlabeled expressionshave labeled expressionsas
immediate subexpression§. We often write labels on constructors; e.g., we write _ 'x:e
for (,x:e)I and e, @ e, for (e1 @eg)'. In examples, we use natural numbers for labels.
The function lab : UnLabExpr ! Lab el returns the label of a labeled expression;i.e.,
lab(ue') = I.

The free variables of labeled expressions(FV¢(€)), unlabeled expressions(FV e (ue)),
and semartic environments (FVs(s€)) are de ned in Fig. 2. Note that the semartic envi-
ronmernts in bind and close expressionsact asbinders for variablesin the other componerts
of these expressions.

An expressionor ervironment containing free variables is said to be open; otherwise it
is closal. An expressionor environment containing bind or close expressionss said to be
impure; otherwise it is pure. A pure expressione (resp. ue) is said to be uniquely labeled
if eadt label occurs at most oncein e (resp. ue). A pleasart consequenceof this last
property is that ead subexpressionof an expressione denotesa unique \p osition" within
e. A program P is a pure, closedexpressionthat is uniquely labeled.

. ¢
Example 2.1. The program P,.; = '5 Gg:“ F@g* @0® @ ', 8x:x” " shaws the need
for polyvariance: , 8x:x’ is applied both to itself and to an integer. O

Example 2.2 (P&P, Sect.1.6). The following program P»., requireseven more powerful
polyvariance. (Assumethat e; is a closedexpressiondenoting an integer.)
Py, = I, 6g:succ®® a d@g @0 @ 'ifo 9 e. then '} 8x:x’ else | 12y, 117:710

B

O

L is similar to the labeled languagesstudied by N&N and P&P. It di®ersfrom N&N's
languageonly in the addition of succ and the omissionof a let construct. It di®ersfrom

4Closures close fn in se are an exception to this rule; the immediate subexpression fn is unlabelled.



P&P's languageonly in its support for recursive functions and its useof bind and close as
intermediate expressionsused by the semartics.

In the formal developmert, it is necessaryto refer to various syntactic ertities occurring
within a given expressionor environment. Fig. 3 preseris the de nitions of the syntax ma-
nipulation functions we uselater in the paper. The function call LabExps.(€) returns a setof
all labeled subexpressionsoccurring within the given expressione. Similarly, LabExps,.(ue)
returns the set of all labeled subexpressionsoccurring within the unlabeled expressionue,
and LabExps,(se) returns the set of all labeled subexpressionsoccurring within the seman-
tic ervironment se. To reduce clutter in Fig. 3, we use the metavariable X to range over
the symbolsf e;ue; seg, and de ne Domain = LabExpr , Domain . = UnLabExpr , and
Domain s = SemEnv. Using X, we can summarizethe signaturesof all three functions for
labeled subexpressionsvia the pattern LabExps, : Domain x ! P(LabExpr ), whereP(S)
denotesthe power set (set of subsets)of the set S. Similarly, there are three functions re-
turning the unlakeled subexpressionsof expressionsand environments that are summarized
by the signature pattern UnLabExps; : Domain x ! P(UnLabExpr ), and three func-
tions returning the semartic environments occurring in expressionsand environments that
are summarized by the signature pattern Envsx : Domain x ! P(SemEnv). LabExps,,
UnLabExps, , and Envsy are all de ned in terms of auxiliary functions SFy that return a
triple (2 SubForms) of all (1) labeledexpressionq2) unlabeled expressionsand (3) seman-
tic environments encourtered in a recursive descei of an expressionor ervironment. The
functions Labs return the labels occurring within a given syntactic ertity. There are sim-
ilar functions for returning the variables (Varsy ), abstractions (Funsy ), binders (Bindsy ),
and closures(Closy ) within a given syntactic ertity.

De nition 2.3 (W ell-formedness of Expressions and Environmen ts). A labeledex-
pressione is well-formed wrt. a program P, written ng (e) i®all of the following conditions
hold:

1. Varse(e) p Varse(P)

2. Labs(e) u Labs(P)

3. Funsg(e) 1 Funsg(P)

4. for all bd 2 Bindse(€), FV e (bd) = ;
5. for all ¢l 2 Close(€), FV ye(cl) = ;
6. for all se2 Envse(€), FVse(se) = ;

Well-formednesswrt. a program P for an unlabeled expression,written WfEe(ue), is de ned
similarly to the above de nition, exceptthat e is replacedby ue and F¢ is replacedby F e
for F ranging over Vars, Labs Funs, Binds, Clos, and Envs. A semartic ervironment se is
well-formed wrt. a program P i® se is closedand wf Ee(v) for all v 2 cod(se). O

We say that an expressionor ervironment is well-formed if there is someprogram P such
that the expressionor environment is well-formed wrt. a program P. Often, a particular
program P will be implied from the context. We useE as a metavariable ranging over all
closed,well-formed expressions.

There are seweral facts implied by the above de nition that we often uselater:

2 For all programs P it holds that WfS(P).

2 Every subexpressionor ervironment occurring within a well-formed expressionor en-
vironment is itself necessarilywell-formed.

2 Becauseprograms are necessarily pure, condition (3) implies that all abstractions
occuring in a well-formed expressionor ervironment have pure bodies.



SubForms

©
hei; ueq;seii © hey; uey; sei

SFe
SFe(ue')

SF e
SFe(ue)

SFJ.

SFi(2)

SFO (i : xe)

SFue(e1 @ey)

SFRe(©)

SF2.(succ e)

SFO.(if0 ey then e, else es3)
SF2,(bind sein €)

SF2 (close fn in se)

SFse(s€)

P(LabExpr ) £ P(UnLabExpr )£ P(SemEnv)

(SubForms £ SubForms)! SubForms
hey [ exuer [ ueyse [ sei

L@bEXpr !gSubForms
ue' ;;;; © SFue(ue)
UnLabExpr ! SubForms
h;;fueg;;i © SFo (ue)

UnLabExpr ! SubForms
h;; o

SFe(e)

SFe(e1) © SFe(e2)

h;;sosi

SF¢(€)

SFe(e1) © SFe(e2) © SFe(es)
SFe(€) © SFee(se)

SFe(fn) © SFgc(s€)

SemEnv '3 SubForms
h;;;;sei © ) SFue(fvg)

v2cod(se

Let X range over the symbols f e;ue; seg and de ne

Domain .
Domain e
Domain s

LabExps,
LabExps, (X)

UnLabExps,
UnLabExps, (X)

Envsy
Envsx (X)

Labsk
Labsx (X)

Varsy
Varsy (X)

Funsy
Funsy (X)

Bindsx
Bindsx (X)

Closy
Closx (X)

LabExpr
UnLabExpr
SemEnv

Domain x ! P(LabExpr )
a, where ha;b;ci = SFy (X)

Domain x ! P(UnLabExpr )
b, where ha;b;ci = SFx (X)

Domain x ! P(SemEnv)
¢, where ha;b;ci = SFy (X)

Bomain x ! P(Label) a
| j Que: ue' 2 LabExps, (X)

Domain x ! P(Var)
fzjz2 UnLabExps, (X)g

Domain x ! P(Abstr )
ffn j fn 2 UnLabExps, (X)g

Domain x ! P(Binder )
fbd jbd 2 UnLabExps, (X)g

Domain x ! P(Closure )
fcljcl 2 UnLabExps, (X)g

Figure 3: De nitions of subexpressionfunctions for L.



2 Condition (5) implies that all valuesin a well-formed expressionor ervironment are
necessarilyclosed.

The following lemma is handy for shawing the well-formednessof an expressionin terms
of the well-formednessof its immediate componerts.

Lemma 2.4 (Necessary and Suzcien t Conditions for Well-formedness). If e= ue',
then ng(e) holdsif and only if (1) | 2 Labs(P) and (2) ue satis es the following require-
ments basal on the form of ue:

2 ue = z implies z 2 Varse(P);

2 ue = fn implies fn 2 Funse(P);

2 ue = e, @e, implies Wk (1) and wif (e,);
2 ue = c implies no requirements;

2 ye = succ e implies wfF (e);

2 ye= if0 ethen eelse eimplies wf’ (e;), wif (e2), and wtf (e3);

2 ye = bind sein e implies wf (e), wit,(se), and FV e (ue) = ;;

2 ue = close fn in seimplies fn 2 Funse(P), WfEe(SG), and FV e(ue) = ;.

Proof. Follows easily from Def. 2.3. O

2.2 Semantics

Like N&N, but unlike P&P, we specify the meaningof programsusing an ervironment-based
small-step semartics (Fig. 4). Each step of the semartics is expressedas a judgemert of
the form se © e ) €% which says that e rewrites to €° in one step relative to a semartic
ervironment se. Note that this rewriting is deterministic. The binary relation se ©= _) °
_ is the re°exive, transitiv e closureof se © _) _. We abbreviate2 * e) e’ase) &°

Our rules are adapted from those in N&N; we deviate from theirs in that we do not
truncate the semaric ervironment se in the rule (fun), cf. the discussionin Sec.4 of our
rule [fun] in Fig. 10. There are a few aspects of the rules that are worth highlighting. The
(fun) rule makesa closure from a labeled abstraction by pairing the unlakeled abstraction
with the current semaric ervironment. The (app,) rule evaluatesthe body of the applied
closurerelative to its ervironment, extendedwith bindings for the * -bound variable f and
the , -bound variable x. The (bind) and (bind, ) rules say that in se * bind' se; in e) €°
the body e of the bind is evaluated relative to the semaric environment se;, and not to se,
which is ignored.

Example 2.5. Consider the evaluation of program P,., from Ex. 2.2. We introduce the
following abbreviations:

. ¢ ¢
Lgsucc® ' P @ gt @ 0°

ue’g =
ue , = ,zz%
- yell
uey = ,yue;
cly = close ue yin 2
cl ; = close ue ;in sg
seg = g7 cl ]
se, = Z2[y7lcl,y]
se, = sgfz7!0]



(var) se’ z') sV, if sv=se(z)
(fun) se” ¥ : 'xee) close' :xe in se
se’ e ) €
se’ e@e) £@e
se’ &) €
se’ cl@e ) clil@el
(app,) se’ iclose "1 fn, in se1¢@ sv'22

) bind' sei[f 7! (close fn; in sey)][x 7! svo]in ey,
wherefn, = if : xie;

(app)

(app)

se” e ) €
(sux)

se’ succ' e; ) succ' €
(suw,) se’ succ'cdo) d,wherec;=c+ 1
se’ e ) €

se " if0 'epthen ey else e, ) if0 ' €Y then e else e,

(if)

(ifo) se ifo | 0o then uel! else ue? ) ue)

(if=)  se’ ifo ' dothen uell else ue2 ) ue, if c6 0

(bind)

sep " e ) €
se bind' se;in e; ) bind' se; in €
(bind,) se’ bind' se; in sv'1 ) sV

Figure 4. Semartics of L.

Supposethat e; = uel* and e ) ® 17. Then we have the following evaluation sequence
starting at P5.»:
3 . ¢
Pyy = ueﬁg@) ifo ° e then ',8x:x7 else ue!?
. 2 ¢ . B
'close 6 ue 4 in 2 @ jf0 ° e. then ' 8yx7 else uel2
.9 ] , y
. - ¢ >
) “_'close ue gin 2 @ ifo ° 174 then I, 8:x" else ue'?
) close ue gin 2 @)ue9
close ue gin 2 clg
) g ¢
) bind? seyin succ3 ' : 3@zg @195
ind © se, in succ . C
% hind © € 13 |3 @ |4 @ 5
ind ® se, in succ ind? s |n ue
de eg 13|bd2ey 1]21:@105
) bind® seyin succ® " bind 2 seyin cl’11 @, 0°
ind % se; in succ!® .c
) de eg 13l |2 @|.05 ¢
) bind? seyin succ®® lb|nd lse in 21°¢
) bind? seyin succ!® "bind ! se, in 0°
) bind? seyin succ®® 0!
) bind? seyin 113
) 1°

O

Theorem 2.6 (Prop erties of Evaluation). Given program P, lakeled expressione, and
semantic environment se, suppse that wfg’e(se), vvfs(e), and FV¢(e) u dom(se). Then

10



se’ e) ° e’ implies the following:
1. lab(e% = lab(e)
2. FVe(€9) u FVe(e)
3. wif (€9
O

Proof. It is suzcient to show that ead of the properties holds for one evaluation step; the

multi-step properties then follow via an easyinduction. Property (1) follows from the fact

that ead rule in Fig. 4 presenesthe top-level label of an expression.Properties (2) and (3)

follow together from an induction in the derivation of se © e ) €% The important cases
are shown below, where we implicitly rely on Lem. 2.4 for showing the well-formednesof e°.

Note that wfs(e) implies in all casesthat the top-level label | 2 Labs(P).

(var). In this case,e= z' and e°= sv' wheresv = se(z). From wfg’e(se) we seethat se
and therefore also se(z) is closed,establishing (2), and that wf Ee(sv), establishing (3).

(fun). In this case,e= ¥ : 'x:e; and €= close' if : x:e; in se. By assumption, se is
well-formed (and therefore closed) and FV¢(e) p dom(se). Thus € is closed, establishing
not only (2) but (sincewf(':(e) implies If : x:e 1 2 Funsg(P)) also (3).

(app,). In this case,e = cl't @ sv'22 wherecl = close fn, in se; and fn; = *f : xeq,
and €° = bind' se®in e; where se® = se([f 7! cl][x 7! sv2]. Since e is well-formed, so
are the subexpressionscl, sv,, and e;, and the ervironment se;, in particular it holds
that cl and sv, are closed. This enablesus to deducethat se® is well-formed, and that
FVe(er) B (dom(ser) [ ff;xg) = dom(se?). Thus the resulting bind expressionis closed,
establishing not only (2) but also (3).

(bind). In this case,e = bind' se; in e and €° = bind' se; in € wherese * e) ¢€°
becausese; * e; ) €. From wff (e) we infer that wfl (e;), wft(se), and FVe(er)
1 dom(se;). We can thus apply the induction hypothesisto infer that FV¢(€9) p FVe(er)
and that wfs(e‘f). But this clearly enablesus to establish (2) and (3).

(bindy). In this case,e = bind' se; in sv'1 and €® = sv'. Sincee is well-formed, the
subexpressionsv is well-formed, and sois sv', establishing (3). Sincethe value sv is neces-
sarily closed,(2) is established.

O

Corollary 2.7 (Program Evaluation). If P isaprogramandP ) ° E, thenE is close,
lab(E) = lab(P), and wa(E). The fact that E is closal and well-formed justi es the use
of the metavariable E in this context. O

Remark 2.8. The fact that ) presenesthe top-level labels of expressionsunlike what is
the casefor P&P's ewvaluation rules, seemsto be essetial (cf. Sec.4.2) for establishing that
the °ow analysisin Sec.4 is indeed a \closure analysis". O

Remark 2.9. [NN98] have argued that an ervironment-based semariics is more suitable
for proving the semaric soundnessof a °ow analysis than a semartics basedon explicit
substitutions. This methodological claim is con rmed by the fact that we are ableto show a
\sub ject evaluation" result for our “ow logic that is inherited from N&N's approach. P&P
choose, however, a substitution semartics, so as to avoid technical dixculties involved in
proving subject evaluation for their type system. SeeSec.3 for how we addressthis issue.

o

Remark 2.10. A consequencef the label presenation property of evaluation is that the
label of abstractions and closuresare not presened by evaluation. For example, in the
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t 2 Elemen taryT YP Q= int jViZ,fKi cui!oufg
u2 UnionT ype:= ,,fqg:tg

K 2 P(ITag) n fig

k2ITag

g2 UTag

Figure 5: Syntax of typesin the type system TS for languagelL. ITag and UT ag are
unspeci ed nite setsof tags for intersection and union types, respectively.

evaluation sequenceshown in Ex. 2.5, the abstraction ue y hasthe label 12 in the original
program P».,, but this label is stripped when the abstraction is paired with the empty
ervironment to form the closurecl . This closureis initially given label 9 (the label of the
if0 in P3:2), but this label is stripped whencl y is bound to g in sey, and substituting for
g in the body of ue 4 leadsto copiesof cl y labeled 3 and 4.

However, the label of the body of an abstraction is preserned via evaluation, even when
the abstraction is copied. For instance, all copiesof ue y that appear in the evaluation
sequenceof Ex. 2.5 have a body labeled 11. This property is a consequenceof requiring
that every (unlabeled) abstraction in a program well-formed with respect to P must occur
in P itself (condition (3) of Def. 2.3).

o

3 The Type System
3.1 Type Syntax

In this sectionwe presen the type system TS for our languageL . The typesof TS are built

from basetypes, function types,intersection types, and union typesas shown in Fig. 5.

v An elementary type t is either the integer type int or an intersection type of the form
o FKitui ! ulg, where:

2 | is a (possibly empty) "nite index set,

2 ead u; and u? is a union type,

2 ead K, known as an I-tagset, is a non-empty nite set of I-tags from IT ag, and
2 the I-tagsetsfor t are pairwise disjoint: i.e., K;i \ K; 6 ; impliesi = j.

We Write\ylom(t) for [ i2; Ki, which is unde ned if t = int . Intuitiv ely, an entity that has
the type ,,fKi :u; ! ulg denotesa function that, for all i 2 I, maps valuesof type u;
into valuesof type u?. For this reason,intersection typescan be viewed as “nite analogsof
universaltypes. W

A union type u hasthe form ,, fq : tjg, where:

2 | is a (possibly empty) nite index set,
2 eadh t; is an elemenary type, and
2 the g aredistinct U-tagsin UT ag.

We write dom(u) for [ i2,fgg, and u:q=t if there existsi 2 | such that q=¢q and t=1t;.
We assumethat for all i 2 | it holds that tj = int i® g = gt where g, is a distinguished
U-tag; this re°ects that the U-tags are of interest onlyv\ljor function types, not for base
types. Intuitiv ely, if an expressione has the union type ,,fg : tig, then there exists an
i 2 |1 such that e hasthe elemenary type tj. For this reason, union typescan be viewed

12



as nite analogs of existertial types. The analogy between intersection/union types and
universal/existential typesis exploredin [WDWOX]. W
If = f1;:::;ng, wheren , 0, we write (qy: ti; 1000 S ty) for ,, fg @ tig and
write (K1 :ug ! ud; iiisKn tup boul) for o, fKi tup ! uPg. We write ujng for
(Gnt @ int ).
Example 3.1. The following are typesthat will be usedlater in the typing of P,.1 from
Ex. 2.1

o Y
Uy = WGy (FIg: Uine b Uint))
Ue = wAG :y(Flg:iuine ! uin;f2g: 0! uf))
Ug = (gg: (fOg:ux! Uint))

We shall seethat manifest abstractions are always given a union type with a single in-
tersection type as a componert, like those above. The type u? is the type of a function
created at source site g that °ows to sink site 1 and maps integers to integers; we will
call such a function an i2i function. The type ux denotesa function created at source
site gy that mapsintegersto integersat sink site 1 and mapsi2i functions to i2i functions
at sink site 2. The typesu$ and uy are two of the many typesthat can be given to the
identlity functign e x ¢ . 8x:x’. When supplied with a function g of type uy, the function
.50 g @g* @0° returns an integer, soit can be given the type ug. In this case,
the Ii—}ags lang 2in @g and uy correspond directly to the labels on the application sitesin
%0 P @g* @ 0°, but we shall seethat in generalthe I-tags can be taken from an ar-
bitrary "nite setlIT ag that doesnot have a one-to-onecorrespondencewith the application
site labels. O

Example 3.2. The following are typesthat, in conjunction with those from the previous
example, will be usedlater in the typing of P,., from Ex. 2.2:

W \%
Uz = W% 1y (F1g:Uine ! Uint))
ug =y y0)
uy = iy oy (f3g: up ! uz)) Vv
Uy = (: (flg:uine! une;f2g9: U1 ud);q s (F3g:ud! uy))

Suppose,asin Ex. 2.2, that the function e y = | 2y:, 11z:z10 can be applied to itself, and
the result of this application can be applied to an integer. Then , 1z:z° can be given the
i2i typeu,. Looselyspeaking,in an application e y @e y, the right occurrenceof e y canbe
giventhe type uS; the empty intersection type indicates that this function is never applied.
The left occurrenceof e y can be given the type uy, bqgauseiti maps the right occurenceto
an i2i function. The expressionif0 ° g, then ", 8x:x’ else ', '?y: 1'z:z'0 can have the
type of either e , or e y, soit can be given the union type uyy. O

Grammars are usually interpreted inductiv ely, but weintend that the onein Fig. 5 should
be viewed co-inductively. That is, typesareregular (possiblyin nite) treesformed according
to the given speci cation. Two types are consideredequal if their in nite unwindings are
equal (modulo renaming of the index setsl ).
fixample 3.3. Supposgfhat o= df and = ¢f and t; equalst3 and t; equalst3. Then

i2f 1,291 O 2 tig equals o 54T 1. O

Our typesare similar to thosein P&P except for the presenceof tags. As we shall see,
such tags sere as witnessesfor existertial quanti ers in the subtyping relation and play
crucial rolesin the faithfulness of our °ow/t ype correspondence. U-tags track the \source"
of eadh intersection type (a function in the 0-CFA case, but more generally an abstract
closure) and, like Heintze's abstraction labels, help to avoid the precision-losing merging
seenin P&P's type-to-°ow translation (cf. Sec.1). I-tagsetstrack the \sinks" of ead arrow
type (an application site in 1-CFA, but more generally an abstract application context) and
help to avoid unnecessaryrecursive typesin the °ow-to-type translation.

13



Note that ead I-tag (typically) designatesone sink to which an intersection type com-
ponert (i.e., a function) can °ow. In general,a single function can °ow to many sinks, and
many functions can °ow to the samesink. This is why ead intersection type componert is
tagged with a set of I-tags. In contrast, there is no needfor setsof U-tags, becauseeath
U-tag (typically) designatesone source, and sourcesare combined via union types. The
disjointnessof I-tagsetsis a consequencef the fact that two functions that °ow to the same
sink and have the sametype can be mergedinto a single a intersection componert.

Note that our intersection and union types, unlike those of P&P, are not assaiative,
com tiv e, or idempotent (WI) dueto the presenceof U—tagsa‘ﬂp I-tagsets. For example,
while (op :t1;p :to) equals (o :to;qp :ty) it doesnot equal (g :to;p :t1).

3.2 Subtyping

We de ne an ordering - , on union typesand an ordering - ¢ on elemerary types, where
u- , u®meansthat u®is lessprecisethan u and similarly for - ;. To capturev(pe intuition
Wat something of type t; has one of the typest; or t,, - y should satisfy (tu : t1) - o

(o :t1;p : tp). For - ¢, we want to capture the following intuition: a function that can
be assignedboth typesu; ! uf anduy! uf also

V
2 capybe assignedone of them, i.e., for i 2 1,29, " (K1 : us ! u;Ko tup U
o (Kituboud)y

2 can be\,assigneda function type that \covers" both, i.e., V(K1 cup ! ud Ko tup !
ud) -+ (Ki[ Kz :up2! u9,) whereany value having type us, also has one of the
typesu; or uy, and where any value having one of the typesu? or uJ also has type
ud,. For then a function that for all i 2 f1;2g maps values of type u; into values of
type u? surely alsowill map a value of type us, into a value of type ug,.

The following mutually recursive speci cation of - , and - ; formalizes the above con-
siderations:

W W
o fatige J-ZquO:tjog
i®for all i 2 | there existsj 2 J sud that g = qo and t; - ttjo
int - ¢int
V V
i FKicuiboufge o, K uPt g
i® for all j 2 J there existslg 4 | sud that
KO=T[i21,Ki and 8i 2 Io: u?- uujoooand

j
892 dom(u?y:9i 2 1o: g2 dom(u;) and u®q- ¢ ui:q.

The above speci cation is not yet a de nition of - , and - ¢, sincetypesmay be in nite.
Howevwer, it givesrise to a monotone functional H on a complete lattice®>. We then de ne
- w and -  asthe (componerts of the) greatest® "xed point of this functional.

A proof by coinduction (given in Appendix A) yields:

Lemma 3.4. The relations - ;, and - ; are re°exive and transitive. O

Qpsene that if t- t° then dom(t% p dom(t), and that if t= Vi2|fKi cui ! ufg and
9= ", ofKitu ! ulgwith 1°p 1, thent: (%

Our subtyping relation di®ersfrom P&P's in seweral ways. The U-tags and I-tags sene
as \witnesses" for the existertial quanti ers presert in the speci cation, reducing the need

5The elemerts of which are (Qy; Qt), with Qy a relation on union typesand Q; a relation on elemertary
types, and the ordering of which is pointwise subset inclusion.

6To motiv ate this choice, st note that the least xed point is not even re°exiv e on innite types. Second,
even if we restricted our attention to re°exiv e and transitiv e relations, the least _xwi pqipt would not allow
us to ded €Uz u U1 where the regular union typesu; and uz aregivenby ug= (0: (flg:ujpt! u1))
anduz= (0: (flg:Ujnt! u2;f29:Ujnt! Uint))-
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[var] Az :u if A(z)- wu
Bk2 K A[f 70 ufx 7' ]~ e:uf Ity ek fPkgiuc! ukg
[fun](@:V [\ ("DJE d K and (q:t)-\yu
A Y Ixe i u and8k 2 K: (q:t)- ,ud
e :up Al eu v
tapp]*® Lo %% it 8g2 dom(uy)usig: ¢ (WO(Q) Uz ! )
A" e@e :u
[conf A c:u if Uint - u U
A e . U .
[suc] if Uy yUint - U

A succle :u
A e:u A e :u; A e:u
[if] ° to 2 ifUp- yUngandus- yuandus- 4 u
A " ifo 'egthen e else e : u
se./ A A0 e: O
[bind] if W0, u
A " bind'sein e: u
se./ A° A" fn:u

A " close'fnin se: u

[clos]

Figure 6: The typing rules

for seard during type chedking. Moreover, our ordering seemamore natural that the P&P's

- 1, which hasthe rather odd property that if _(T1;T2) - 1_(Ts; T4) (with the T;'s all dis-
tinct), then either (T1;T2)- 1 Tz or _(T1;T2) - 1 T4, and which is in fact not a congruence:
to seethis, take someincomparable % and ¥ and note that

/\(3/‘1! 7% 7% 3/:1)-13/4! 3/4and"(3/4! Yo, Yp | S/Q)']_B/Q! Yy

but the union of the left hand sidesis not - 1 the union of the right hand sides.

3.3 Typing Rules

A typing T for a program P is a tuple HP;IT +;UT1;D~i, wherelT 1 is a nite non-empty
set of I-tags, UTt is a nite set of U-tags, and D+ is a derivation of 2 © P : u according
to the inferencerules givenin Fig. 6. We require that all I-tags occurring in Dt belongto
IT+ and that all U-tags occurring in Dt belongto UT+.

In Fig. 6, A rangesover type environments whose bindings [z 7! u] map variables to
union types. The inference rules involve type judgementsof the form A ° e : u, which
indicates that expressione has union type u in type ervironment A. All the type rules are
\purely structural” in the sensethat there is exactly onerule matching eat syntactic form
in L, and it is de ned in terms of type judgemerts on immediate subforms of the form. In
particular, there is not a separate\subsumption rule" for subtyping. Instead, all subtyping
relations have been\inlined" into the structural rules. This inlining simpli es the type/°ow
correspondence. Note that the typing of an expressionue' does not depend on |, which
may therefore be omitted.

The rules for intermediate con gurations employ a predicate se ./ A, pronounced\ se
is consistent with A", that is de ned as follows:

se./ Ai®8z2 dom(se):2 " se(z) : A(z2):

The use of the empty type ervironment within the de nition of ./ is sensible becausea
well-formed semariic ervironment se is closed. Becausewell-formed bind expressionsare
closed, the type environment A° usedto analyzethe e componert dependsonly on se and
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is independent of the type environment A usedin the conclusionof the [bind] rule. Similar
commendshold in the [clos]rule.

The rules for function abstraction and function application are both instrumented with
a \witness" that enablesreconstructing the justi cation for applying the rule. In the ap-
plication rule [app]‘”@, the type of the operator e; is a (possibly empty) union type u;,
all of whosecomponerts have the expected function type u, ! u, but whosecomponerts'
I-tagsets may di®er. The app-witness w@ is a function that maps ead g in dom(u;) to an
I-tagset that is appropriate for a particular instantiation of the application rule. Note that
the app-witness in one instantiation of the application rule is independert of those chosen
at any other instantiations of the application rule { a fact which is later critical for encad-
ing polyvariant °ow analysesin TS. Intuitiv ely, ead instantiation of the application rule
represers one of the possibly many contexts in which a polyvariant function is analyzed.

In the abstraction rule [fun]”" , the function typesresulting from analyzing the function
body in seweral di®erert environments (intuitiv ely, one per abstract application context) are
combined into an intersection type t. This is wrapped into a union type with an arbitrary
U-tag g, which provides a way of keepingtrack of the origin of a function type (cf. Sects.1
and 5). Accordingly, the fun-witness w- of the abstraction rule is the pair (q: t).

Remark 3.5. In [fun]¥", note that K may be empty, in which casethe function body is
not analyzed. This is an unusual feature of our type system that distinguishes it from
most standard type systemsfor function-oriented languages. In typical type systems, a
type derivation for an expressionmust include type derivations for all subexpressions. In
our system, a function that is never applied (i.e., one which is \dead code") neednot have
a body that is well-typed. This allows °exibilit y for encading in TS a wider range of °ow
analyses(many of which do not analyzedeadcode) than would be possibleif type derivations
were required for all function bodies. In the terminology of P&P, we let “ows\haveit their
way". In cortrast, P&P have chosento let types\have it their way". They require that
there is at leastonetype derivation for every function body, and consequetly only consider
°ow analysesthat analyzethe bodies of every abstract closure. O

Example 3.6. For the program P,.; from Ex. 2.1\ywe can construct the typing T,.; shown
in Fig. 7. Note that uy- yu?, and that uxg- ¢ (f2g:ul! u9) sothat fg 7! f2gg is
indeed an app-witness for the inferenceat the top left of D 4. O

Example 3.7. For the program P,., from Ex. 2.2, we can construct the typing T,., shown
in Fig. 8. The derivation D, , in Fig. 8 demonstratesthat we have the judgemerts

ii ¢ ¢ W Y
2> Sgsuce® ' G @gt @05 ¢ (g (fXQiUx! Unifygiuy! Uind))
and i ¢ i ¢
2" if0 e then *, 8xix” else ', 2y: 11z:210° : uy,
which form a valid set of premisesfor [app]‘c g™ x¥eg since
\Y, Y
(fxg:ux! une;fygiuy! Unt)- ¢ (FX;yg:Uxy ! Uint).

Note that the typesare all "nite, that uy - , uf, and that for all g2 dom(uyy) it holds that
either U,y :q= Ux:Qq Or Uy :q= Uy:d.

This example alsoillustrates that the I-tags of a function readcing a call site need not
maich the sinkalabel at that call site. For example, the app-witness at application site 0
is qg 7! fx;yg andthe appwitness at application site 2 within D g, is fqgx 7! f3gg. The

app-witness e®ectiely allows ead copy of an application term in a derivation to have its
own abstract sink labelsthat are independert of those from any other copy. O

3.4 Semantic soundness

The type systemin Fig. 6 satis es a subject reduction property, proved in Appendix A,
which on top-level reads: If 2~ E ) E%and2 ° E : uthenalso2 E9: u:
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To2q = P21 T1,,;UTr,,;Dr,,i, Where:

Pa1= % ¢ @ g4¢@ 05¢¢@) ' 8X3X7¢
ITt,, = @J; 1,29
UTr,, = O Og
Drt,, isthe type derivation tree:

S P 53 ¢ [app] %™ 99
20 g @yt @0 @ ,°xx" : Upng

D 4 is the type derivation tree:
N 3 . N 4 . ,0
Ag 071 Uk 3Ag 49 -Oux [app] 7! 208 ]
Ag  0°@Q" Uy . Ag O
N A
Ay g°@g" @O0 : upn

o
2 bg g @gt @0 : uyg

2 fapp o7 169

[fun](9g-te)

D x is the type derivation tree:

~ 7 0~ 7 .,,0
Ax X" T Unt Ap 0 X' Dug [fun](QXitx)

2> By oy

o WV
Uy = (G (F1g:Uine ! Uint))
tx = \N(flg:uint ! Uint;fzg:ug! ug)
Ux = /(G I ty)
tg = W(FOg:ux! Uint)
Ug = (G tg)
A = [x 7' uY]
Ax = [X 7! Uint]
Ag = [97! uy

Figure 7: A typing T+, for the program Py.; from Ex. 2.1.

Theorem 3.8. Supmsethat with se ./ A it holdsthatse ™ e) e%andA * e: u. Then
A e O

As a consequence)w ell-typed programs do not go wrong" as the following argument
sketch demonstrates. For assume(in order to arrive at a cortradiction) that 2 ° P : u and
that 2 ° P ) E, whereE is\stuck" in that E is not a value and yet for no E°it holds
that 2> E ) EC By (repeated applications of) Theorem 3.8 we infer that 2 ° E : u. A
caseanalysisrevealsthat within an \evaluation context" of E there exists an expressione

that is of the form eitt;er 5

0 . . 0 .
c@svorsucc close' fnin se orif0 ' close! fnin se then e; else e;.

Since E cortains e at an evaluation context, also e is typeable (that is, there exists A and
u®such that A ~ e : u9. But this is clearly impossible/, and as desiredwe have arrived at
a cortradiction.

7Supposethat say c@ sv is typeable, with the left premise taking the form A ~ ¢ : u. The side condition
for [con] tells us that g, 2 dom(u), but this con’icts with the side condition for [app].
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To2 = WP22;IT1,,;UTr,,;D1,,i, Where:

P2 = e g @er

= .. ¢ ¢
e g = ,°gssucct ! 93 @9t @ 05i ¢
er = if0 e then  8x:x’ else | 1?y: 11z:710
Tr,, = BL23X Y%
UTr,, = G6 GGG
Drt,, isthe type derivation tree:
D, Ix D, Oy [fun](qg:tg)
2 g U if fag71f xiyag
P ) [app] "™ ™
e g@er : Ut
D 4 is the type derivation tree:
¢¢¢(Ex: 3:6) ¢$¢ [app] &7 199
7' wl” '@¢" @0 : upn
7' ud " succ®  @F@g* @0 : upn
D g, isthe type derivation tree:

NP g0
O7'u] " o :u [g7'uy] " g :uy [app] 7! 399

07wl @g*:u, _ . 07 uy] " 0 Uint
(97! uy] Iga__@z 94“’@1"‘05 - Uint
[g7' uy] ° succ® TP @gt @0 : U

[app}‘ gqz7'f 1gg

Dj is the type derivation tree:
V7' Wiz 7! Uine] © 2

Hint [fun](9z:t2)

COO(Ex: 3:6) ¢0¢ 7hul Mziz1% s
% ) [fun](ax:tx) Ly i . z [fun](@-ty)
2> By ;o 2> 12y U7:710 0y,
. o . i
2 if0 9 e then ', Bx:x else ', 2y: Mz:7107 : y

W Vv
W% Dy (FXgux ! Uing;fygiuy ! Uing))

ug = vk (f1g:Uint ! Uint))

tx = WAF1g:Uint ! Uini;T29: ud! ud)
Ux = V(Qx Ty)

t; = \N(f 19: Uint ! Uint)

Uz = W% * {)

W= ylg: 0)

ty = W(f3g:u§3! uz)

Uy = W(qy Tty)
Uy = (G ity ity)

Figure 8: Typing the program P,., from Example 2.2.

3.5 Embedding the Amadio & Cardelli Type System

In this section we investigate the relationship to the Amadio & Cardelli (AC) type system
[AC93]. We show (Prop. 3.10) that AC can be embeddedinto the Mono part of our system,
where a typing T belongsto Mono if it

1. is monovariant, that is IT 1 is a singleton f2g
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val®® Bz :s if B(z)- A s
B[f 7! so][x 7! s1] ~ e: s
[fun]*® [ ‘0][ Il] 2 ifsi! s-ACspands;! s AC s
B if:'xe:s
[app]AC B e :s1 B e&:s
B e@e :s

ifs;- ACs,1 s

Figure 9: The Amadio & Cardelli type system, adapted to a core subsetof L.

2. analyzesall code, that is all I-tagsets are non-empty.
. . \ :
In Mono, all intersection typesare thus of the form  (f2g :u; ! uy) which we for the sake

of brevity shall write asu; ! us.

Remark 3.9. The embedding proved directly in this section corresponds nicely to results
proved later, sinceinformally we can reasonas follows: given a program P acceptedby the
Amadio & Cardelli type system, we know from [PO95] that P is also acceptedby a 0-CFA
that (i) has safety cheds, and (i) analyzesall subexpressions. The translation in Sec.6
then shows that P canindeed be typedin Mono. O

We now brie°y describe the AC type system. An AC type s2 S is a regular (potentially
in nite) tree where eact node is labelled by either

2 int

where the “rst three constructors are nullary, and the last oneis binary. (One can think of
? asthe empty union, and of > asa very big union.)
AC typescan be equipped® with a partial order - AC with the following properties:

2 8528S:?./Cg
2 852 8S:s-AC>
2 851;52;57;832S: 51! s A€ 81 S i®SY- A€ s; and sy - AC S

2 881;5,2S: 51! spandint areincompatible wrt. - AC |

For the sake of brevity, we shall only considervariables, function abstractions, and func-
tion applications (but the other constructs poseno additional problems). The corresponding
inferencerules for the AC type systemare depicted in Fig. 9.

Prop osition 3.10. Suppmsethat we havea typing for P in AC. Then we can construct a
Mono typing T for P. O

The basic idea of our construction is to de ne UTt asthe least set containing int as
well as all arrow types occurring (possibly deeply nested) within the AC typing. As AC
typesare regular, UT 1 is a nite set. Then we can de ne a function

TAC: S UnionT ype

8We shall be quite informal when it comesto reasoning about this ordering relation, but asin [KPS95]
a rigorous treatment is possible, for instance using the technique of Sec. 3.2.
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employing an auxiliary function T{*°: UTt ! Elemen taryT yp e by stipulating
- © a
TAC(s) = 2 T (sDgwhereS= %2 UTjs?- A€ s
s%2s
int
TAC(s1) ! TAC(s2)

TOAC (int )
ToAC (s1! s2)

It is easyto seethat for all s this uniquely denes a tree TA€ (s), which moreover is
regular and thus a type. Identifying int with gn¢, we have

W
TAC (int )= (int :int ) = Ujnt.

Moreover, TAC has been designedso as to be a monotone function: if s;- A¢ s, then
for all g2 dom(T A€ (s;)) we have g- A€ s; - A€ s, s0g2 dom(TAC (s,)) with TAC (s;):q=
TAC () = TAC (s2):q and therefore TAC (s;) -  TAC (s2). Also T#C is monotone.

From the AC typing we now obtain a derivation Dt by replacing all judgemerts B °
e:sbhy

TAC(B) * e: TAC(9)

where TAC extends pointwise to environments.
Prop. 3.10 now follows from the following Lemma, proved in App. A:

Lemma 3.11. The tuple hP;f2g ;UT1;D+i, as de ned alove, is a typing for P. O

For the opposite direction, it is probably possibleto translate a typing in Mono into a
typing in AC, for example by stipulating

Tac O fgitig) = tiz T (4)
i21
TS (int) = int
Tag (Ur ! uz) Tac (U1) ' Tac (u2)

where we employ that any nite set of AC types has a least upper bound (as well as a
greatestlower bound). But we have not beenable to convince ourselvesthat Tac (u) is in
generala regular tree.

3.6 Auxiliary Concepts

Addresses. In atyping T for P, for eac ein SubExpr, there may be seweral judgemerts
for ein D1, due to the multiple analysesperformed by [fun]. We assignto ead judgemert
J for ein Dt an environment ke (its address) that for all applications of [fun] in the path
from the root of Dt to J assaiatesthe bound variables with the branch taken.

Example 3.12. In D, (Fig. 7), the judgemert Ay = x’ : uin has address[x 7! 1] and
the judgemert A9 * x’ : u? hasaddress[x 7! 2]. O

To be more formal: the root of a derivation Dt has address?; if A ~ f : 'x:e : u has
addresske then the premiseindexed by k has addresske[f ; x 7! k]; and if J hasaddresske
and is derived by something elsethan [fun] then all its premiseshave addresske.

Uniformit y. The translation in Sect.5 requiresthat a typing must be uniform, i.e., the
following partial function At must bewell-de ned: At (z;k) = ui® Dt contains ajudgemert
of the form A ° e : u®with addresske, whereke(z) = k and A(z) = u.

Example 3.13. For T,.; we have, e.g.,At,., (X; 1) = Ujnt and A, (x;2) = ul. O
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4 The Flow System

Our systemfor °ow analysishasthe form of a °ow logic, in the style of N&N. A °ow analysis
F for program P is a tuple hP; Memg ; G- ; % ; ©¢ i, where P is the program of interest and
where the other componerts are explained below (together with some auxiliary concepts
derivable from P and Memg).

Polyvariance is modeled by mementaes where a memerto (m 2 Memg) represerns a
context for analyzing the body of a function. We shall assumethat Memg is non-empty
and nite ; then all other ertities occurring in F will also be nite. Each expressione
is analyzed wrt. seweral di®erert memerto ervironments, where the ertries of a memerto
ervironment (me 2 MemEnvg ) take the form [z 7! m] with m in Memg. Accordingly, a
°ow con guration (2 FlowConf) is a pair (e;me) (e 2 LabExps(P) and me 2 MemEnvg),
where FV¢(e) p dom(me).

The goal of the °ow analysisis to ass@iate a set of “ow valuesto ead con guration,
where a °ow value (v 2 FlowValg) is either an integer Int or of the form (ac; M ), where ac
(2 AbsClos:) is an abstract closure of the form (fn; me) with fn 2 Funsg(P) and FV¢(fn) p
dom(me), and where M p Memg. The M componert can be thought of as a superset of
the \sinks" of the abstract closureac, i.e., the contexts in which it is going to be applied.

In the designof °ow valueswe deviate from N&N in two respects: (i) we do not include
the memerto that corresponds to the point of de nition (as this is not relevant for our
purposes);(ii) we do include the mementoes of use (the M componert), in order to get a
°ow systemthat (as shown in Sect. 7) is almost isomorphic to the type system of Sect. 3.
This extension doesnot make it harder to analyze an expression,since one might just let
M = Memg ewverywhere.

A °ow setV (2 FlowSetr) is a set of °ow values, with the property that if (ac;M1)2V
and (ac;M;) 2V then M;= M,. We de ne an ordering on FlowSet= by stipulating that
Vi- v V2 i® for all vi 2 V; there exists vy 2 V, such that v; - Vo, where the ordering
-y on FlowValg is de ned by stipulating that Int-  Int and that (ac;M1) - , (ac; M) i®
M, p Mi. Note that if Vi v Vo then V, is obtained from V; by adding some\sources"”
and removing some\sinks" (in a sensemoving alonga\°o0 w path" from a sourceto a sink),
soin that respect the ordering is similar to the (shallow) type ordering in [WDMT97a]. It
is easyto seethat - vy is re°exive and transitiv e, and that it makesFlowSet- a complete
lattice. Notethat Int2 uY,,V; i®foralli 2 | it holdsthat Int 2 | ; and that (ac;M)2 u),, Vi
i® for all i 2 1 there exists M; sud that (ac;M;)2V; with M =12, M;. In particular, if
v2 uiV2I V; then for all i 2 | there existsv; 2V, with v- y v;.

The function 2, erasesthe M component from °ow valuessoasto produce unannotated
°ow values where an unannotated °ow value (uv 2 UnAnnFlowValg) is either an integer
Int or an abstract closure;similarly the function |, produces®ow valuesfrom unannotated
°ow values by annotating all abstract closureswith Memg. That is, 2,(Int) = Int and
2,((ac;M)) = ac and 1, (Int) = Int and ¥, (ac) = (ac; Memg); note that for all uv it holds
that 2, (Y, (uv)) = uv. The functions 2, and |, are trivially lifted to functions 2, and 9y
betweenFlowSet- and P(UnAnnFlowValg). Note that if V; - v V, then 2y (V1) U 2y (V).

©f is a partial mapping from (Labs.(P) £ MemEnvg) £ AbsClos to P(Memg). Intu-
itiv ely, if the abstract closureac in the context me is applied to an expressionwith label I,
then ©k ((1; me); ac) denotesthe actual sinks of ac.

G isamapping from Labs.(P)£ MemEnvg to (FlowSetr ), . Intuitiv ely, if G (I; me) = V
(6 ?) and G isvalid (de ned below) for the °ow con guration (ue'; me) then all valuesthat
ue' may evaluate to in a semartic environment approximated by me can be approximated
by the setV. Similarly, % (z; m) approximates the set of valuesto which z may be bound
when analyzedin memerto m.

Unlike N&N, we distinguish between C: (I; me) being the empty set and being ?. The
latter meansthat no °ow con guration (ue';me) is \reachable", and so there is no needto
analyzeit. The relation - v on FlowSets is lifted to arelation - v on FlowSetr , ; note that
? - v ; istrue whereas; -y ? isfalse. FlowSet , is a complete lattice, and u}’2| Vi=7?
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i® there existsani 2 | such that V; = ?. Also the predicate 2 can be lifted® in the natural
way, sothat, e.g.,v 62? is considereda true statemert.

Example 4.1. For the program P,.; from Ex. 2.1, a °ow analysis Fz.; with Memg, , =
f0; 1; 2g is given belon. We have named someertities (note that vy -  V9):

meg=[g7!' O] acg= (, g:¢¢¢2) vy= (acy;fOg)

me =[x 7! 1] ack= (, x:x’;2)  v0= (acy;f1lg)

mey, = [X 7! 2] vy = (ack; f1;29)
G-,, and ¥, , are given by the ertries below (all other are ?):
© a
Vg = Q:2:1(6; 2)
fintg = %,,(x1) = G, (Tme) = G, (5imeg) = G, (Limeg) = G, (0:2)

ngg = 1/32:1 (X, 2) = Q:Z::L (7’ meXZ) = QZZ::L (4’ meg) = q:2:1(2; meg)
fog = 1/32:1 (g, 0) = CF2:1 (3; meg) = Q:2:1(8; 2)

i ¢
Thus' g° @ g* @ 0°isanalyzedwith gbound to 0, and x’ is analyzedtwice: with x bound
to 1 and with x bound to 2. Accordingly, ©¢, , is given by

©r,., ((8;2);acy) = 00, ©F,, ((5;meg); acy) = flg, OF,,((4; megy);acy) = f2g.

O

Example 4.2. For the program P2, from Ex. 2.2, a “ow analysis F2., with Memg, , =
f1;2;3;x;yg is given below. We have named someertities:

megx = [0 7! X] acg = (, g:¢¢¢2) Vg = (acy; fx;yg)
megy = [97!Y] V0 = (acy;f1g)
mey; = [x 7! 1] acy = (, x:x’;2) vy = (acy; f1;29)
me, = [x 7! 2] vy = (acy;;)
mey = [y 7! 3] acy, = (,y:, 11z:21%2) v, = (acy;f30)

me, = [y7! 3;z7'1] ac, = (,z:z%mey) v, = (ac,;f1lg)
G-,., and ¥,., are given by the entries below (all other are ?):
© a
Vg = CFz:z(G;Z)

fintg = Y%,,(X1)=%,,(z;1) = G,,(7;mex1) = G, (10; me;)
= G, (5:meg) = G, (5;megy) = G, (1;meg) = G, , (1; megy)
= G, (13 meg) = G, (13;megy) = G,,(0;2)
Vg = %,,062) = G,,(7;mee) = G, (4;meg) = G, (2; megy)
fug = Y. (%) = G, (3imeg) = G, (8:2)
vy = Yy, (Y:3) = Gry, (4, meyy)

© 72
vy = %,,(0y) = G, (38 mey) = G, (12;2)
© fVZQ = Gy,(2imey) = G, , (11, mey)
Vi Vy = CFz:z(g;z)

i ¢
We seethat Ig3 @ g* @ 0° is analyzedtwice: with g bound to x, and with g bound to y.
And in fact, ©g, , is given by

©r,,((9;2);ace) = fx;yg
©r,., ((5;meg); acx) = f1g, ©F,,((5; megy); ac,) = fig
©r,, ((4; meg); acx) = 29, ©r, ,((4;meyy); acy) = f3g

O

9We do not apply similar conventions for partial functions: for say © ((I2; me);ac) p M to be true, the
left hand side must be de ned.
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var] FE™ Z'i®? 6 % (z;me(z)) - v G (I;me)
[fun] F E™ 1f : 'x:eq i®f ((f : . x:e0; me);Meme)g- v G (I;me)

[apd F E™ uell @ ue? i®
G(;me)6 ? andF ™M ue'l1 andF Fme ue'22 and
8(aco; Mo) 2 G (I1;me)
let M = ©¢ ((I2; me); acg) and (M :.x: ue'OO; meg) = acy in
M U Mgand8v2 G (l;;me):9m 2 M:fvg- v % (x; m) and
8m 2 M: F g meolf x7!m] ue'o0 and
G- (lo;meg[f ;x 78 m]) - v G (I;me) and
Y% (x; m) 6 ? andf(aco; Memg)g- v Y& (f;m)

[con] FE™ ¢ i®Int2 G (I;me)
[sud F E™ succ' e, i®F E™ e, and Int 2 G- (I; me)

[if] F E™ if0 ! e then uell else ue? i®
FFE™ eandF me ue'l1 andF Fme ue'22 and
G- (I1;me) - v G (I; me) and G (I2;me) - v G- (I; me)

bindf F E™ bind' sein ue}l i®
1
9me; with se R me:
F gme1 ue'll and G (I1;mey) - v G= (I; me)

[clog F E™ close! fnin sei®
9mey with se Rg meg: f((fn; meg); Meme)g- v G- (I; me)

Figure 10: The °ow logic

4.1 Validit y

Of course, not all °ow analysesgive a correct description of the program being analyzed.
To formulate a notion of validity, we de ne a predicate F ™ e (to be read: F analyzes
e correctly wrt. the memerto ervironment me), with (e;me) 2 FlowConfg. The predicate
must satisfy the speci cation in Fig. 10, where the clausefor intermediate con gurations
employs a predicate Rg that is de ned mutually recursively with another predicate Vg :

seRg me i® 8z2 dom(se): s&(z) VE % (z; me(z))
cVEV i® Int2V

(close fnin se) Ve V. i® 9me with seRg me: f((fn;me); Memg)g- v V

The speci cation in Fig. 10 givesrise to a monotone functional G- on the complete
lattice P(FlowConf); following the convincing argumert of N&N, we de'ne F ™ e as
the greatest "xed point of this functional soasto be able to cope with recursive functions.

Concerning the rule [fun], we deviate from N&N by recording me, rather than the re-
striction of me to FV (i :,x:ep). As in P&P, this facilitates the translations to and from
types.

Concerning the rule [app], the set M correspondsto P&P's notion of cover, which in
turn is neededto model the \cartesian product" algorithm of [Age95. In N&N's framework,
M is always a singleton fmg; in that casethe condition \8v 2 G- (I;; me): ::: " amounts
to the simpler \ G (I2; me) - v % (x; m)". On the other hand, unlike N&N we do not give
freedomto introduce new memertoeselsewhere.

In examplesinvolving non-recursive functions of the form x:e, this being a shorthand
for if :,x:e wheref doesnot occurin e, we shall not bother about the set % (f ;m) and in
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particular implicitly discard the last clausein the rule [app].

Note that even if e is a subexpressionof a program P with F £* P then it is not
necessarilythe casethat F ™ e for someme; this might happenif e is \dead code". But
keepin mind that we work under a \closed world" assumption: if P = x:e then e is dead
code!

By structural induction in ue' we seethat if F ™ ue' then G- (I;me) 6 2. We would
also like the converseimplication to hold:

De nition  4.3. Let a °ow analysisF for P be given. We say that F is valid i® (i) F F~
P; (i) whenewr e= ue' 2 SubExpr, with (e;me)2 FlowConf- and G-(I;me) 6 ? then
FE™e 0

4.2 Semantic Soundness.

Our °ow logic satis es a subject reduction property, proved in Appendix B.1 using tech-
niquesasin N&N, which for closedE reads:if 2 E ) ECandF F°E thenF F° E®

Theorem 4.4. Supmsethat with seRr me it holdsthat se * e) €’andF ™ e. Then
FEM el O

As a consequencewe seethat a °ow analysis F indeed is a \closure analysis™: if
se Re meandse ~ ue' ) ® i :'xe and F ™ ue' then ((}f :x:eo;me);M)2
G- (I; me) for someM . For by (repeated applications of) Theorem 4.4 we infer F ™€
i : Ix:ep, that is f((*f : x:eo;me);Meme)g- v G- (I;me). Note that this result hingeson
the fact that se ° ue'll ) ue'22 implies 11 = I, (unlike what is the casein P&P).

Sofar, evenfor badly behaved programslike P = 7@9 it is possible(just asin N&N) to
‘nd aF for P such that F isvalid. Sinceour type systemrejects such programs, we would
liketo Tter them out (in this respect \letting typeshaveit their way"):

De nition 4.5. Let a °ow analysis F for P be given. We say that F is safei® for all
ue' in SubExpr, and for all me it holds: (i) if ue= ue'll @e; then Int 2 G- (I1; me); (i) if
ue= succ ue'l1 then v 2 G- (I1; me) implies v = Int; (i) if ue=if0 ue{)O then e; else e
then v 2 G- (lo; me) implies v = Int. O

Example 4.6. Referring back to Examples4.1and 4.2, it clearly holds that F,.; is safeand
F».» is safe,and it is easy(though a little cumbersome)to verify that F,.; is valid and Fz.,
is valid. O

4.3 Taxonomy of Flow Analyses

Two common categoriesof °ow analysesare the \call-string based" (e.g., [Shi91]) and the
\argument-based" (e.g., [Sch95, Age9]). Below we shall seethat our descriptive framework
can model both approadches(which can be \mixed", asin [NN99]).

A °ow analysis F for P such that F is valid is in CallString®, where ~ is a mapping
from Labs(P) £ MemEnve into Memg, i® whenewer ©g ((I2; me);ac) is de ned it equals
f7(I;me)g where | is such that® e; @ ue}2 2 SubExpr,. All k-CFA analysest into this
category: for 0-CFA we take Memg = f2g and ~ (I; me) = 2; for 1-CFA we take Memg =
Labs.(P) and ~(I;me) = I; and for 2-CFA (the generalizationto k > 2 is immediate) we
take Memg = Labs(P) [ (Labs(P) £ Labs.(P)) and de ne ~(I; me) as follows: let it be |
if me=2, and let it be (I;1;) if me takesthe form me9z 7! m] with m either I or (I1;15).

Example 4.7. The °ow analysis F,.1 is a 1-CFA, whereasthe °ow analysis ., is not in
CallString ?22 for any ~ (since ©k,., in one casereturns a doubleton). O

101t is tempting to write \© ¢ ((1; me); aco)" in Fig. 10 (thus replacing I» by |), but then subject reduction
for “ows would not hold.
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A °ow analysisF for P sud that F is valid is in ArgBaseig, where® is a total mapping
from Memg into P(UnAnnFlowValg), i® for all , -bound variables x and memenoesm it
holds that whenewer Y& (x; m) 6 ? then 2y (% (x; m)) = ®&m). For this kind of analysis, a
memerto m essetially denotesa set of unannotated °ow values. We may impose further
demandson ® so asto more precisely capture speci ¢ brands of argument-based analyses,
such as[Age9] or the type-directed approach of [JWW97]; below we shall treat two inter-
esting subcategories: if ®m1) and ®&m,) are disjoint whenewer m; 6 my we write Disj g;
and if ® satis es that ead elemert in UnAnnFlowValg occursin at least one ®m) we write
Coverp.

Example 4.8. The °ow analysis F,.1 is in ArgBasedg“, with ®&0) = ®&2) = fackg and
®(1) = gntg The *ow analysisF,:; isin ArgBase:I(';“, with ®&x) = ®&2) = fackg and &y) =
®@3)= ac, and®(1)= fintg.

Note that by appropriate renaming (collapsing) of memertoes, both °ow analysescan
be converted soasto 't into a classArgBasalg with Disj . O

4.4 Existence of Least Analyses

Givenaprogram P, it turns out that for all ~ the classCallString ¥, and for certain kinds of ®

alsothe cIassArgBasedg, contains a least (i.e., most precise)°ow analysis;herethe ordering
on °ow analysesis de ned pointwise!! on G-, % and ©. This is much asin N&N where
for all total and deterministic \instan tiators" the corresponding classof analysescontains a
least elemert, somethingwe cannot hope for sincewe allow © to return a non-singleton*?,

Theorem 4.9. For all P and ~ the class CallString® contains a least “ow analysis; and

for all P and ® with Disj  the cIassArgBaseig contains a least °ow analysis providdl it is
not empty|la suzxcient condition for which is that Coverg. O

Proof. The theoremis animmediate consequencef LemmasB.5 and B.6, stated and proved
in Appendix B.2. O

4.5 Encoding the P&P Framew ork

Our °ow system was developed along the lines of N&N, generalizing somefeatures (while
omitting other). That the resulting framework hassubstartial descriptive power is indicated
by the fact that the framework of P&P, designedsoasto model seweral existing °ow analyses,
can be encaded into our framework|ev en though on the surfaceit is quite di®erert from
ours.

A P&P analysis of a program P is a set R of triples of the form (%2g;s) with 2
FlowEnv(P) and e an expressior2 LabExps,(P) and s2 P(Val(P)). Here FlowEnv(P) and
Val(P) are recursively de ned (note that valuesmay be in nite structures):

2 avalue a2 Val(P) is either Int or a pair (,x:e; Y3 with ¥2 FlowEnv(P);
2 an environment ¥2 FlowEnv(P) has ertries of the form [x 7! s] with s2 P(Val(P)).

As in P&P we say that an analysis of P is an F-analysis if (i) it satis es certain criteria,
listed in Fig. 11, ensuringthat \the analysisgivesa correct description of P"; and (ii) there
exists s suc that (% P;s) 2 R.

As valuesin P&P may be in nite whereasin our framework all °ow values are nite
structures, it seemshard to embed the former into the latter. This is when the \ nitary"
condition, which by the way is necessaryfor P&P's translation into types,comesto rescue:

11 Unlik e [JWW97 ], we do not compare analyseswith di®erent setsof mementoes: if F1 and F» are two *ow
analyses for P we stipulate that Fi- g F2 holds i® (i) Memg, = Memg,; (i) G-, (l;me)- v G, (I; me) for
all I and me; (i) %#,(z;m) - v %,(z;m) for all z and m; (iv) ©f, ((I; me); ac) p O, ((I; me); ac) whenever
the left hand side is de ned.

12The \culprit* is the condition for [app] \8v 2 G (I2;me):9m 2 M:fvg- v ¥ (x; m)".
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(¥2x':s) 2 R implies %x) 4 s
(¥%; 'x:e;8) 2 R implies (,x:e; A2's

(Y221 @ €2;5) 2 R implies 9s3; Sp:
(Y2e1;51) 2 R and (Y22;82) 2 R and
8(.x:e; ¥A) 2 s1:9C:
s; [ C and
8s%2 C:9s®
(Ax 7' sY; ;89 2R and sPu s

(¥2c';s) 2 R implies Int 2 s
(Yssucc' er;s) 2 R implies Int 2 s and 9s;:
(Y2e1;81) 2R

(%if0 ! ey then e; else e,;s) 2 R implies 9sp;s1; Sy:
sshsands;p sandfori= 0;1;2: (Y25;s)2R

Figure 11: Speci cation of an F-analysis.

De nition  4.10. Let R beaP&P analysis. We say that R is nitary if there existsa nite
set Valy, of (possibly in nite) °ow values such that all values occurring (possibly deeply
nested)in R are members of Val . To be more precise: with FlowEnv+, the environments
in FlowEnv(P) where all entries are of the form [x 7! s] with s2 P(Val+, ), it must hold
that

2 if a2 Valy, then ais either Int or a pair (,x:e; Y3 with ¥2 FlowEnv+, ;
2 ead element in R takesthe form (%2g;s) with ¥2 FlowEnvy, and s2 P(Valy ).
O

Additionally , it seemsthat we must also assumethat R has the following deterministic
cacheproperty: there exists a function Cachg sud that in the casefor application in Fig. 11
we can choosethe \cache" C to be Cachg ((e1 @ e; ¥; (,x:e ;) (that is, C doesnot depend
ons, si, Or Sp).

Prop osition 4.11. Suppsethat R is a nitary F-analysis for P that hasthe deterministic
cache property. Then we can from R construct a °ow analysis F such that F is valid.
Moreover, F belongsto ArgBaseI('; for some®. O

The basicidea of our construction is|with  Val+, and FlowEnvy, asin De nition 4.10|
to de ne Memg asa set of the samesizeof P(Valy, ). Let ° be a bijection betweenP(Val+, )
and Memg ; this mapping in the obvious way induces a bijection °ne from FlowEnvy to
MemEnvg . We next extend ° e to a mapping °y from Valy, to FlowValg:

°v(Int) Int
v((xe; ) = ((.x:€ “me(¥3);Memg)

And in the obvious way we extend °, to a mapping °y from P(Valy ) to FlowSetr.
We now de ne G- and ¥, by stipulating

Ye (x;m)=°y (°1 H(m))
and for ue' 2 SubExpr, stipulating

© a
G (I;me)=let S= sj(°j.2(me);ue';s) 2 R
in if S=; then ? else®y(\ S)
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Wede ne ©¢ usingCachg (cf. above): if Cachg ((e1 @ ue'zz;l/a; (,x:e ;%) = C then ©¢ ((I2; ° me (A); (,X:€; °me (D)) =
fe(s)js2 Cg.
This completesthe de nition of a °ow analysis F. Proposition 4.11 now follows from
the following lemma, provedin Appendix B.3, together with the obsenation that F belongs
to ArgBaself, with ®&m) = 2y (°y (°1 1(m))).

Lemma 4.12. Let a °ow analysis F be de ned as atove. Then F is valid. O

The framework of P&P can model 0-CFA, by requiring every cache C to be a singleton
and to depend only on the function body. Such an analysisis by the construction depicted
abovetranslated into a °ow analysiswhere©¢ ((1; me); (,x:e; mep)) is a singleton depending
on x:e only. Sofor eat z there existsonly onem such that ¥ (z; m) is of interest. Therefore
one might collapseall memertoesinto a single memerto, corresponding to the way 0-CFA
is modeled in our framework (cf. Sect. 4.3).

One can also go the other direction, and convert an argument-kased °ow analysisinto a
Tnitary F-analysis:

Prop osition 4.13. Supmsethat F is a °ow analysis for P suchthat F is valid, and that
F2 ArgBaseig. Then we can from F construct a nitary F-analysis for P. O

The ideais to use® Memg! P(UnAnnFlowValp) to write mutually recursive functions
*me: MemEnve! FlowEnv(P)
v UnAnnFlowValg! Val(P)
+: FlowSetz! P(Val(P))
as follows:
1y (uv) juv 2 ®&me(x))g
Int

*me (Me)(X)

Hyy (Int)

Hv ((,x:e; me)) (,x:€; #me (Me))
Hy (V)

This is clearly well-de ned (but the output may cortain in nite structures). Note that
is monotonic: if Vp - v Vo then 4, (V1) P 2y (V2). We then stipulate

fuy (uv) juv 2 2y (V)g

a

©
R= (#me(me);e;+/ (G (I;me)))je = ue 2 SubExpr, andF F™ e .

which is well-de ned (as G=(I;me) 6 ? if F E™¢ e) and clearly nitary .
Proposition 4.13 now follows from the following lemma, proved in Appendix B.3.

Lemma 4.14. Let R be de ned as alove. Then R is an F-analysis. O

The relationship betweenthe two translations preseried in this section, such aswhether
the roundtrips might be the identity, is left for future work.

4.6 Reachabilit y

For a °ow analysis F, someertries may be garbage. To seean example of this, suppose
that f : x: ue' in SubExprs, and supposethat % (x;m) = ? for all m 2 Memg. From
this we infer that the above function is never called, so for all me the value of C- (I; me) is
uninteresting. It may therefore be replaced by ?, something which is in fact achieved by
the roundtrip described in Sect. 7.1.

Toformalize a notion of reachability weintro ducea setReachf that is intendedto encom-

pass® all entries of G- and % that are\reachable" from the root of P. Let Analyze$ (o o x ue'oo; me)

B3This is somewhat similar to the reachabilit y predicate of [GNN97].
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n

beashorthand for G- (Io; me[f;x 7! m]) 6 ? and% (x; m) 6 ? and ((f : x: ue'oo;me);MemF)

% (f;m). Wede ne Reachf, asthe least set satisfying:
[prg]  (P:2) 2 Reachf
[fun] n(1f , Ix:ue'oo; me) 2 ReachE and An%lyzeﬁ o o x ue'oo; me) )
(uego;me[f;x 7' m]); (x;m); (f;m) p ReachE
[app] (e1 @ e2;me) 2 ReachS ) f(er;me); (e;;me)g 1 Reachb
[suc] (succ' e;;me) 2 ReachS ) (e1;me) 2 Reachh

[if] (if0 ' e then e; else e;;me) 2 Reachf, )
f (ep; me); (e1;me); (e2;me)g u Reachs

Example 4.15. It is easyto verify that for ue' 2 SubEXxprp, , it holdsthat G, ., (I;me) 6 ?
i® (ue'; me) 2 Reachf2!, and that %, (z;m) 6 ? i® (z;m) 2 Reachi>* . Similarly for P
and Foo0. O

Note that if (e;me) 2 ReachE then e2 SubExpr, and (e;me) 2 FlowConfg. The fol-

lowing result, provedin Appendix B.4, shavsthat reachability implies de nednessprovided
that the °ow analysisis valid.

Lemma 4.16. Let F be a °ow analysisfor P suchthat F is valid. If (ue';me) 2 ReachE
then (i) G=(I;me) 6 ? and (ii) whenever(z 7! m) 2 me then (z;m) 2 Reachf, holds. Also,
if (z;m) 2 Reach; then % (z;m) 6 2. O

5 Translating Typesto Flows

Let a uniform typing T for a program P be given. We now demonstrate how to construct
a corresponding °ow analysis F = F(T) sud that F is valid and safe. First de he Memg
as IT 1; note that then an addresscan serve as a memerto environment. Next we de ne a
function Fy that translates from UTypy, that is the union typesthat can be built using
ITT and UTt, into FlowSet: :

w
Fr( i2|fq tig) =
f((* :,x:e; me);M)j9i 21 with M =dom(t;):
a judgemert for if :, 'x:e occursin Dt with addressme
and is justied by [fun](@ ) wheret - {t;g
[ (if 9i: sudh that g = qgnt then fintg else;)

The idea behind the translation is that Ft(u) should cortain all the closuresthat are
\sources" of elemenary typesin u; it is easyto trace suc closuresthanks to the presenceof
U-tags. The condition t - { t; is neededasa \sanity ched", quite similar to the \trimming"
performed in [Hei95|, to guard against the possibility that two unrelated ertities in Dt
incidentally have usedthe sameU-tag q. As the typesof P&P do not contain fun-witnesses,
their translation hasto rely solely on this sanity ched (at the cost of precision, cf. the
examplegivenin Sect. 1).

Example 5.1. With terminology asin Examples3.6and 4.1, it is easyto seethat Fr,., (ul) =
fvig and that Fr,., (uy) = fvyg. O

Lemma 5.2. The function Ft is monotone. O

Proof. Assumethat u- ,u® Let v2 Fr(u) be given; we must show that there exists v°2
Fr(u9 suc that v- V% First assumethat v=Int. Then ¢y 2 dom(u), So also G 2
dom(u9 implying Int 2 F (u9.
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Next assumethat v takesthe form (ac;K), with ac= (}f : x:e; me). There thus exists
g2 dom(u) such that K = dom(u:q) and suc that a judgemert for *f : x:e occursin Dy
with addressme and is derived by [fun](@!) wheret - ; u:g. Sinceu- , u®wehaveu:q-  uq,

implying

t- ;u%gand dom(u®q) p dom(u:q).
Let K %= dom(u®%g) and v°= (ac;K 9. From the above we infer the desired relations: v°2
Fr(u9 wherev- , V0 (sinceK °u K). O
Lemma 5.3. F1(uint) = fintg. O

De nition  5.4. With T atyping for P, the °ow analysisF = F (T) isgivenby hP;IT 1; G ; % ; ©Fi,
where G-, %, and © are de ned below:

G (I;me) = Fr(u) i® D7 cortains a judgemert A ° ue' : u with addressme
Ve (z;m) = Fr(u) i®u= At(z;m)
©k ((I2; me); (M :,x:eo;me%)) =M i® there exists q such that Dt cortains

a judgemert for f : x:e o at meP derived by [fun](@D),

a judgemert for e; @ue'22 at me derived by [app]N@ wherew@(g)= M.

o
Example 5.5. It is easyto ched that F,.; = F(T2:1), and that Fz.o = F(T2:2). O
Theorem 5.6. With T a uniform typing for P, for F = F(T) it holds that
2 F is valid and safe
2 (ue';me) 2 Reachf, i® G=(I;me) 6 ? (for ue2 SubExpry)
2 (z;m) 2 Reach} i® % (z;m) 6 ?
O

Proof. The result follows from LemmasC.2, C.3, C.4, C.5, and C.6 that are all established
in Appendix C. In particular, note that the proof that F is valid is by coinduction. O

6 Translating Flows to Types

Let a °ow analysisF for a program P be given, and assumethat F is valid and safe. We now
demonstrate how to construct a corresponding uniform typing T = T(F). First we de ne
ITt asMemg and UTt asAbsClos [ fgntg. Next we de ne a function Tg that translates
from FlowSet into UTypy; inspired by P&P (though the setting is somewhatdi®erert) we
stipulate:

Te (V)= szqu, : tyg where
if v=Int then g, = gt and t, = int
if v=(ac;M) with ac= (*f :x:e 0; me)
then g, SAC
andty = o ff MO Te (2 (0 m)) 1 T (G (lo; meff ;x 7! m])g
whereMy= m 2 M j Analyzes, (ac) .

The above de nition clearly for eadh V determines a unigque union type Tg (V), since
recursion is \b eneath a constructor" and since FlowSetr is "nite (ensuring regularity).
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Example 6.1. With terminology asin Examples3.6and 4.1, it is easyto see|pro vided that
0k is consideredanother namefor acy| rst  that Tg,., (fvog) = ul, and then that T,., (f vxg) =
uy sinceTg, , (fvx@):0k can be found as

AN

(f 1g . TFZ:l (1/32:1 (X' 1)) I TF2:1 (G:Z:l (7' meXl)) ) f Zg : TF2:1 (]/2:2:1 (X, 2)) | TFZ:l (&21(7’ mexz)))
n © 2 © 2
(f19: T, (FIntg) ! Ty (FINtG)i 29 Tey (W ) ! Troy (V)

= (f1g:Uint ! uine;f2g:ult ud):

Note that without the M componert in a °ow value (ac; M), vx would equal v causing
Tr,., (fvxg) to be an in nite type (asin P&P). O

Lemma 6.2. The function Tg is monotone. O
Proof. Assumethat V - v VO Let g2 dom(Tr (V)) be given; we must show that
g2 dom(Te (V9) with T (V):q- ¢ Tr (V9:a.

First assumethat q= gn¢ sothat Tg(V):g=int ; then Int2V so also Int 2 V° implying
g2 dom(Tg (V9) with T (V9:gq=int .

Next assumethat q6 gn¢; that is g= ac for someac with the property that there existsM
such that (ac;M)2 V. SinceV - v VO there existsM ®with M °u M sud that (ac;M 92 VC
showing that q2 dom(Tg (V9). For eady m2 M there exists uy, and ug, suc that

n 0
Te (V):g= szmoff mg:um ! ubgwhereMg= nm 2 M jAnaIyze§n(ac) o

\
T (V9:g= mamgff MQ: Um ! u® gwhereMf= m 2 M?j Analyzeg, (ac) .
SinceM Ju Mo, this demonstratesthe desiredrelation T¢ (V):q-  Te (V9:q. O

Lemma 6.3. Tg (fIntg) = Uijnt. O

For z and m such that (z;m) 2 ReachS, we dehe TZ(z;m) as T (% (z;m)) (by
Lemma 4.16 this is well-dehed). And for e= ue' and me such that (e;me) 2 Reachf,
we construct a judgemert T (e;me) as

TA(me) © e Te (G (I;me))

where T (me) is dened recursively by T2 (2)=2 and T2 (me[z 7! m])= T2 (me)[z 7!
TF%(Z; m)] (by Lemma 4.16 also this is well-de ned).

De nition  6.4. With F a°®ow analysisfor P, the typing T = T (F) isgivenby hP; Memg ; AbsClos: [ fqntg;Dri,
where Dt is de ned by stipulating that whenewer (e;me) is in ReachE then Dy contains
T (e;me), and that T¢ (€% me?) is a premise of T (e;me) i® (e;me) 2 Reach; is among
the immediate conditions (cf. the de nition of ReachE) for (e% meY 2 ReachE. O

Example 6.5. It is easyto ched that T,.; = T(F2:1) and that T,.2 = T (F2:2), modulo re-
naming of the U-tags. O

Clearly Dt is a tree-formed derivation, and T¢ (e;me) has addressme in Dt. We must
of coursealso prove that all judgemerts in Dt are in fact derivable from their premises
using the inferencerules in Fig. 6. This is the core of the following theorem, proved in
Appendix D.

Theorem 6.6. If F is valid and safethen T = T (F) as constructed by De nition 6.4 is a
typing for P. The derivation Dt hasthe following properties:

2 if Dt contains at address me a judgement for if : x:e, it is derived using [fun]V
where w: = (ac: (T (f (ac; Memg )g)):ac) with ac= (i : x:e; me);
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2 if Dt contains at addressme a judgementfor e; @ue'z2 with the leftmost premise of

the form A ° e; : ujg, then it is derived using [app}’”@ whete for all g2 dom(uy) it
holds that w@(q) = ©k ((I2; me); q).

Finally, T is uniform with At givenby T.” O

7 Round Trips

The two previous sectionshave provided translations F and T betweenderivations and °ow
analyses,and their correctnesshave beenstated (Theorems 5.6 and 6.6). Next considerthe
\round-trip" translations F =T (from °ows to typesand badk) and T +F (from typesto
°ows and back). Both roundtrips are idempotent: they act as the identit y on \canonical"
elemers, and otherwise \canonicalize".

Example 7.1. Exs. 5.5and 6.5 illustrate that F +T is the identity on F,.; and F,.,, and
that T +F isthe identity (modulo renaming of U-tags) on T,.; and T2.2. In particular T +F
doesnot necessarilyintro ducein nite types,thus solving an open problem in P&P. O

7.1 Round Trips from the Flow World

The results below, to be proved in Appendix E, shaw that F £T “Tters out everything that
is not reachable, and acts asthe identit y ever after.

Theorem 7.2. Assumethat F is valid and safe for a program P, and let F°= F (T (F)).
Then F%is valid and safefor P with Memgo= Memg, and

2 Reachf’ = Reachf
2 Geo(l;me) 6 ? i® G- (I;me) 6 ? and (ue'; me) 2 Reachb, in which case Geo(l; me) =
Tter £ (G (1; me))

2 Yho(z;m) 6 ? i® Y (z;m) 6 ? and (z;m) 2 Reachf, in which case Y o(z;m) =
Tter £ (% (z; m))

2 ©po((l;me);ac) = K i®with ac= (1 :x:e o; meo) and with I, suchthat e= uell @ ue?
in SUbExpry it  holdsthat ©¢ ((12; me); ac) = K and (e;me) 2 ReachE and (i : x:eo;meg) 2
ReachE and there exists M suchthat (ac;M) 2 G- (I1; me).

Here TTter £ (V) is given by

f(ac;M9j(ac;M) 2 V and (Mf : xeop; meo) 2 ReachE o
where ac= (M : x:eo;mep) and M= m 2 M j (ey; meg[f;x 7! m]) 2 ReachE
[ (if Int 2 V then fintg else;)
O

Corollary 7.3. Assumethat F is valid and safe for a program P, let F°= F (T (F)), and
let FO% F(T(F9). Then F%= F©, O

Clearly everything not reachable may be considered\junk”. However, some junk is
reachable and is hencenot removed by F £ T, as demonstrated by the following example.
That our °ow/t ype correspondencecan faithfully encade sudch imprecisionsshows the power
of our framework.

Example 7.4. Considerthe program P given by
(. 'xx?) @ (. 3y, *z:2°)
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X7 uy] © X% uy

By 2y

20 ()@ 3y fz2°) oy

2 hex® rug 20

Figure 12: Example 7.4: the derivation D .

X7 u] " x*:uy

2 hex® a2 %y tzi® iy

2 ()@l fzz°)

Figure 13: Example 7.4: the derivation Dr,.

and let
ac, = (,xx%2) vy = (acy;f2g)
ac, = (,y:,*%z:z%2?) vy = (acy;f2g)
ac, = (,zz%[y7'2) v, = (ac,;f2g)

By Theorem 4.9 there exists a least 0-CFA °ow analysisF for P, and it is easyto see
that F is given by the ertries below:

© a
Vy G023 = GZ[x72]) = G(3;?) = %(x?)
fwg = G(&?)
The typing T = T (F) cortains the derivation depictedin Fig. 12, where
a

U= Te (W )= r(acy oy 0)
- T = :
u)X/: Te (f vi/g) = W(ac;/: V(f2 g:uy! uy))

Note that T doesnot cortain a judgemert for | z:z° since(, #z:z%;2) is not in Reachf.
Next considera 0-CFA °ow analysis F, where somejunk that is not reachable has been
added: F, is asF exceptthat

G, (1;2) = fvy;vzg © @
Y,(2;2)= G, (5:[z 7! 2] = vy

The typing T, = T (F;) contains the derivation depicted in Fig. 13, where
a

© w \
uy=Te, (W )= (@g: Oy V(

Uz = Tr,(Fvisvz0) = (acx: (Pg:uy! uy);ac,: (g tuy! uy))
a

Now it is easyto seethat Fr,(uy) = ©vy and Fr,(uxz) = fvg, implying that F (T (F;)) =
F. This illustrates that F £ T removesjunk that is not reachable.

Finally considera 0-CFA °ow analysis Fy where somejunk that is reachable has been
added: Fy is given by the ertries below:

i ©vya = GyXT2]) = Gy(32) = Wy (xi2) = Yy (yi?)
Vi vy = Gy (13?)

o V8 = G

Vyivz = Gy (0:2)

The typing Ty = T (Fy) contains the derivation depicted in Fig. 14, where
W \%
uz = TFy(bVZg) = V\;acz : VO)
Uy=Tey (& )=a (3Gy: (REiuy! u2) v
Uyy = TFy(©VX;VYa) = W(acx iy, (Pgruy ! uy);acy :V(f2 g:uy! uy))
Uyz = Try( Wy;vz )= (acy: (Pgiuy! uz)jac;: ()
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X70u] " x®:uy [y7'u] L %ziZ® i u,

~ 1,02 . ~ 3y, 4,.,5 .
27 TXIXT D Uyy 27 %yL "z Ty

2 () @ (, 3y zi2°) oy

Figure 14: Example 7.4: the derivation Dr, .

Now it is easyto seethat

FTy(Uz) = @/zg
FTy(uy): @y a
l:Ty(uxy) = ©Vx; Vya
Fr,(Uyz)= wiv;

implying that F (T (Fy))=Fy. This illustrates that F =T does not remove junk that is
reachable. O

The above example alsoillustrates that T +F =T = T doesnot in generalhold, since

T(F(T(F)) = T(F) =T 86 T, = T(Fy):

7.2 Round Trips from the Type World
The canonical typings are the onesthat are strongly consistent:

De nition  7.5. A typing T is strongly consistert i® for all u that occur in** Dt and for
all g2 dom(u) with g6 gn¢ the following holds:

D+ contains exactly onejudgemert derived by an application of [fun]¥" with w- taking
the form (q: t), and this t satisest- % u:q.

Here - £ is a subrelation of - {, de ned by stipulating that int - £ int and that
v . | 0 CV . | O i
i fKitui b ouig- &0 o fKitui b uigi®lo I
o

Theorem 7.6. Assumethat T is a uniform typing for a program P, and let T%= T (F (T)).
Then TCis a uniform typing for P with IT to= IT 7, and

2 Dyo contains a judgement for e with addresske i® Dy contains a judgement for e
with addresske (i.e., the two derivations havethe sameshag);

2 Do is strongly consistent;
2 if Dy is strongly consistent then Do equalsDt (modulo renaming of U-tags).
O
Proof. SeeAppendix E. O

Example 7.7. Wenow again considerthe motivating exampleput forward in Sect.1, where
the program

. ¢ .. ¢ ¢
', Iy:succ x @' J2yyy @3
was given essetially the \t/yping hP;f2 g;f2g;Dri with Dy asdepicted in Fig. 15; we use

i ! i asashorthand for (f2 g:uj,t! uint). Note that T is not strongly consisten.
The °ow analysisF = F (T) is given by

14That is, the u with the property that there exists u® with u a subtree of u® such that Dt contains a
judgement Ag * ey : ug with u®=ug or (z 7! u% 2 A for some z.
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[X 7! Uint] > X Uint [y 7! uint] © Y : Uint

_ . . [fun](zii! i)
[X 7! Uint] ~ SUCC X : Uint e 20 yy o (2ri! |)A 2> 3 Upnt
2" xisuccx ;o (2:i!i) 2" I,zy:yw@?)IUint

N t—— ¢t —¢
2 ,oXisuce x @, yly @3 o Uint

Figure 15: Example 7.7: the derivation Dt.

[X 7! Uint] © X : Uint [y 7! uint] © Y @ Uint .
Uun](ﬂz-l- i)
[X 7! uint] © succ X : Uint o 2% yiy:iu 27 3 Uint
[fun](ql:ll i)
2" xissuccx:u 27 (,yy) @8 : Uit

2 ° (,x:succ x) @((, y:y) @3) : Uint

Figure 16: Example 7.7: the derivation Dro.

w
G@LA=G@ZA)=Fr( C:it ))=1(( xsucc x;2);f29); ((, y:y;?): # 9)g

in that all other reachable ertries in G- and ¥ are fIntg.

Then the typing T%= T (F) is given by hP;f2g ;fq; pg; Droi, with AT (, x:succ x;?2)
and i@ = (, y:y;2), and with D+o as depicted in Fig. 16 whereu denotes (qu :i! ;¢ :
i I i). Note that TCis strongly consisten, as guaranteed by Theorem 7.6.

O

Again, the ability to faithfully encade both preciseand imprecise analysesin both the
type world and the °ow world demonstratesthe power of our framework.

8 Discussion

Our °ow system follows the lines of N&N, generalizingsomefeatureswhile omitting others
(such aspolymorphic splitting [WJ98], left for future work). That it hassubstartial descrip-
tive power is indicated by the fact that it encompassedoth argumen-basedand call-string
basedpolyvariance. In particular, the °ow analysis framework of P&P, designedso as to
model seweral existing °ow analysesand on the surface quite di®erert from ours, can be
encaded into our framework. Unlike P&P, our °ow logic has a subject reduction property,
inherited from the N&N approac.

The generality of our type systemis lessclear. The annotation with tags givesrise to
intersection and union typesthat are not assaiative, commutativ e, or idempotent (ACI).
This standsin contrast to the ACI typesof P&P, but is similar to the non-AClI intersec-
tion and union typesof CIL, the intermediate language of an experimental compiler that
integrates °ow information into the type system [WDMT97a, DMTW97]. Indeed, a key
motivation of this work was to formalize the encading of various °ow analysesin the CIL
type system. Developing a translation betweenthe the type system of this paper and CIL
is our next goal.

Ac knowledgmen ts

Our work adds a new layer on top of foundations constructed by Jens Palsberg, Flemming
Nielson, and Hanne Riis Nielsonin their seminalwork. We are fortunate to have had many
interesting discussionson type systemsand °ow analysiswith theseauthors, aswell aswith
our Church Project compatriots, especially Assaf Kfoury, Joe Wells, Bob Muller, Allyn
Dimock, and Anindya Banerjee. This paper grew out of an ESOP conferencepaper that
bene ted from the feedbadk of the referees.
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A Types

Proof of Lemma 3.4. First note that we can decompsethe functional H into H, and H,
that is H(Qu; Q¢ ) equals(Hy(Q:);H:(Qu; Qt)); here

w fg :t H(Q)W f:t’gi®8i21:9 2 J:g=q andt; Q; t°
i21 -|gu t Jqu-]gl | J q OjaletJ

and similarly for H{(Qu;:)
Below, we shall want to prove

QuM:-yand Qi - ¢ (1)

for suitable choicesof Q, and Q;. By the principle of coinduction, this can be done by
establishing (Qu; Qt) L H(Qu; Qt ) which amounts to showing

Qu M Hu(Qt) and Q¢ 1 H(Qu; Q). (2

Re°exivity amourts to (1) with Q, and Q,; dened as follows: u Q, u®holds i® u= u°
and t Q; t°holds i®t=V\t,°. For this choice of Q, and Q; we must show (2). So rst assume
that u Q, u, with u= ,,,fqg :tjg. Thenfor alli 2 | wehaveq = ¢ andt; Q; t;, showing
that u H,(Qt) u. This establishesthe rst half of (2).

blext assumethat t Q¢ t. If t=int , we clearly have t H;(Q,;Q:) t. So assumethat
t= i fKitu! u?g. Then for all i 2 | it holds with 15 = fig that

Ki=1[i,21,Ki, and 8ip 2 lo: uio0 Qu uf and
82 dom(u;):9ip 2 lo: g2 dom(ui,) and u;:q Q: Ui, :Q.

Soalsoherewe havet H;(Qy; Q:) t. This establishesthe secondhalf of (2).

Transitivit y amounts to (1) with Q, and Q; de ned as follows: u Q, u® holds i® there
exists u®with u- , u®and u®- , u® t Q; t°holds i® there exists t®with t -  t°and t° , t°
For \t,{)is choice of Q, and Q WW"nust show (2). Sorst asgymethat u- , u®- , u® with
u= ,,fg :tigand with u’= ", ofq°: tlg and with u%%= ", of g®: t%Y. Leti 2 1 be
given. Sinceu - , u® there existsi® 2 | ©such that g = g% and t; -  t%, and sinceu®- , u®
there then exists i° 2 1° such that g¥=¢% and t% - (t%. This shows that g = g% and
ti Q¢ t%, which amourts to the st half of (2).

Next assumethat t- (t@. t% If t=int then clearly,t°%= int and t°= int , establishing
the secor\ghalf of (2). Soassumethat t takesthe form ,,, fK; :ugi ! usig; then t%takes
the form =, of K@: ud ! u¥g and t° takesthe form ~,, of KO: u§ ! u%g. Leti®21°
be given. Sincet®  t°there exists J p 1 ®such that

K2=[j20KPand 8 2 J:u®- U%—bo and
892 dom(ug0):9j 2 J: g2 dom(ug)) and ude:q- + ug’:q.

Sincet - (t% for all j 2 J there exists | p | such that
ijZ [ i21; Kj and 8i 2 |j Ui - u U%) and

8q 2 dom(u8]9):9i 2 1;: g 2dom(ug) and ug; G -t Uil
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Letlog=[j24l;. Thenlgp I, and

K2=[i21,Ki and 8i 2 Io:uz; Qu ud,0 and 3)
82 dom(udo): 9j 2 J: 9i 2 15: q2 dom(ugi) and udo:q- + U :q- ¢ Uoi:q

where the latter line implies that
892 dom(uS.0): 9i 2 lo: q2 dom(uoi) and ug:q Qt Uoi:q. (4)
Now (3) and (4) demonstratesthe secondhalf of (2). O

Proof of Lemma3.8. As a preparation, we state a number of rather trivial facts (some
proved by induction in the derivation):

Lemma Al. If A > e:uandu- ,uthenalsoA ~ e: ul O
Lemma A.2. Assumethat for all z2 FV¢(e) it holdsthat A(z)= AYz). Then A * e : u
implies A°~ e : u. O

Lemma Ag3. Supmsethat A ° f :x:e : u is derived using [fun](®". Then also A *
i :xe : (q:t). O

w
Lemma A.4. If A~ sv : u then there exists g2 dom(u) suchthat A ° sv : (q: u:Q).
O

We are now ready to prove Theorem 3.8, which facilitates a proof by induction in the
derivation of se * e ) €% We perform a caseanalysisin the rule applied; rst we consider
the structural cases:

(app). The situation isthat se = e, @e, ) €2 @e; becausese ~ e, ) €. The
premisesof the judgemert A ° €\ e, : u are of the form

A e :upandA " e : u,.

The left premise shows that we can apply the induction hypothesison the inferencese °
e ) €Y, yielding A ° € : u;. Together with the right premise this shaws that A °
e‘l)'eg : U. We have exploited that the condition for applying [app]W@ dependssolely on the
union types(and not on the expressions).

The cases(app ), (sux), and (if ) are similar. The remaining casesare treated below:

(var). The situation is that se ~ z' ) sV with sv= se(z). Our assumptionsare that
se ./ A,implying 2 ° sv: A(z), andthat A ° z : u, implying A(z) - yu. By LemmasA.l
and A.2 this demonstratesthe desiredjudgemert A ~ sv : u.

(fun). The situation is that se * f : 'x:e ) close' fnin se, wherefn = i : x:e. Our

assumption is that se ./ A and that A ° % : 'x:e : u. But this shows the desired
judgemert A ° close' fn in se : u.

(suw,). The situation is that se ~ succ' co ) . Our assumption is that A °
succ' do : u, implying Ui - ¢ u. Then clearly alsoA * ¢; : u, asdesired.

(ifg). (the case(ifs) is similar.) The situation is, with e=if0 ' 0'0 then ue'l1 else ey,
that se ° e ) ue}. Among the premisesof the judgemert A ~ e : u is a judgemert of

the form A ° ue'l1 . Uz, whereu; - y u. By Lemma A.1, this shovsthat A ° ue'l I uas
desired.

(bind). The situation is that se ~ bind' se;in e; ) bind!' se; in e} becausese; °
e; ) €}. Our assumptionsare that A * bind' se; in e : u, implying that there exists
A; with se; ./ A; andup- yu sud that A; ° e : u;. We can thus apply the induction
hypothesis on the inferencese; ~ e; ) €2, yielding A; ~ €} : u;. This demonstrates
A " bind' se in €) : u, asdesired.
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(bindy). The situation is that se * bind' se; in sv'1 ) sv'. Our assumptions are
that A ~ bind' se in sv'1 : u, implying that there exists A; and u;- 4 u suc that
A1 ° sv : u;. By LemmasA.1 and A.2 (recall that FV¢(sv) = ;) we infer the desired
judgemert A © sv : u.

(appy). The situation is, with sv; = close fn,; in se; and fn, = *f : x:e; that

se’ sv'll @rsv'z2 ) bind' sei[f 7! svi][x 7! svo]in ey.

Our assumptionis that A ~ svi @ sv, : u. Let w@, u; and u, be such that this judgemert
is derived by [app}”@ from

A sy U 5)
A sy U (6)

employing that

8y 2 dom(u1):uq:h - tV(w@(ql) tux ! o). )
From (5) we seethat there exists A; with

se; ./ Aq (8)
such that A; ~ fn, : usg; there exists g and

t= VkZKff kg:uc! ulg

sudh that this judgemert is derived using [fun](%!. That is,

W
(Q:t)- wus (9)
and for all k2 K there exists uXwith
w 00
(g:t)- uuy (10)

such that one can derive
ALlf 70 udYix 70 ue] T oer roud. (11)

w w
By LemmaA.3 it holdsthat A; = fn, @  (qg:t), implying A ° sv; :  (q:t); sofrom (10)
we by LemmasA.1 and A.2 infer

8k 2 K:2 " sv; :ul (12)
From (6) we by Lemma A.4 infer that there exists ¢ 2 dom(u;) such that
R w
A sv o (:ux). (13)

Y
(7) and (9) impliest-  (W@(qg) :uz ! u) from which we deducethat there exists ko 2 K
sudh that

U, - uu (14)

and sud that uz:tp - t Uky:0 which together with (13) demonstrates (using Lemmas A.1
and A.2) that

27 SV ! Uk, (15)
(8), (12) and (15) demonstratesthat
se[f 7! svi][x 7! svo] ./ A4ff 7! u‘,?o][x 7! Uy -

Togetherwith (11) and (14) this demonstratesthe desired judgemert

39



A~ bind' sey[f 7! svi][x 7! sv,]in e; : u.
This completesthe proof. O
Proof of Lem. 3.11. Our task is to provethat ead inferencein D+ is justi ed. Three cases:

[var]AC has beenapplied. The inferencetakesthe form

TAC(B) ~ Z' : TAC(g)
where B(z) - A° s. The monotonicity of TAC thus yields the desired

TAC(B)(2)=TA° (B(2)) - u T*C(9).

[fun]AC has beenapplied. The inferencetakesthe form

TAC(B)If 7! TAC (so)l[x 7! TAC (s1)] * e : TAC (sp)
TAC(B) * i : 'xe : TAC(s)
wheres; ! s;- AC spands;! sp- ACs.
Lett=TAC (s;) ! TAC(sp) andg=s1! sp. Sinceq2 UTt with g- A¢ spandg- “C s,

we infer that the union typesT A€ (s) and TAC (sp) both contain a componert (q: T4 (g)),
that is (q:t). This shows the desiredrelations

M- w72 (9) and (q: 1) - TAC (s0).

[apqAC has beenapplied. The inferencetakesthe form

TAC(B) " e 1 TA%(s1) TA°(B) & : T (sy)
TACB) " e@e : TC(s)

wheres; - A¢ s, | s,
Let g2 dom(T A€ (sy)), that is q- A€ s; and thereforeq- A¢ s, ! s. We then have the
desiredrelation (where trivially , w@(qg) = f2g)

TAC (51):a= TPC(Q) - « TAC (s2) I TAC ().

O
B Flows
B.1 Subject reduction
Proof of Lemma4.4. As a preparation, we state a number of rather trivial 1° facts:
Lemma B.1. If svVg V andV - y V%then alsosv Vg V© O
Lemma B.2. If svVE V then there existsv2 V suchthat sv Vg fvg. O
Lemma B.3. svVg G-(I;me) i® F ™ sV, O
Lemma B.4. If F ™ ue' and G=(I;me) - v G (1% me) then F ™ ue'’. O

We are now ready to prove Theorem 4.4, which facilitates a proof by induction in the
derivation of se * e ) €% We perform a caseanalysisin the rule applied; st we consider
the structural cases:

(app). The situation is that se ~ e @ e, ) e‘{@ e, becausese ° e ) e&’, where

there exists 1, ue; and ue‘f such that e; = ue'll and e&’: ue‘f'l. By assumption we have
se R me and that

15For Lemma B.4 we exploit that in [app], ©r is given |2 rather than | as argument.
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FE™ e @ e (@

(1) implies F =™¢ ¢; soby applying the induction hypothesison the inferencese * e; ) €
we infer F =™ €9, which together with (1) demonstratesthe desired relation F jE™me
e @ e,. We have exploited that in the clause[apg], the only condition that dependson ue;
is\F jme yell".

The cases(app ), (suc), and (if ) are similar. The remaining casesare treated below:

(var). The situation is that se ~ z' ) sv' with sv= se(z). Sincese Rg me we have
sV Vg % (z; me(z)); and sinceF F ™ z' wehave' (z;me(z)) - v G (I;me). By LemmaB.1
this shawvs sv Ve G- (I; me), which by Lemma B.3 amourts to the desiredF ™ sv'.

(fun). The situation is that se * f : 'x:e ) close' fnin se, wherefn = i : x:e. Our

assumptionisthat se Rr me, andthat F £ ™ f : 'x:e which amourts to f ((fn; me); Memg)g- v
G (I;me). This demonstratesthat F ™ close ! fn in se, as desired.

(suay,). The situation is that se ~ succ' o ) ¢). By assumption we have F F™®
succ' co implying Int 2 G (I; me), shawing F ™ ¢, as desired.

(ifp). (the case(ifs ) is similar.) The situation is that
se ifo ! 0'o then uell else e ) uel.

By assumption we have F ™ if0 ' 00 then uel! else e, implying F ™ ue}l and
G (I1;me) - v G- (I; me). By Lemma B.4 this demonstratesthat F ™ ue, as desired.

(bind). The situation is that se ~ bind' se;in e; ) bind!' se; in e&’ becausese; °

e ) €2, wherethere exists |1, ue; and ue? sudh that e; = ue}l and ef = ued'1.

By assumptionwe haveF ™€ bind' se; in ey, that is there existsme; with se; R me;
such that F F™1 e and G:(l1;me;) - v G (I; me). We can thus apply the induction
hypothesis on the inferencese; ~ e; ) €), yielding F ™1 €. This shows F ™
bind' se;, in €), asdesired.

(bindy ). The situation is that se * bind' se; in sv'1 ) sv'. By our assumptionF ™

bind' se; in sv'1 weinfer that there exists me; suc that G (I1;me1) - v G- (I; me) and such
that F E™1 sv'1, which by Lemma B.3 amourts to sv Vg G- (l1;me;). By LemmaB.1 we
infer sv Vg G: (I; me), which by Lemma B.3 amourts to the desiredF ™ sv'.

(appy). The situation is, with sv; = close fn, in se; and fn, = *f : x:eo and ey = ue'oo,
that

se’ sv'l1 @) sv'22 ) bind' sei[f 7! svi][x 7! svo]in ep.
By assumptionwe have
FE™ sVt @ svi2 2)

from which we infer that F ™ sv'l1 and F g me sv'zz, which by Lemma B.3 amourts to

svi Vg G- (l1; me) and 3)

svo Vg C|: (|2; me) (4)
where (4) by Lemma B.2 implies that there exists v, suc that

V2 2 G= (I2; me) (5)

sV Vg szg. (6)

From (3) weinfer that there exists me; and M1 such that ((fny; me1); M1) 2 G= (I1; me) and
such that
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se; R me;. (7

From (2) and (5) we therefore deduce,with M = ©f ((l2; me); (fn1; mey)), that there exists
m2 M sud that fvog- v % (X; m) which together with (6) by Lemma B.1 implies

svo VE Y2 (X; m). (8)
For this m we deduce,still from (2), that

= j:mel[f X7'm] € (9)

G (lo;meq[f;x 7! m]) - v G (I; me) (10)

f((fny; me;); Meme)g- v % (f;m). (11)

From (7) and (11) we deducesvy VE % (f ; m) which together with (7) and (8) enablesus
to infer

se[f 7! svi][x 7! svo] Rg meq[f;x 7! m].

Together with (9) and (10), this amounts to F ™ bind' sei[f 7! svi][x 7! svo]in ey, as
desired.
This completesthe proof. O

B.2 Least Analysis

Lemma B.5. Let P and M be given. Then there exists a °ow analysis F for P suchthat
F is valid and Memg = M. (Note that MemEnvg, FlowConf: and UnAnnFlowValg are
determined by P and M ). Moreover, we have:

1. if ~ is amappingfrom Labs.(P)£ MemEnvg into Memg we can ensure that F belongs
to CallString® ;

2. if ®is a mapping from Memg into P(UnAnnFlowValg) with Coverg we can ensure
that F belongsto ArgBase”

O

Proof. First dene X =f(e;me) 2 FlowConf. je 2 SubExpr.g. Next we dene G-, %
and ©: for (ue';me)2 X we stipulate G- (I;me) = T, (UnAnnFlowValg); for all f and
m we stipulate ¥ (f ;m) = v (UnAnnFlowValg); for all x and m we stipulate % (x; m) =
v (UnAnnFlowValg ), exceptin case2 where we stipulate ¥z (x; m) = f, (&m)); and for
all I, me and ac we stipulate ©f ((I; me); ac) = Memg, exceptin casel where we stipulate
©r ((I;me); ac) = £~ (1% me)g with 1° such that e; @o ue), 2 SUbEXpr, .

Our task is to prove that F is valid, which amounts to showing that F ™ e for
all (e;me)2 X. By the principle of coinduction, this can be done by demonstrating that
X W G (X). Soconsider(e;me) 2 X ; we do a caseanalysis on e (which is pure) and in all
caseswe must establish (e;me) 2 G- (X).

e=Zz'. Clearly ? 6 % (z;me(z)) - v G- (I;me) (except for case2, \ - v
This shaws (e;me) 2 G= (X).

e=f : 'xiep. Hereac= (¥ : x:eo; me) 2 AbsClos p UnAnnFlowValg , and therefore (ac; Memg ) 2
T (UnAnnFlowValg ) = G- (I; me). This shows (e;me) 2 G- (X).

is even \=").

e=e @e. Let g1 = ue'l1 and e; = ue'zz. To demonstrate (e;me) 2 G- (X ) we must rst
demonstrate G= (I;me) 6 ? and (e;;me) 2 X and (e2; me) 2 X, which is obvious. Next we
must considera given (aco; M) 2 G- (I1; me); let aco = (fn; meg) with fn = if : x:e g where
€= ue'oo, and let M %= ©k ((I; me); acy). Note that M= Memg, that fn 2 Funsg(P) im-
plying eg 2 SUbEXpr, , and that FV ¢(fn) 4 dom(meg). This clearly shavsthat M °u M and
that for all m2 M © we have (eg; meg[f ;x 7! m])2 X, G (lo;meg[f;x 7! m]) - v G- (I; me),
Y% (x;m) 6 ?,and(acy; Memg) 2 Yy (UnAnnFlowValg ) implying f (aco; Memg)g- v % (f; m).

Thus the only task left is to verify that
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8v2 G (I2;me): 9m 2 M % such that fvg- v % (x; m). (12)

First obsene that we can write v as f,(uv). In case2, we have Coverg and therefore
there exists m 2 Memg sud that uv 2 ®m) implying v2 % (x; m); sinceM °= Memg this
establishes(12). Otherwise, (12) holds trivially since M °is non-empty.

The remaining casesThey can easily be handled, using the techniquesfrom the previous
cases. O

Lemma B.6. LetfF; jj 2 Jg be a non-empty family of “ow analysesfor P, such that
MemFj does not degend on j and suchthat for all j it holdsthat F; is valid. Supmse that
either

1. there exists  suchthat all Fj belongto CallString®;

2. there exists ® with Disj  suchthat all F; belongto ArgBaseig.

Let F = hP;Memg;G-;% ;©ri be de ned asuj,;Fj, that is: Memg = MemFj for all j 2
J; for all | and me it holds that G (I;me) = uszJCFj (I;me); for all z and m it holds
that % (z;m) = uj\’ZJsz (z;m); and for all I, me and ac it holds that ©¢ ((I; me); ac) =
\j23 ©Fj ((I; me); ac) (the left hand side is de ned i® the right hand side is).

Then F is valid. In casel, F will belongto CallString®; in case2, F will belong to
CallString § . O

Proof. First we shawv that F belongsto the appropriate categories. In the casel, if
©f ((I2; me); ac) is de ned then for all j 2 J also ©F]. ((I2; me); ac) is de ned and therefore
given by f (I;me)g (where | is such that e; @ ue'22 2 SubExprp); thus ©k ((12; me); ac) =
f~(I;me)g as desired. In the case2, if ¥ (x; m) 6 ? then for all j 2 J also l/Fj (x;m) 6 ?
and therefore 2y (1/zj (x; m)) = ®&m); this clearly implies the desiredrelation 2y (Y& (x; m)) =
®(m).
Now to the main obligation of proving that F is valid. For that purposewe de ne
X =f(e;me) 2 FlowConf, je 2 SubExpr, and 8j 2 J:F; ™ eg.

Exploiting that for all j 2 J it holds that F; is valid, we infer that (P;2)2 X, and that if
G (I;me) 8 ? with e= ue' 2 SubExpr, and (e;me) 2 FlowConf then for all j 2 J it holds
that CFj (I;me) 8 ? and henceF; ™ e, that is (e;me) 2 X . Our task is thus to show that

F ™ efor all (e;me) 2 X, which by the principle of coinduction can be accomplishedby
proving

X | Ge (X).

Soconsider(e;me) 2 X ; we do a caseanalysison e (which is pure) and in all caseswe must
establish (e;me) 2 G- (X).

e=2z. Forallj 2J wehaveFj ™ Z', that is ? 6 Y%, (z;me(2)) - v G, (I;me). Then

clearly ? 6 % (z; me(z)) - v G- (I; me), shawing (e;me) 2 G- (X ) asdesired.
n o}
e= 1 : 'xiep. Forall j 2 J we have Fi F™ e that is ((* :xe o;me);Meij) Ry

CFJ. (I; me) where MemFj = Memg. Then clearly f ((}f :,x:eo;me); Memg)g- v G- (I; me),
shawing (e;me) 2 G= (X ) asdesired.

eze @e. Let e = ue'l1 and e, = ue'22. By assumption we have
8 2J FE™e (13)

from which we deduce
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8 2J: FjF™ e;andFj F™ & and CFj (I;me) 8 ?
which (sincefor i = 1;2 we have (e; me) 2 FlowConf and e 2 SubExpr,) shows that
(er;me)2 X and (ez;me)2 X and G=(I; me) 6 2. (14)
Now assume(acy; Mg) 2 G- (l1; me), whereacy = (1f : x:e o; meg) with e = ue'oo. Clearly
€y 2 SubExpr, and 8m 2 Memg: FV(ep) 1 dom(mep[f ;x 7! m]). (15)

For all j 2 J it holdsthat G- (I1;me) - v CFj (I1; me), showing that for all j 2 J there exists
M with M °u Mo sudh that (aco; M) 2 G, (I1;me). This, together with (13), implies that
with M; = ©Fj ((12; me); acp) we have

8j 2J: Mj u M u Mg (16)
8j 2J:8v2 CFj (I2;me): 9m 2 M;: fvg- \/1/4zj (x; m) a7

8j 2J:8m 2 M;:Fj meolfx7iml g
G (lo; meo[f ;x 7t m]) - v G, (I; me) (18)
1/zj (x;m) 6 ? andf(aco;Meme)g- v 1/zj (f;m)

Let M = ©f ((I2; me); aco); note that M is de ned and equals\ j>; M;. Using (16) we infer
M U Mg (19)

and using (18) and (15) it is easyto seethat

8m 2 M: (ep; meg[f ;x 7! m])2 X
G (lo;meg[f;x 7! m]) - v G=(I; me) (20)
Y% (x;m) 6 ? andf(aco; Memg)g- v Y& (f;m)

Note that (14), (19), and (20) almost demonstratesthe desiredrelation (e;me) 2 G= (X ); we
only needto establish

8v2 G (l2;me):9m 2 M: fvg- v Y& (x; m).
Solet v2 G- (l,; me) be given; our goalisto nd m2 M suc that

fvg- v ¥ (x; m). (22)

For all j 2 J there existsv; 2 CFJ. (I2; me) with v- y vj; by (17) this implies that there exists
m; 2 M; sud that

fvig- v 1/zj (x; m;). (22)
It will be suzxcient to show that
9m: 8 2 J:mj = m. (23)

For then we from (22) infer that for all j 2 J it holds that fvg- v 1/zj (x; m), clearly

establishing (21).

We now split the analysis, accordingto the casedisted in the assumption of the lemma.
In casel, wefor all j 2 J have M = Mj = f (I; me)g which trivially implies (23).

Next we addresscase2, where for all j 2 J it holds that F; 2ArgBaseig with Disj g.
This establishes(23), sinceby (22)

8] 2 J: 2y (V) = 2v(Vj) 22y (% (x; m;)) = &my).
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The remaining casesThey can easily be handled, using the techniquesfrom the previous
cases.

O

B.3 Connection to P&P
Proof of Lemma4.12. We de ne

©O
X = (e;me) 2 FlowConf. with e 2 SubExpr, j 9s:(°j.2(me);e;s) 2 R

m

aa

and our task can be accomplished(as (P;2) 2 X follows from R being an F-analysis) by
showing that for all (e;me) 2 X we have F ™ e. By the principle of coinduction this can
be done by shaving X p G:= (X). Soconsider(e;me) 2 X with e= ue'; we do a caseanalysis
on ue (which is pure). In all caseswe let ¥= °} 1(me) and let S=ffsj (%e;s) 2 Rgy
(which is non-empty), and must establish (e;me) 2 G- (X).

ue= x. Let m= me(x). Forall s2 Swehave°i }(m)=%x)u s, andthus®i *(m)pu\ S.
This clearly implies the desiredrelation

8% (xm)="y (T (m)) v °v(\ S)= G (I;me).

ue= Xieg. For all s2 S we have (,x:e ;42 s, and thus (,x:eo; A2\ S. This implies
the desiredrelation

f((,x:e 0;me);Meme )g=f°,((,x:€0;)g- v °v(\ S)= G (I, me).

ue=e, @e,. Fori= 1;2welet g = ue:‘, andde ne Sj=fsj (*28;s) 2 Rg.

Our “rst task is to show that (e;;me)2 X and (ez; me) 2 X which amourts to S; and
S, being non-empty, but this follows from S being non-empty.

Next we must consider(acy; M) 2 G- (I1; me), with aco = (,x:e o; mep) and ey = ue'oo. Let
Yo = °,inel(me0). We infer that M= Memg, and that (,x:eo;%) 2\ S;. We now exploit our
assumptionthat R hasthe deterministic cache property, andde ne C = Cachr ((e1 @ &2;3; (,x:€ o; %)).
Let M = ©f ((I2; me); acy), that is M = f°(s% js® 2 Cg. Trivially M p M.

For the rest of the proof, we assumethat somes?2 S is given. SinceR is an F-analysis
there exists 12 S; and s, 2 S, sudh that s, p [ C and, since (,x:e o; %) 2\ Sy | s;, for all
s%2 C there exists ssuch that (Ya[x 7! s9;e9;s°) 2 R and s%% s.

Next we considerv2 G- (Iz;me)=°y (\ So) M °v(S2). From s, i [ C we infer that there
existss®2 C sudh that v2 °y (s9. With m = °(s% we havethe desiredrelation v2 °y (°i 1(m)) =
Y (x; m).

Finally, we must considerm2 M . (Triviallg/, Y% (x;m) 6 ?.) Let

©
S0= s%0j (vp[x 7! °1 1(m)]; ;8% 2 R .

From the above we infer (since °i 1(m)2 C) that S°is not empty, implying (since eg 2
SubExpry,) that (ep;meg[x 7! m])2 X, and that there exists s%2 S% with s®u's. This
shaws that \ S°u s, and as S° does not depend on our choice of s we infer that \ S°u\ S
which implies G- (Ip; mep[x 7! m]) - v G= (I; me). This concludesthe proof of this case.

ue=c. Forall s2 Swehavelint 2 s, andthusInt2\ S. This implies the desiredrelation
Int2°y(\ S)= G (I; me).

ue= succ e;. Let s belongto S. Then there exists s; sud that (%2e1;s1) 2 R, show-
ing that (e;;me)2 X. Moreover, Int2s. Therefore Int2\'S, implying Int2°y(\ S)=
G- (I; me).

ue=if0 eythen e; else e. Fori = 0;1;2welet g = ue:i ,andde ne S; =fsj (*2g;s) 2 Rg.
Since S is non-empty, eadh S; is non-empty, and thus for i = 0;1;2 we have (e;;me)2 X.
For all s2 S there existss; 2 S; and s; 2 S, such that s; 4 s and s, 4 s; this shows that for
i = 1;,2we have\ S; u\ S and therefore the desiredrelation
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G(i;me)=°v(\S): v °v(\S)= G (I;me).
O
Proof of Lemma4.14. SinceF is valid we have F £* P soclearly there exists s sud that
(3 P;s)2R.
To ched the conditions in Fig. 11, assumethat (¥%g;s)2 R becausewith e= ue' 2

SubExpr, we have F ™ e with Y= #,.(me) and s= +, (G (I; me)). We now perform
caseanalysis on ue:

ue= x. Let m= me(x). From %z (x; m) - v G (I; me) we infer the desiredrelation

x) = fay(uv)juv 2 ®m)g = fHy(uv)juv 2 2y (Y& (x; m))g
v fry(u) juv 2 2y (G (i me))g = 4 (G (I;me))
= s

ue= Xx:ieg. From f((,x:e g9;me);Meme)g- v G (I;me) and by monotonicity of £, we
obtain the desiredrelation f(,x:e ¢;Agu s.

ue=e; @e. Fori = 1;2weletg = ue:i ,andfrom F ™ g weinfer that G (Ij; me) 6 ?
sowith s; = 4, (G- (lj; me)) it holds that (Y2&;si) 2 R.

Now let (,x:e o; %) 2 51 with e = ue:JO. There thus exists ((,x:e o; mep); M) 2 G= (I1; me)
with ¥ = £e (Meg). From F E™€ e we infer that there exists M with M nu M such that
for all v2 G- (I; me) there existsm2 M with fvg- v % (X; m) and such that for all m2 M
we have F Mo Ml ey and G- (lo; meg[x 7! m]) - v G- (I; me). We then de'ne

C=fsnjm 2 Mgwheresy = f4, (uv) juv 2 ®&m)g.

We must rst provethat s,y [ C. Solet a2 s, be given. There existsv2 G (I2; me) such
that a= +,, (3,(v)). And from the above we infer that there existsm2 M sudh that fvg: v
Y% (x; m), implying that 2,(v) 2 2y (%% (x; m)) = ®&m) which shows the desired relation a2
smH[C.

Next let s°2 C be given, with s°= s, for somem2 M. From F E™eox”"'ml ¢, and
? 6 G (lo;meg[x 7! m]) - v G- (I; me) we infer (using the monotonicity of +,) that with
s%%= 4, (G (Io; meg[x 7! m])) we have sPu s, and (since me (Meg[x 7! m]) = Y[x 7! sn])
we alsoinfer that (Ya[x 7! s9;e9;s% 2 R.

ue= c. From Int 2 G (I; me) we infer that Int2 s.

ue= succ e;. Let e, = ue'll. We know that Int 2 G- (I; me), implying that Int2 s, and
that F ™€ e, implying that with s; = 4, (G- (I1; me)) we have (Y21;s1) 2 R.

ue=if0 ey then e, else e,. Fori = 0;1;2welet g = ue:i, and from F ™ ¢ we infer
that G- (Ij;me) 6 ? sowith s; = 4, (G (lj;me)) it holds that (¥2g;si) 2 R. Moreover, since
fori = 1,2 we have G- (l;; me) - v G= (I; me) it holds by monotonicity of +, that s; u s and
S2 U S.

O

B.4 Reachabilit y

Proof of Lemma4.16. The last claim of the lemmaiis trivial. For the rst claim, we proceed
by induction in the \deriv ation" of (ue'; me) 2 Reach; let e= ue'.

[prg]. Heree= P and me= 2. SinceF isvalid wehaveF F° P, implying (i) . (i) is void.

[fun]. Here me takesthe form me9x;f 7! mY, and (i) is among the premisesof [fun].
For (i) , assumethat (z 7! m) 2 me. If m=m%and z2fx;fg, (z;m) 2 Reachf, is part of
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the conclusion of [fun]. Otherwise, (z 7! m) 2 me®so (z;m) 2 ReachE follows from the
induction hypothesisapplied to (}f : x:e; me% 2 ReachE.

[app]. Assumethat the premisetakesthe form (e @o e;; me) 2 ReachE (the symmetric
caseis similar). The induction hypothesistells us that G- (1%me) 6 ?, soasF is valid we
infer F E™ e@oe,. Therefore F ™ e, implying G-(I;me) 6 ?. (ii) follows trivially
from the induction hypothesis.

The remaining cases.They are similar to [app]. O

C Typeto Flow

First an auxiliary result;

Lemma C.1. Supmsethat Dt contains at addresske a judgementA ~ if : 'x:e : u that
is derived by [fun](@!). Then for all k 2 dom(t) it holds that Analyze{ (¢ :,x:e; ke). O

Proof. Let k2 dom(t) be given. Dt cortains at addresske[f ;x 7! k] a judgemert q;Vthe
form A[f 7! udlx 7! uc] © e : uf wherethe side conditjpn for [fun](*") ensuresthat " (q:
t) -, uX Clearly ((*f : x:e; ke);dom(t)) belongsto Fr( (q:t)), soby Lemma 5.2 we infer

f((f : x:e; ke);Memg)g- v FT(W(q 1) - v Fr(udy=Fr (AT (f;K)) = % (k).

This yields the desiredresult, sinceclearly % (x; k) 6 ? and (with e= ue') G (I; ke[f ;x 7! k]) 6
? O

Lemma C.2. It holdsthat F is valid. O
Proof. We de ne
X = ff(e;me) j Dt contains a judgemert for e at addressmegg

Note that if e= ue' 2 SubExpr, and G- (I;me) 8 ? then (e;me) 2 X ; our task can thus be
accomplished(as trivially (P;2)2 X) by showing that for all (e;me)2 X we have F E™ e
and by the principle of coinduction this can be done by showing X pu G=(X). So consider
(e:me) 2 X ; wedo a caseanalysison e= ue' (which is pure) and in all casesve must establish
(e;me) 2 G= (X)), using the assumptionthat Dt contains at addressme a judgemert J of
the form A ° e : u (so G- (I; me) = F1 (u)).

e=z'. We have A(z) = At (z; me(z)) and A(z) - 4 u, soby Lemma 5.2 we infer
? 6 Y% (z;me(2)) = Fr(A7(z;me(2))) - v Fr(u)= G (I;me)
which shows (e;me) 2 G- (X).

W
e=*f :, 'x:eo. Let J bederivagusing[fun](¥Y; then " (q:t) - , u. With ac= (¥ : x:e o;me)
we infer that (ac;dom(t)) 2 Ft( (q:t)), soLemma 5.2 yields

f(aciMeme)g- v Fr(' (a:0) - v Fr (W)= G (1;me)
which shows (e;me) 2 G- (X).

eze @e. Lete = ue'll and e, = ue'zz. Let w@ be such that J is derived using [app]”@;
the premisesof J takethe form A ° e : u; and A ° e, : uy wherefor all g2 dom(u;) we
have

v @
uig- ¢ (W®(g) :uz! u). (1)
We rst obsene that

(e1;me)2 X and (e;me)2 X and G=(I; me) 6 2. (2)
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Now consider (acp; Mg) 2 G- (I1; me) = F1 (u1), whereaco = (X :,x:eo;megy) with e = ue'oo.
Thus Dt at addressmeg contains a judgemert Jo of the form Ag = f : Xx:eo : ug derived
using [fun](9t0) | with ¢p 2 dom(u;) and

to- tU1:Gp 3)
and with M = dom(u1:qp). We infer that with M = w@(q) we have
©F ((12; me); aco) = M (4)

and (1) tells us that

M 1 Mo. (5)
Y,
to takesthe form |, ff kg:ux ! ulg; by (1) and (3) we infer that
Y, Y
wrfkgrue! ulg-¢ (M :ux! u) (6)
implying M p K.

Now let m2 M begiven. Clearly Dt will contain at addressmeg[f ;x 7! m] (asa premise
of Jo) a judgemert of the form

Aof 7' ud9[x 7! um] * & : uf,.

We can now assert

(€o; meo[f ;x 7! m]) 2 X (7)
G (lo; meff; x 7! m]):FT(u%)- v Fr(u) - v G(I;me) (8)
Y% (x;m) 6 ? 9)
f(aco; Meme)g- v ¥ (f;m) (10)

where (8) follows from Lemma 5.2 since (6) implies ug, -  u, and where (10) is provided by
LemmaC.1.

(2), @), (5), (7), (8), (9) and (10) almost establishes(e;me) 2 G= (X ); the only task left
is to prove

8v2 G(l;me):9m 2 M:fvg: v Y& (x; m).

So IW v2 G (I2; me) = Fr(uz) be given; clearly there exists q2 dom(uz) such that v2
Fr( (g: uzQ). From (6) we then infer that there exists m2 M such that u:q- ¢ uy:q,
which by Lemma 5.2 implies the desiredrelation

fvg- v FT(W(q 1u2:0)) - v Fr(um) = Fr (AT (x; m)) = Y& (x; m).

e= c. Sinceui - yu we by Lemmas5.2 and 5.3 infer that
fintg= Fr1(Uint) - v Fr(u)= G (I;me)
which shows (e;me) 2 G- (X).

e= succ' e;. Since Uiy - y U we by Lemmas 5.2 and 5.3 infer that fIntg= F1(Uint) - v
Fr(u)= G (I;me). Togetherwith (e;;me) 2 X this shows (e;me) 2 G= (X).

e=if0 ' ey then e; else e,. Lete; = ue'll ande, = ue'zz. The premisesof J (all at address
me) take the form

A e :upgandA " e :uiandA " e :us
whereu; - yu and u, -  u; soby Lemma 5.2 we infer that

G(ly;me)=Fr(up): v Fr(u)- v G(I;me) and G- (I2;me) = Fr(uz) - v Fr(u) - v G (I; me).
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This establishes(e;me) 2 G- (X ), since the above judgemerts show that (e;;me)2 X and
(e1;me)2 X and (e2;me) 2 X. O

Lemma C.3. It holdsthat F is safe. O
Proof. Let ue' 2 SubExpr, ; we must consider seeral cases.

ue= ue'l1 @e;. Assumethat G- (I1;me) 6 ?; we must show that Int does not belong
to G- (l1;me). The situation is that there exists u; with F1(ui) = G (I1; me) such that
A° ue'll : up occurs with addressme in D1, as a left premise of a judgemert derived
by [app]N@. If Int2 G (I1; me) then gn: 2 dom(uy), but by the side condition of applying
[app}’”@ this is impossible.

ue= succ ue'll. Assumethat G- (I1;me) 6 ?. The situation is that there exists u; with

Fr(u1) = G (I1; me) such that A ° ue'l1 . Uy occurswith addressme in D, asthe premise
of ajudgemert derived by [suc] Thereforeu; -  Uint, Which by Lemmas5.2 and 5.3 implies
that F1(u1) - v Fr(uijpt) = fintg. This shawsthat if v2 G- (I1; me) then v= Int.

ue=if0 epthen e; else e,. This caseis similar to the previous case. O

Lemma C.4. Lete= ue' 2 SubExprs. If G=(I;me) 6 ? then (e;me) 2 ReachE. O

Proof. Our assumptionis that Dt cortains a judgemert J for e at addressme. We proceed
by induction in the distance from J to the root of Dy. If J is in fact the root of D1, then
e= P and me= 2 sothe claim is clear.

Otherwise we can assumethat there exists ey and a judgemernt Jg for e that occurs at
addressmeg such that J is a premiseof Jg; the induction hypothesistells usthat (ey; meg) 2
ReachE. Therefore (e;me) 2 ReachE follows immediately, unlessey is of the form f :, 'x:e
in which casethere exists m sudch that me= meg[f ; x 7! m]. But alsoin this casewe have
(e;me) 2 Reachf, thanks to Lemma C.1. O

Lemma C.5. If % (z;m) 6 ? then(z;m) 2 ReachE. O

Proof. It is easyto seethat our assumption ensuresthat there exists address me and
1f : x:e'2 SubExpr, with z2ff;xg sud that G- (I;me[f;x 7! m]) 6 ?. Lemma C.4 tells
usthat (ue';me[f;x 7! m]) 2 Reachf ; inspecting the de nition of ReachE then shows that
also (z;m) 2 Reach; must hold. O

Lemma C.6. If (ue';me) 2 ReachS then G-(I;me) 6 ?, and if (z;m) 2 Reach} then
Y% (z;m) 6 ?. O

Proof. From Lemma C.2 we know that F is valid, sothe claim followsfrom Lemma4.16. O

D Flowto Type

Proof of Theorem 6.6. We are given e= ue' and me such that (e;me) 2 Reach5, and we
want to show that the judgemert J =

TA(me) © e Te (G (I;me))

(which has addressme) is derivable from its premises. We do a caseanalysison ue (which
is pure); in all caseswe employ that since G=(I;me) 6 ? (by Lemma 4.16) then (as F is
valid) it holdsthat F ™ e.

ue=z. SinceF ™ e we have ? 6 Y% (z;me(z)) - v G-(I; me) which by Lemma 6.2
implies

T2 (me)(2) = Tz me(z)) - u Tr (G (I; me)).
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This shaws that J is derivable from its premises(of which there are none).

n ue=s if : xep. Let eg= uego, I%t ac= (¥ : x:eo;me), let v= (ac;Memg), and let M =

m j (e; me[f;x 7! m]) 2 ReachE . Then the set of premisesof J can be written as

a

TAmelt x 71 m]) ey 1 Te (G- (loymelf i 71 m]) jm 2 M
with

TA(meff;x 70 m]) = TA(me)[f 7! Te (Y (F;m)][x 7! Te (Y (x; m))].
n 0
Notethat M = mj Analyzei] (ac) (som2 M impliesfvg: v ¥ (f; m)) which showsthat

Te(fvg)= (ac: " npy f MQ: Te (4 06 m) | T (G (lo; meff;x 70 m))a)
SinceF ™ ewe havefvg- v G- (I; me), soLemma 6.2 tells us that
Te(fvg) - u Te (G- (I;me)) and 8m 2 M:Tg (fvg) - o Tr (& (f; m)).
This demonstratesthat J is derivable from its premisesby [fun]¥" with w- = (ac : Tg (fvg):ac).
ue=e; @e,. Let g1 = ue'l1 and e; = ue'zz. The premisesof J take the form
TA(me) © e @ Te (G (I1;me)) and TA(me) e @ Tr (G (I2; me)).

Let g 2 dom(Tg (G= (I1; me))) be given. In order to show that J is derived from its premises
using [app]N@ wherew@ is asin the theorem, we must show

" (©r ((I2;me); @) : Te (G- (I2;me)) ! Te (G (I; me))).

SinceF is safe,Int is not in G- (I1; me) sowe infer that there exists aco= (}f :,x:e o; mep)

with e = ue'o0 such that g = acy, and that there exists M such that (aco; M) 2 G- (I1; me).
Then

\Y
Te (G (I1; me)):qp = mZMoﬁ mg : Tg (% (X; m)) !0 T (G (lo; meg[f ;x 7! m]))g
whereMo= m 2 My Analyzes, (ac) .
From F ™ e and (acp;M1)2 G- (l1;me) we infer that M = ©¢ ((I2; me); acy) is well-

de ned, that M p M; and subsequetly that M p Mo. To demonstrate (1) we still need
to establish

8m 2 M: T (G (Io; meo[f s x 7! m])) -y Te (G (15 me)) 2

892 dom(Te (G (I2;me))):9m 2 M:Te (G (I2;me)):q- ¢ Te (Y& (X; m)):q. 3)

Concerning (2), we infer for m2 M from F ™ ethat G- (lp; mep[f;x 7! m]) - v G=(I; me)
which by Lemma 6.2 implies the desiredrelation.

Concerning(3), wefor q2 dom(Tg (G- (I2; me))) infer that there existsv 2 G- (I2; me) suc

that Te (fvg):q= Te (G (I2; me)):g. Still employing F ™ e, we then seethat there exists

m2 M sud that fvg- v % (x; m) which by Lemma 6.2 implies Te (fvg) - « Tr (Y& (X; m))
and hencethe desiredrelation.

ue=c. From F ™ eweinfer fintg- v G (I; me) which by Lemmas6.2 and 6.3 implies
Uint - u Tr (G- (I; me)), showing that J is derivable from its (empty) set of premises.

ue= succ e;. Let g = ue'll. The premiseof J takesthe form

TA(me) © e @ Te (G (I1; me)).
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From F ™ e we deducefintg- v G- (I;me) and since F is safewe have G- (I;;me) - v
fintg. By Lemmas6.2 and 6.3 this implies

Te (G- (I1;me)) - y Uint = u Tr (G (15 me))
which shows that J is derivable from its premises.

ue=if0 ey then e, else e. Let g = ue:i fori 2 f0;1;2g. The premisesof J take the
form

TA(me) ~ e @ Te (G- (lo;me)) and TA(me) ~ e @ Te (G (I1; me)) and T2 (me) °
& @ Te (G (I2; me)).

From F =™ e we deduceG:(l1;me) - v G (I; me) and G (I2;me) - v G- (I; me), and since
F is safewe have G (Ip; me) - v fIntg. By Lemmas6.2 and 6.3 this implies

T (G (I1;me)) -y Tr (Ge (I; me)) and Tk (G- (I2; me)) -y Tr (G- (I; me)) and
Tr (G (Io; me)) + y Uint

which shows that J is derivable from its premises.

The last claim, concerninguniformit y, is obvious exceptthat we must shaw that wheneer
T,:l/z(z; m) is de ned then D+ in fact cortains a judgemert A ~ e : u with addressme such
that me(z) = m. But for such z and m we have (z;m) 2 Reachf, sothere existsf : x:e and
me with z2 ff;xg such that (e;me[f;x 7! m]) 2 Reach’; this shovsthat D+ in fact does
cortain a judgemert with addressme]f ;x 7! m]. O

E Round Trips

Proof of Theorem 7.2. First notethat T = T is uniform (by Theorem6.6), soF °= F (T (F))
is valid and safe(by Theorem 5.6). Clearly Memgo= IT + = Memg.

For the claim that ReachEO: ReachS, we obsene (by Theorems 5.6 and 6.6 and by
De nitions 5.4 and 6.4) that (e;me) 2 ReachE0 i® (with e= ue') Go(l;me) 6 ? i® Dt
cortains a judgemert for e with addressme i® (e;me) 2 Reachf, and that (z;m) 2 Reza\chE0
i® Y2o(z;m) 6 ? i® A7 (z;m) is de ned i® T,:l/z(z; m) is de ned i® (z;m) 2 Reach}.

We next establish an auxiliary result:

Lemma E.1. For V 2 FlowSetr it holdsthat F1 (Tg (V)) = Tter E(V). O

Proof. Clearly Int2 F1(Tg (V)) i® gnt 2 dom(Te (V)) i® Int2 V. In the following, let ac=
(1 :,x:e; me) with e= ue'.

First assumethat (ac;M 92 F1(Te (V)). There thus exists q2 dom(Tg (V)) sud that
M 9= dom(Tg (V):q) and sud that a judgemert for if : x:e occursin Dt with addressme
and is derived by [fun]¥" where w- takesthe form (q : t); by Theorem 6.6 we infer that
g= ac. Sinceac2 dom(Tg (V)) we next infer that there exists M such that (ac;M) 2 Vand
such that M %= dom(Tg (V):ac) is given by

n o

m 2 M j Analyzes, (ac)

which since (*f : x:e; me) 2 ReachE (by De nition 6.4) implies that
n o}
MO% m 2 M j(e;me[f;x 7! m]) 2 Reachb

This shows (ac;M 9 2 Tter |, (V).
Next assumethat (ac;M 9 2 Tter | (V), which amourts to (f :,x:e; me) 2 Reachf and
the existenceof M suc that (ac;M )2V and such that
n 0
MO% m 2 M j(e;me[f;x 7! m]) 2 Reach}
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Then ac2 dom(Tg (V)) and clearly M °= dom(Tg (V):ac), and (by Theorem 6.6) D1 con-
tains a judgemert for if : x;e at address me derived by [fun]¥" with w- of the form
(ac : T (f (ac; Memg )g):ac) where by Lemma 6.2 we have Tg (f (ac; Memg )g) - 4 T (V) and
henceTg (f (ac; Memg )g):ac-  Tr (V):ac. This demonstrates(ac;M 9 2 F1 (Tg (V)). O

Now obsene that Geo(l;me)=V (6 ?) i® Dt cortains a judgemert A ~ ue' : u with
addressme and with V = F1(u) i® (ue';me) 2 ReachE with u= T (G (I; me)) and with
V = Fr(u). Soby LemmaE.1 weinfer asdesiredthat G-o(I;me) = V i® (ue'; me) 2 ReachE
and V = F1 (T (G (I; me))) = TTter E(CF (I; me)).

Similarly obsenethat % o(z;m)= V (6 ?) i®there existsu with T-{z;m)= At (z;m) =
u and with V=F+(u) i® (z;m) 2 ReachE with u= Tg (Y2 (z; m)) and with V = F1(u).
So by Lemma E.1 we infer as desired that %o(z;m)=V i® (z;m) 2 ReachE and V =
F1(Te (% (z;m))) = Tter £ (% (z; m)).

Now we consider the claim concerning ©ro, where ac= (}f : x:eo;mep) and I, is sudc
that e= ue'll Q ue'22 in SUbExprs. If ©ro((l2;me);ac) = K then there exists q sudch that
D+ contains (i) a judgemert for if : x:e o with addressmey derived by [fun]¥" with w- of
the form (q:t); (ii) ajudgemert for e with addressme derived by [app]""@ where w@(q) =
K. From the former judgemen, we infer by Theorem 6.6 that q= ac. From the latter
judgemernt, whoseleftmost premisetakesthe form A ° ue'll : Te (G (I1; me)), we infer that
ac2 dom(Tg (G- (I1; me))) and by Theorem 6.6 that w@(ac) = ©¢ ((I2; me); ac). This shows
that ©r ((I2; me);ac) = K and that there exists M sud that (ac;M) 2 G- (I1; me). Clearly
we also have that (if : x:eo;mep) 2 Reachf, and (e;me) 2 Reachf,.

Conversely assumethat (f : x:eo; meg) 2 Reachf, and (e;me) 2 Reachf, and (ac;M) 2
G- (I1; me) and ©f ((I2; me); ac) = K. By Theorem 6.6 we infer that Dt cortains at address
mey a judgemert for f : x:e o derived by [fun]¥" with w- of the form (ac : t); and (since
ac2 dom(Tg (G- (I1; me)))) we also infer that Dy contains at addressme a judgemert for
e with leftmost premise of the form A ° ue'l1 : Te (G: (I1; me)) derived by [app}”@ with
w@(ac) = K. This demonstratesthat ©go((l2; me);ac) = K . O

Proof of Corollary 7.3. In the following, we shall apply Theorem 7.2to F aswellsasto F°,

First we obsene that Memg o= Memgo, that Reachf’ = Reachf and therefore Tter £’ =
Tter £, and that TTter 5 is idempotent.

Therefore G- oo(l;me) 6 ? i® Geo(l;me) 6 ? and (ue'; me) 2 ReachE0 i® G=(I;me) 6 ?
and (ue'; me) 2 Reach’ and (ue'; me) 2 Reachf’ i® G: (I;me) 6 ? and (ue'; me) 2 Reach,
i®Geo(l; me) 6 2, in which casewe have G- oo(l; me) = Tter £°(Geo(1; me)) = Tter &°(Tter £ (G: (1; me))) =
Tter | (Tter 5 (G- (1; me))) = Tter 5 (G (I; me)) = Geo(l; me). This shows Geeo= Gro; in a sim-
ilar way we seethat Yz o= %o.

Finally, we must prove ©rw= ©ro and it sutces to prove that whenewr ©ro is de-
"ned then also ©rw is de ned. So assumethat ©ro((l2; me);ac) is de ned, where ac=
(Mf :.x:e0;mep) and I, is sud that e= ue'll Q ue'22 in SUbExprs; then (e;me) 2 Reach
and (X : x:eo;mep) 2 ReachE and for some M (ac;M)2 G-(l1;me). Still employing
Theorem 7.2, we infer that G-o(I;;me) 6 ? and that G-o(I1; me) = Tter E(CF(Il;me)),
so clearly there exists M © such that (ac;M 9 2 G-o(I1;me). Since (e;me) 2 ReachE0 and
(3f : x:e0;meg) 2 ReachEO, this shaws (by applying Theorem7.2on F 9 that ©f oo((l2; me); ac)
is de ned.

O

Proof of Theorem 7.6. Let F = F(T), sothat T%= T(F). First note that F is valid and safe
(by Theorem 5.6) so T?is uniform (by Theorem 6.6). Clearly IT ro= Memg = IT 7.

Further obsene (with e= ue') that Dto contains a judgemert for e with addressme i®
(e;me) 2 ReachE i® (by Theorem 5.6) G-(I;me) 6 ? i® Dt contains a judgemert for e
with addressme.
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Next we prove that Do is strongly consister. Solet u occur in Dyo with g6 gnt In
dom(u). Examining De nition 6.4 showsthat u takesthe form Tg (V) for someV, whereV
is in the range of either G- or % ; in both casesthere existsu; suc that V = F1(u;). From
u= Tg (V) weinfer that there exists (ac; M) in FlowValg sudc that q= acand (ac;M)2 V;
let ac= (f :x:e; me). From (ac;M) 2V = F(u;) we infer that Dt contains a judgemert
for if : x:e with addressme, and we have already seenthat then also Dto contains a
judgemert for f : x:e with addressme. By Theorem 6.6, this judgemern is derived by
[fun]*" wherew: = (ac : Tg (f (ac; Memg)g):ac). It is immediate from the de nition of T
that

Tr (f (ac; Memg)g):ac- | T (V):ac= Tg (f (ac; M )g):ac

which shows the \at least one" part of De nition 7.5;the \at most one" part is obvious.

Finally, we assumethat D+ is strongly consistert and must provethat Dto equalsD |
modulo renaming, so wlog. we can assumethat if Dt contains a judgemert for f : x:eq
with addressmeg derived by [fun](%!) then q= (f : x:e o;meg). Our goal will be to show
that

if u occursin Dt then Tg (Ft(u))=u Q)

for then we can reasonas follows: let Dt cortain a judgemert A ~ ue' : u with address
me; then the judgemert for ue' in Do with addressme will be of the form A° * ue' : u°
where

u= T (G- (I;me)) = Te (Fr(u)) = u
and where A%= T2 (me). To seethat A° equalsA, note that

TA(2)= 2and T2 (mefz 7! m]) = T2 (me)[z 7! T(z; m)] = TA(me)[z 7! T (F1 (At (z;m)))]=
TA(me)[z 7! At (z; m)]

and that A equalsA(me) where
A(?2)= 2 and A(me[z 7! m]) = A(me)[z 7! At (z;m)].

Sowe now embark on proving (1); since Tr (Ft (Uint)) = Uint it is easyto seethat this can
be done by establishing that if u occursin Dt and q6 gn: 2 dom(u) then with t= u:q the
following holds:

ift:VKZKff giuk! We v 2
then Te (Fr (" (@:0) = (A: o I kg Te(Fr(u) | Te (Fr (u)o)

So consider such q and t; our assumptions guarantee that D+ contains a judgemert for
I : x:e o with addressmey derived by [fun](@t0) whereq= (f : x:e o; meg) and wheretg - §
t. The premisesof this judgemert are thus of the form

k2Ko: A[f 7' ud§[x 7! uk] * & @ u? (3)

_ w
where K 4 Ky. By the \at most one" part of De nition 7.5 we infer that F+( (q:t)) =
f(q;K)g, sowith ey = ue{)O we have

W W Vv
Te(Fr( (a:1)) = (a: oxoff kg: Te (Y (%K) ! Te (G (lo; meo[f ;x 7! K]))g)
where K %is given by
n 0
k 2 K j Analyzeg (q) .

The judgemerts in (3) demonstrate (using LemmaC.1) that K °= K and that for each k 2 K
it holds that %& (x; k) = Fr(ux) and that G (lo; meo[f ;x 7! K]) = F1(uf), thus establishing
(2). O
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