To Appear in J. Functional Programming 1

A Calculuswith Polymorphic
and Polyvariant Flow Types

J. B. WELLS=®=
Heriot-Watt University

ALLYN DIMOCK 'y

Harvar d University

ROBERT MULLER z
Boston College

FRANKL YN TURBAK x
Wellesley College

Abstract

We presert |, " | atyped, -calculus which serves as the foundation for a typed interme-
diate language for optimizing compilers for higher-order polymorphic programming lan-
guages.The key innovation of | ©* is a novel formulation of intersection and union types
and °ow labels on both terms and types. These °ow types can encode polyvariant control
and data °ow information within a polymorphically typed program represertation. Flow
types can guide a compiler in generating customized data represertations in a strongly
typed setting. Since, “ enjoys con®uence, standardization, and subject reduction prop-
erties, it is a valuable tool for reasoning about programs and program transformations.

1 Intro duction

Explicitly typed intermediate languages(TILs) facilitate the safeand etcient com-
pilation of programming languages (Morrisett, 1995; Tarditi et al., 1996; Pey-
ton Jones, 1996; Peyton Jones & Meijer, 1997; Shao, 1997; Benton et al., 1998;
Tolmach & Oliva, 1998; Morrisett et al., 1999; Fitzgerald et al., 1999;Cejtin et al.,
2000).The typeinformation in the intermediate represenation canbe usedto guide
program analysesand transformations and to support run-time operations suc as
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garbagecollection. TILs are also an important debuggingaid in the compiler de-
velopmert process.Finally, there is growing recognition of the importance of TILs
in certifying compilers (Necula & Lee, 1998; Appel & Felty, 2000).

TILs are especially important for the safe and excient compilation of modern
programming languagesthat support higher-order functions, polymorphic types,
abstract data typesor objects. Thesefeaturesmake it ditcult to compute excient
data and control represenations. In the absenceof type information, compilers
for these language have usually adhered to a strong uniform representation as-
sumption (URA), which dictates (1) that ead type constructor in the languageis
assaiated with a singlerepresertation in the target machine languageand (2) that
all valuesare accessedhrough a xed-size interface (usually achieved by \b oxing"
(Leroy, 1992)). While the URA simpli es compilation and facilitates the support of
polymorphism and separate compilation, it standsin the way of customized data
represenation and classicaloptimizations. TIL-based compilers can usetype infor-
mation to choosedi®eren represenations for di®erert instancesof the sametype
constructor. For example, a function mapping integersto integerscan be given a
di®erert calling convertion than a function mapping reals to reals| something
not possibleunder the URA.

Typedintermediate languagesbasedon SystemF (Girard, 1972;Reynolds,1974)
represeri type polymorphism with universally and existertially quanti ed type vari-
ables.The explicit typeinformation in theselanguagescanbe usedto relax the URA
for monomorphically typed data, however, these languagesstill imposethe URA
in a weaker form. First, the binding occurrencesof the type variables e®ectiely
hide the types at which the polymorphic value is used. This makesit dixcult to
customize data represernations. Second,even in the best case,data represena-
tions are computed on a per-type basis.But it is often desirableto choosedi®eren
represenations for valuesof the sametype basedon their usage.Multiple represen-
tations are often suggestedby polyvariant analyses,.e, thosein which a given value
or a given usagetype is analyzedin multiple contexts. SystemF is not expressie
enoughto encade many polyvariant analyses.

In this paper we introduce , ©'“ , an explicitly typed , -calculus that servesas a
basisfor a TIL in compilersfor higher-order polymorphic programming languages®
The keyinnovation of the languageis the integration of polyvariant °ow information
and polymorphic type information into a single °ow type system that supports
transformations into customized data represenations. The type system represerts
°ow information using a novel formulation of intersection and union typesas well
as °ow label annotations on both terms and types. The types and annotations
approximate the °ow of valuesfrom the points wherethey are de ned (their sources)
to the points where they are used (their sinks).

The °ow annotations can be used to construct data represenations tailored

1\CIL" is an acronym for \Ch urch Intermediate Language". The authors are members of the
Church Project (http://www.cs.bu.edu/  groups/church/ ) which is investigating the applica-
tion of type systems in the safe and excient compilation of higher-order typed programming
languages.
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speci cally to source/sink pairs and to implement excient control structures. For
example,a compiler may chooseto represent a function °owing to seweral applica-
tion sites with seweral customized piecesof run-time code. If the function is given
an intersection type, the run-time code may be specialized for the various con-
crete types in the intersection type. Intersection and union types together with
°ow labels support a more expressie notion of type polymorphism which can sup-
port customizing the run-time code for many context dependert properties suc as
callee-sae register corvertions, activation record layout, stack availability of free
variable values, etc.

In , 't | customization opportunities are represeried by virtual forms. Virtual tu-
plesintro ducevaluesof intersectiontype. Their componerts, whosecode is identical
exceptfor type annotations, are duplicated (or split) represenations of a value that
is usedin di®erert contexts. Virtual caseexpressionseliminate valuesof union type.
Their clauses,whosecode is identical exceptfor type annotations, can be thought
of as duplicated (or split) contexts. Theseforms are virtual in the sensethat they
are compile-time ertities that are not represerted in the run-time code.

To customize code, the compiler may reify the virtual forms into corresponding
real forms that are represerted at run-time. When the compiler electsto customize
a source, it rei es the virtual tuple by converting it to a real tuple and by convert-
ing the corresponding virtual projections to real ones. Additionally , rei cation of
virtual tuples typically introducescustomized code for the componerts that is no
longer the samemodulo type annotations. Similarly, the compiler may electto rep-
resert a given application site with seweral customized run-time calling sequences,
possibly inlining somenumber of the calls. In this casethe compiler rei es a virtual
caseexpressionby converting it to a real one and by converting the corresponding
virtual injections to real ones(i.e., oneswith run-time tags). Once all represen-
tation decisionshave been made, many virtual ertities that have not beenrei ed
can be merged into a single real represeration. Any virtual tuple (resp. virtual
caseexpression)that persiststo the back end is compiled into the code for one of
its componerts (resp. clauses),since all of these are guaranteed to compile to the
exactly the samecode. A concrete example of the sort of customization supported
by . Ct is preserted in section 2.2. See (Dimock et al., 2001a) for an extensive
discussionof how , ¢~ supports customizedfunction represenations.

Flow types naturally integrate types with the sorts of control and data °ow
analysesthat are computed in most modern compilers. The main bene t of this
integration is that it helpsto maintain the consistencyof analysesacrossprogram
transformations. Although it is in generalditcult to maintain this consistencyit is
easierthan when the information is recordedseparately and, mostimportantly, the
type cheder can medanically certify the consistency In awell-typed, ¢'* program,
any °ows encaded in the typesare consenative approximations of run-time °ows.
In cortrast, in systemsthat maintain type and °ow information separately it can
be dizcult to update the °ow information to be consistert with the results of a
program transformation. In such systems,it may be necessaryto reanalyze the
program after every transformation. Not only is reanalysis potentially expensiwe,



4 Wells, Dimock, Muller and Turbak

but analysis of a transformed program may yield lesspreciseinformation than for
the original program.?

The benets of °ow typesare not achieved without cost. First, the encading of
°ow information in the types and the duplication implied by virtual tuples and
caseexpressionscan lead to extremely large terms and types. Much of our e®ortin
implementing a compiler basedon , ' has beenfocusedon reducing the spacere-
quired by our intermediate language.We have adapted the space-saing techniques
described in (Shao et al., 1998) as well as intro duced somenew techniques. These
engineeringissuesare outside the scope of this paper and are reported elsewhere
(Dimock et al., 2001b).

Second,in their simplest form, °ow typesappear to require analysis of a whole
program, and so seemto be at odds with separate compilation. Indeed, our pro-
totype ML compiler basedon | ©'* assumeswhole-program compilation. In this
respect, it follows many other modern compilers for higher-order polymorphic lan-
guagesthat have used whole-program compilation to achieve high degreesof ex-
ciency (Chamberset al., 1996;Tolmach & Oliva, 1998;Benton et al., 1998;Siskind,
1999; Cejtin et al., 2000). But it is worth noting that °ow types may not be in-
herertly incompatible with separate compilation. Type systemsclosely related to
that of , ©“ (such as (Banerjee, 1997; Kfoury & Wells, 1999)) have a principal
typing property { a key property for modular systems(Jim, 1996). (In corntrast,
neither SystemF nor the Hindley-Milner systemhave principal typings. The weak
\principal types" property of the Hindley-Milner systemdoesnot support modular
analysis.) This suggeststhe tantalizing possibility that , "> could be the basisfor
a modular compilation systemin which somecompilation is performed at link-time
(e.g., see(Fernandez,1995)). Even if “ow typesdo prove useful in a modular set-
ting, they may be too \low-level" for user-leel speci cation of module interfaces;
universal and existertial typesseemmore appropriate for suc speci cation. Since
intersection and union typesappearto have di®erert strengths and weaknessethan
universal and existertial types,it may be fruitful to integrate them into a single
type system.

Flow and type information have beencombined in other type systems,but most
of thesecan only expressmonovariant °ow analysesand none hasbeenthe basisfor
a calculus at the core of a typed intermediate language.The rst correspondence
betweena type systemand a monovariant “ow analysiswas shown in (Palsberg &
O'Keefe, 1995). Heintze coined the term \control °ow types" in the context of a
systemin which function typesare annotated with sets of sourcelabels (Heintze,
1995); the system is limited to the expressionof monovariant °ow analyses.The
cortrol °ow e®ectsystemin (Tang & Jouvelot, 1994) also involves source label
annotations of arrow typesbut cannot expresspolyvariant °ow analyses. The rst
formal correspondencebetween a class of polyvariant °ow analysesand intersec-

2 This is particularly true in the case of modular analyses such as that of Banerjee (Banerjee,
1997), where the rank restriction can force °ow information about the various inputs of a
function to be merged when the function is passedto another function. Note that for some
combinations of transformation and analysis, the reanalysis of the transformed program can
yield more precise information. Indeed, that is one of the goals of some transformations.
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tion and union typeswas shown in (Palsberg & Pavlopoulou, 2001). An improved
correspondencepreseried in (Amtoft & Turbak, 2000) involvesa type systemwith
taggedintersection and union typesthat is closelyrelated to that of | “'“ . Flow and
type information are also mergedin constrained types (Curtis, 1990; Eifrig et al.,
1995; Aiken & Wimmers, 1993; Aiken et al., 1994). Palsberg and Smith (Palsberg
& Smith, 1996) shaw that the system of constrained typesin (Eifrig et al., 1995)
acceptsthe sameprograms as the type system of Amadio and Cardelli (Amadio &
Cardelli, 1993). Two recert compilers (Tolmach & Oliva, 1998; Cejtin et al., 2000)
have used °ow information to reduce the size of closure datatypes intro duced by
defunctionalization. The resulting sum-of-product closure represerations can be
viewed as a simple °ow type systemin which all virtual tuples and variants have
beenrei ed.

Unlike many other typed intermediate languages,, “ is a calculus (an equa-
tional theory of program fragments) rather than just a languagewith a determin-
istic operational semartics. In this paper, we prove that , ' is con°uent and has
the subject reduction property. The former property ensuresthat the equational
theory of , ©'* is non-trivial. Elsewhere,we prove that , '* has a standardization
property, which e®ectiely determines an operational semariics for , ' by speci-
fying an evaluation relation that is a subrelation of the calculus relation (e.g., see
(Ariola & Felleisen,1997)). Taken together, con°uence and standardization imply
computational soundessterms equated by the theory can be shown to be obsena-
tionally equivalent. This is an essetial property of an intermediate language,since
compiler writers can usethe theory to justify animportant classof local program
transformations.

The remainder of this paper is organizedasfollows. Section2 preseris an informal
overview of | ' motivating the properties of the calculuswith examples.Section3
discussesdesign trade-o®s in the formulation of the calculus as well as related
work. Section 4 gives a formal presertation of three related calculi: an untyped
calculus(, §* ), an explicitly typedcalculus(, ©' ), and animplicitly typed calculus
(, ). Section5 concludeswith a brief discussionof our practical experienceusing
a typed intermediate languagebasedon | - . The appendix preseris the details
of combinatory reduction systemswhich are usedin our proof of con°uence.

2 Informal Overview of ,C't

In this section,we give an informal overview of | ©'“ by discussingits syntax and se-
mantics in the corntext of a seriesof simple examples.We presen two versionsof the
calculus: the untyped calculus ; {" and the typed calculus, ©'* .3 The connection
betweenthesetwo calculi will be developed in section 4.

3 . ) L ciL . .
In section 4 we presert yet another language: the implicitly typed language, -~ . This calculus is

di®erent from the two summarized here. Because, &'- is not critical to the informal exposition,
we will not discussit here.
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2.1 The Untyp ed Calculus , §*

The untyped language, b is a call-by-value lambda calculus extended with con-
stants, recursion, tuples, and variants. For presenational purpose,we usestandard
in x primitiv es in our examples even though they do not appear in the formal

calculus. As a rst example, considerthe following , {* term:

Ma" let f = xx in £(f @17.f @23 f @true)

In the untyped language,let is the familiar syntactic sugarfor an application of an
abstraction to a term. The body of the let expressionis a tuple containing three
applications of the identit y function. Tuplesare written as£ (:::), wherethe symbol
£ serwesto distinguish the subterm from a virtual tuple, which will be introduced
later. Function application is indicated by an explicit @ symbol, which senes as
a placeholder for °ow labels in the typed versions of the language. The call-by-
value reduction rules for | " (seesection 4.2.1) are straightforward. Under these
rules M, reducesto the normal form £ (17; 23; true ).

As a secondexample, consider:

My~ let g= s case* shind win
£(,xx + Lw);
£(y:yeZyw+ 1)
£(,z:if zthen 1 else 0O;w)
in let h= a: let p=g@a
m(l/'S I ¢e
in £ h@ ing 3 h@ iny 5; h@ in3 true

In this example,g and h arelet -bound to functions that take variants asargumernts.
The term l/’S M extracts the |th cogponert of the tuple to which M evaluates.
Variants are constructed via |n M , which injects the value of M into a variant
with positional tagi. The symbol + serwesto distinguish thesefrom virtual variants,
which will be introduced later. Variants are deconstructed via case® expressions.

In particular, a term of the form case* Mg bind x in My;::: ;M discriminates
0n the \ianant value denoted by Mg, which should reduceto a subterm of the form
|n V ,wherel- i - n,andV is avalue (i.e., constart, abstraction, tuple of

vaIues,or variant of a value). The value of the case* expressionis the value of the
clauseM; in a context wherex is bound to V (the samebound variable is usedin
all clausesfor convenience).The case* term within g ewvaluates one of three tuple
terms depending on the tag of s. Each of theseterms pairs an abstraction with an
argumert value to which it will be applied (in h). Thus, the tuples have the form of
thunks (nullary functions) that have beenclosure-comverted (Dimock et al., 1997).
The term My, reducesto the normal form £ (4;12; 1).

2.2 The Typed Calculus | ¢t

The typedlanguage, ' is an extensionof , {* in which all occurrencesof variables
(except the binding occurrencesof case-bound variables) and variants are anno-
tated with atype., ©'“ supports the familiar types: basetypes, function, product,
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variant and recursive types.In addition, , “'“ includestwo featuresfor represerting
information that approximates the °ow of valuesfrom their sourcesto their sinks:
(1) intersection and union typesand (2) °ow annotations on terms and types.

As an illustration of intersection types, consider the following explicitly typed
versionof M,: 4

M,  let f~nt! int;bool! bool] = V'}X ity x booI:X¢

in £((4 f) @17, (%4 f) @23 (Y f) @true )

The term Vi X int:x: x bool :x¢ denotesa virtual tuple| avalue of intersectiontype.
Intuitiv ely, avirtual tuple is an ertity that represerts a polymorphic value as multi-
ple copiesof aterm that di®eronly in their type annotations. The virtual projection
Y2 M selectsone of the type-annotated copiesfrom the virtual tuple. Virtual tuples
and projections are ertirely compile-time constructions whose purposeis to facili-
tate type-chedking by tracking the di®eren typesat which a polymorphic value is
used. All componerts of a virtual tuple denote the samerun-time value; no code
will be generatedto construct or accessthe slots of a virtual tuple at run-time.
Because, “' usesvirtual copiesof terms asa kind of type annotation, we refer to
it asa duplicating calculus. An implementation using , “'“ hasthe responsibility of
performing as much sharing asit can betweenthe virtual copies.

Terms and typesin , © are annotated with °ow labels taken from a given set.
To simplify notation, when this set is a singleton, the °ow labels are omitted, as
they were in the preceding example. As an illustration of non-trivial °ow labels,
consideranother typed term corresponding to M ,:

AN
inti 9 int:boolif ¥ b I’ ‘
MO letf " iid e #% bool _  FasgXMX, Peg X% x
in £ (coerce  int i;f‘i;lgg int;int ,Hg int, (v f)) @ 17,
(coerce int Hfdlg int; int § gg int (v f)) @™ 23
(v ) @ true

Each sourceterm (abstraction) is annotated with a single sourcelabel and a set of
sink labelsthat approximate the sink terms (applications) to which valuesproduced
at the sourcemay °ow. Each sink term is annotated with a single sink label and
a set of source labels that approximate the source terms from which the values
consumedby the sink may °ow. Arrow types are annotated with a set of source
labels and a set of sink labelsthat approximate the sourcesand sinks of the values
that they specify.® The coerce terms are explicit subtyping coercionsthat can add
sourcelabelsto and/or remove sink labels from a type.

4 To aid readabilit y, the types of most variable occurrences have been elided; they can be deter-
mined from the type annotation on the corresponding binding occurrences.

5 In the calculus of this paper, the only labelled sources are abstractions, the only labelled sinks
are applications, and the only labelled types are arrow types. In our compiler implementation,
we have extended the calculus to support labelling of all type constructors and their intro duction
and elimination forms.
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An intersectiontyperepresens °ow information in the sensethat it approximates
how a value at one point of a program (the intersection term) fans out to other
parts of the program (the projection terms). In , ©'“ | there must be at least one
componert of an intersection type for ead usagetype of a polymorphic value, but
the analysismay be even more ne-grained. For example, this is yet another typing

of the untyped term M:
Mé)O' let f"[int! int;int! int;bool! bool] — Vi X int:x. XintZX' X bool:x¢
in £((% f) @17, (% f) @23 (% f) @true )

Here there are two virtual copiesof the (int! int) identity: one destined to be
applied at 17, the other destined to be applied at 23. Intersection types can be
used in this way to track di®erert °ows of any value, even one that would be
given a monomorphic type by a traditional type system. The ability to represert
di®erert analysesof a single term used in multiple contexts is the hallmark of
polyvariant °ow analysis (Nielson & Nielson, 1997; Banerjee, 1997; Jagannathan
et al., 1997; Palsberg & Pavlopoulou, 2001; Amtoft & Turbak, 2000). The above
exampleillustrates how intersection typescan represen polyvariant °ow analyses
in _ Clt

Functions that are type polymorphic in the type system of the sourcelanguage
may becometype monomorphic in a represenation type system. For example, if
the compiler choosesto represen both integer and boolean values as 32-bit words
then the typesof the componerts of the virtual tuple in M { and M Qare identical
and the virtual tuple may be mergedinto a single abstraction.

o f K
MO0 et fWordiiddlh word _
a

1 word -
= L34k X

.f 4g
fzword it yg word

. T1g, . 119
coerce \ word Hzl;é;ﬂg word; word j ég word f

word ji # word _ .. flg, . 19
fs 9 = coerce3word Hzl;é;ﬂg word; word Ifég word f

f
féwmd id word _ coerce word ijéré.ggg,word;word Hg word f

in £ f,@" 17,5 @" 23, @' true

The coercionsin the above examplecan be interpreted as movesof the code pointer
of the function to the registersusedat the respective call sites.

Although the polymorphism in the above examples can be expressedin the
Hindley-Milner system (Damas & Milner, 1982), intersection types can represen
polymorphism that is not expressiblein let -style polymorphism. For example, a
polymorphic function can be returned as a result or passedas an argumert asin
the following example.

Mc, le p/\[/\[a;(;z]!ﬁ [int;int;bool];"[¢3:¢4]! £ [real;real;real]] —
( f "leselg (v f) @17;(Y4 f) @23, (Y, f) @true );
g el g (v f) @17, (Y4 T) @23, (s T) @true ))
£( (141 p) @Vi X |nt:x; X bool .y : ¢
(Vs p) @ y":3141yPo:3:141)
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where ¢; ~ int! int, ¢ © bool! bool, ¢3 ° int! realand ¢4 ©~ bool! real
There are two levels of polymorphism here: one for the identity and constart func-
tions, and one for the function p that is applied to thesefunctions.
Whereasintersectiontypesrepresent fan-out in °ow paths (i.e., a value that °ows
to multiple destinations), union typesrepresen fan-in of °ow paths (i.e., multiple
values®owing to a single destination). Union typesare necessaryfor expressingthe

untyped sampleterm My in  C'-:
Mb I let g+[int;int;boo|]! _[Ya 2] =

s *lin tintibooll: caset s bind w in

[ ' b i i Ya ¥,
int) ing £ xMx+ Lwnt "~ [Ya V2],

- . ¢C 1,
int) linI £' y'nt:yOZ;W'm +1 _[/a,/zz];
i . C¢ 1y 1p1
bool) 'iny £ ,zP°°:if z then 1 else O;wPoo —*
in let h+[int'int'bool]' int —
+[|n t;int;bool]. : et p_[1/a Yol — g @a
in case- pbind r in
o) (Yir™) @(Ysr*)
¢ ) (A2 @) o

in £ h@|n13 h@|n25 h@lngtrue

whereYy ~ £[int! int;int] and % ~ £[bool! int;bool]. In , ¢, eadh clausea of
case’ term and a case- term is introduced with the notation ¢ ) . This notation
indicates that the bound variable declaredby the case term hastype ¢ within the
clause.The two incompatible typesreturned by the body of g are mergedinto the
union type [%;%2]. Terms of union type are constructed by injecting a term into
a virtual variant. Virtual variants are analyzedby virtual cases(i.e., case- terms),
which are the duals of virtual tuples. A virtual casecontains multiple copies of
clausesthat di®eronly in their type annotations. As with intersection componerts,
the caseanalysis of a case- is a compile-time operation that implies no run-time
computation. All the clausesof a case- represert the samecomputation.

Our framework requiresthat di®erenly typed values °owing to a polymorphic
context must be injected into virtual variants of the sameunion type with di®erert
virtual tags. However, ner grained °ow can be represered by injecting values of
the sametype into values of the same union type w¢th d|®erert virtual tags. Fo
instance, in the above example, £ XNty + 1wt and £' yntyo2owint + 1
could be injected with di®eren virtual tags, which would allow customization of
the corresponding case- clausesto be madebasedon °ow information “ner-grained
than the type information.

2.3 An Example of Flow-Base d Customization

By combining the fan-out °ow of intersection typeswith the fan-in °ow of union
types,it is possibleto construct networks of °ow paths connecting the sourcesand
sinks of values. These °ow path networks can guide °ow-basedcustomization (Di-
mock et al., 1997).
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As a concrete example of such customization, we illustrate how °ow types can
guide an uncurrying transformation. Considerthe following , - term:

Mg~ let k=x.y x
g=.,x: let y=xuaxin z:y
h=f :f @1 @2
in £k @3@4h@kh@g)

The function named k is a curried function of two argumerts. We want to in-
vestigate transformations that would allow uncurrying this function to the form
. [x; y]:x®. Of course, any application sites to which k °ows must also be trans-
formed in a consistet manner. Matters are complicated by the fact that k can
°ow to application sites to which other functions can °ow. For example, both k
and the function g, which cannot be uncurried, are argumerts to the h function. In
traditional approaciesto uncurrying, e.g., (Appel, 1992; Tarditi, 1996; Hannan &
Hicks, 1998), this fact would prohibit k from being uncurried. This is an instance of
a representation pollution problem in which (1) the assumption that every source
term has a single represenation for all usagecontexts and (2) the fact that an
unoptimizable represenation °owsto someusagecontext together preclude using
customizedrepresenations for someof the contexts.

Flow types are an e®ectie language for addressingthe pollution problem. We
show this by presering two strategies for customizations based on the following
. CL term, which is a typing for the untyped term above:

A 3
Ma™ let k=, XM {1y ixs, ZegX ™, Py X, |
— 3 yint. — 9 iNtay
g= iny (,fsgx'”t. let y=xuaxin ,flzgz'“‘.y)
h=, 93.15,f ¢:case-f bifnd foinr ) ;
T T R o O I g g
Int lfig int Ifll!l?g Int ) fo@za 1 @Ll 2
g TP Ty I 39 99
Int it gg int lfllbgg Int ) fo@g 1 @LZ 2
n £(MK@*sd’s A
I_ i
(coerce (Ya; %) h) @3% 'ing (¥ k) ¢;
(coerce (¥4; %) h) @3 0)
i
U & T IS & (' RETAPUO g '« RN oI I _ ., ..t10g -
where ¢, = int “jg int lf'lh?g int; int ,,jg int .f,lb?g it , % = ¢ gty int, % =
é 4.1@3 int and %2 = ¢ 4.1@3 int. The typed abstractions , f14gxi”t:§f7ngyi”t:x and
s fzegxi”t:} f814gyi”t:x are componerts of a virtual tuple that represen the untyped
abstraction ,x:,y :x. (The corresppndencebetweentyped and untyped expressions
is formalized by a notion of type erasurepresened later in section4.3.1.) The virtual
tuple represerts a polyvariant °ow analysisin which the abstraction is analyzed at

6 The deconstruction of a tuple argument via pattern matching is not supported by the formal

.Gt syntax, but is used informally here to highlight the connection between the curried and

uncurried forms of the function.
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two call sites. The typed applications f°@,"® 1 @ /9 2 and f°@* 1 @3° 2 are
the code parts of clausesof a virtual case expression.They represen the untyped
applications ,f :f @1 @2. The virtual case expressionrepreserts a polyvariant
°ow analysisin which the application ,f :f @1 @2 is analyzedwith respect to the
two abstractions k and g.

To better highlight the °ow-basednature of the customizations, the typedterm is
preseried usingamore graphical notation in "gure 1. In this notation, arrowsdenote
the °ow of valuesfrom their sourceto their destinations. The product combining
the componerts of the resulting triple has also beenelided.

1 int. 7 int.y . 3 int. — H 9 int.
(. fagX f1gy  X; LisgX | ilet y = xumxin  f,,2"y

2 int. 8 int. )

fegX 14gY X

% ) @* 3@ 4| [(inr ¢4 3)°

[(inz 2)°

(coerce (¥4;%2) 2) @:" 27 | (coerce (44;%) 3 @géog)

, 13.154f ¢:case-f bind f°in
int { # intji4f int) £°@ 1@’ 2
int { 2 intjigf int) f°a®1@;°2

i
;= 7 int £39 int [79 inte int 39 int (99
é = int j int i1t Int; int j int iy int
here f jg f 1hg t gg f lkg

Vo= ¢iihnd, Nt Y2 = &gy int; Ya = ¢ o int

Fig. 1. Uncurrying Term before Transformation.

Using , ©'“, the represenation pollution in the uncurrying example can be re-
solved by one of two of splitting strategies. The rst strategy, which we call source
splitting, is to reify the virtual tuple as a real tuple whosetwo componerts have
di®erert represenations (see gure 2). The componert °owing to application site
6 has beenuncurried, while the componert °owing to application site 4 has been
left in a curried form to match the type of the other function °owing there. The
virtual projections assaiated with the rei ed virtual tuple have also beenrei ed
asreal projections. The virtual case expressionand its assaiated injections have
beeneliminated as a result of merging caseclausesthat manipulate the samerep-
resenation.

The secondstrategy, which we call sink splitting, is to reify the virtual case
expressionand its asscaiated injections. The injections tag the two incompatible
function represertations that will arriveat the application sites4 and 5 (‘gure 3). In
this case,the two componerts of the virtual tuple are mergedinto a singleuncurried
abstraction labelled 1. The °ow path from this abstraction to the discriminant of



12 Wells, Dimock, Muller and Turbak

the rei ed case expressionincludes an injection that tags the abstraction, in order
distinguish it from the curried abstraction 3. The °ow path from abstraction 1 to
call site 6 doesnot needto be tagged, since no other represenation reachesthat
site.

£(, Mgé'”‘ coerge (Ya; %), {11gY" ' G | |, fagX™' 1 let y = x mx in
feg XY™ x) (coerce (¥s; %), 71142""1Y)

(¢4 2 @™ 3:41] [coerce (a;%) (4 3)] [coerce (ai%)? |

% )
(coerce (¥4:%4) 2) @1 4 (coerce (:%4) 2) @i 3

10 .0, 1;3g 7;99
 Bsasgf ¢ f @10 1@ 2

Ya = int i 2 int (T int; % = int { P int {TF int; % = int {FFP int iH,é’ int
Ya = int i il int; % = intiif int; ¥% = int {T¥ int; 0= int { G int {TE int

A= iishly int; 8= ¢ i int; 8= ¢ i int

Fig. 2. Uncurrying term with split sourcesand merged sinks.

1 t‘xint
s f4;69

X ing (,$sgx":let y"t = xaxin 7,2

— 1
int

Y

\

(coerce (4;94)3) @' 13:4]] |3 @2 'in (coerce AN ™| [3d)

y)

—
[(coerce CATA33)] [(coerce CA433)]

R fl(]).S;lsgf ¢®.case* f bind f°
fintiind {3 int) £°@}* [12]
int g intif, int) 1°ak? 1@" 2

%4 = [int;int] iﬂjgghint; 4 = [int;int] { 2 int; %4 = [int;int itds int
¢®= + [int;int] { ¥ int; int {32 int {3 int
= ¢ iitnl, Int; %= Pl int; 18%= (P int

Fig. 3. Uncurrying term with split sinks and merged sources.
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In systemsthat enforce one represertation per sourceor sink term, the repre-
sentation of a single unoptimizable term can prohibit optimizations elsetwere in
the program by dictating the represenation of any term connectedto it by some
sequenceof °ow paths. The splitting strategies sketched above can cortain this
represenation pollution by allowing a single sourceor sink term to be implemented
with multiple represerations: someoptimized, somenot. As illustrated by the ex-
ample, the program plumbing information represenied in ' terms and types
allows the splitting strategiesto be implemented by reifying virtual terms. Which
strategy to usein practice dependson heuristics followed by the compiler; di®eren
strategies can be usedin di®erert parts of the sameprogram.

The data customization illustrated by the above exampleis only one of many op-
timizations enabledby a °ow type system. The sourceand sink labelsin , ¢~ allow
de nition and use points to be matched up as required by corvertional data°ow-
basedoptimizations. Indeed, whenthe intro duction and elimination forms for prim-
itiv e data typesare annotated with °ow information, typedterms carry information
similar to static single-assignment(SSA) form (Cytron et al., 1991; Briggs et al.,
1998):sourcelabelsin | ©'“ play the role of SSA's uniquely named sourcepoints. A
A-node denotesa con°uenceof °ow paths. In | ©'“ thesepoints can be represered
either as union case forms or as coercions. Unlike SSA, , ¢~ supports the dual
notions of sink labels and intersection types.

3 Design Issues

In this section, we discussthe rationale behind various decisionsmadein the design
of , ©'t . Along the way, we also discussrelated calculi, type systems,and interme-
diate languages.

3.1 Explicit Types

In ead stageof type-directed compilation, it is important to be able to verify that
terms are well typed and to usethesetypesto guide translations. In order to derive
atypefor aterm whenewer needed,, ©* annotatesvariables, variants and coercions
with explicit types. Such type annotations can impair readability, but this is not a
major drawbadk since, ©'“ is intended to be an intermediate language,not a source
language.

Since compiler transformations may produce typings beyond the range of com-
putable automatic type inference, automatic type inferenceis also not a goal of
our design. We assumethat any type inferenceis performed before or as part of
the translation from the sourcelanguageinto the intermediate language. Recen
work on encading °ow information via intersection and union types (Palsberg &
Pavlopoulou, 2001; Amtoft & Turbak, 2000) demonstrates how to automatically
translate between®ow analysesand type derivations similar to thoseof , “'“ terms.
Modulo the issueof shallow subtyping (seesection 3.5), thesetranslations suggest
a simple approac to type inferencein , ¢ : perform one of sewral popular °ow

B

analysesfor a term and then translate the °ow analysisinto a , ' term.
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3.2 Finitary Polymorphic Types

A certral goal of our work is to encale preciseinformation obtained from program
analysis into the type systemsof TILs. This information should be cornveniertly
accessibldor usein guiding program transformations. In the caseof , “' , typesare
annotated with information that tracks the °ow of functions between abstractions
and applications in order to support customization at thesesites.

Some type system designscon®ict with the goal of encading precise program
analysisinformation within the type systemin an accessiblenanner. For example,
type polymorphism for functions is usually represenied by abstractions over types,
which by themselvesdo not specify the typesof argumerts at which suc functions
may be called. This information is available in the typing derivation of the whole
program, but it is not cornveniert to access.Dually, abstract data types are typ-
ically encaded by existertial types, which do not directly provide represenation
information to the clients of such abstractions. In e®ect,universal and existertial
typesare a promise of a very generalimplemertation | a promise kept by boxing.
The dynamic-dispatch problem of object-oriented languagesis similar to boxing;
in both cases,a wrapper is usedto accessotentially incompatible represerations
via a single protocol.

In order to exposeconcretetype information hidden by universaland existertial
types, , ©'* supports type-polymorphic functions with intersection types and ab-
stract data typeswith union types.An intersection type lists the concretetypesat
which a polymorphic function may be usedin a particular program. It is the Tnitary
(listing-based) version of the in nitary (schema-based)universaltype, which corre-
spondsto an in nite intersection of types.Dually, the nitary versionsof in nitary
existertial typesare union types,which list the concretetypes of the implementa-
tions of an abstract data type.

There are sewral advantages of using intersection and union typesin place of
universal and existertial types. First, they enable customization by indicating the
types at which polymorphic values are used. Second,they can encale data °ow;
intersection typesrepresen the possibledestinations of a value while union types
represen its possible sources(Palsberg & Pavlopoulou, 2001; Amtoft & Turbak,
2000).This enablestype-basedcustomizationsthat are more ne-grained than those
possible using System F types; °ow types can distinguish usage contexts for a
value with a given SystemF type. Finally, for certain classesof languages, nitary
polymorphism is strictly more powerful than in"nitary polymorphism, in the sense
that it cantype more terms. Intersectiontypescantype every strongly normalizing
lambda calculus term, while the terms typable in SystemF are a proper subset of
the strongly normalizing terms. As a concrete example, considerthe term

(x:z (x(F ufu))(x(v g:av)(Ly yyy) :

This term is shown in (Urzyczyn, 1997)to be untypable in SystemF, , considered
to be the most powerful type system with universal quarti ers. In contrast, it is
typable not only in , ©'“ | but evenin a very limited versionof , ' satisfying the
so-calledrank 3 restriction (Kfoury & Wells, 1999). For extensionsto the lambda
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calculus that model more programming language features (such as term-level re-
cursion), the relationship between nitary and in nitary forms of polymorphism
is not known, but it is likely that the nitary forms of polymorphism type more
terms than the in nitary ones. The intuition behind this claim is that "nitary
polymorphism requires proving properties for a nite list of typeswhereasin ni-
tary polymorphism e®ectiwely requires proving properties for an in nite number of
types,and, in general,it is easierto prove a nite setof properties than an in nite
set.

As noted in Section 1, there are sewral disadvantages of using nitary poly-
morphism, including larger terms and typesand an assumption of whole-program
compilation. It may be possibleto addresssomeof these drawbadks by combining
“nitary and in nitary polymorphic typesinto a single type system.

It is worthwhile to compare the Tnitary polymorphism of | “'“ 's °ow typesto
other approadiesfor exposing the concrete type information hidden by in nitary
polymorphism. A common technique for improving polymorphic functions is type
specialization, which makes monomorphic copiesof a polymorphic function for the
typesat which it is (or might be) used. Type specialization of polymorphic func-
tions is usually achieved either by a monomorphization passthat removesall poly-
morphism (Tolmach & Oliva, 1998; Benton et al., 1998; Cejtin et al., 2000) or by
aggressie inlining (Tarditi et al., 1996). Type specialization has also beenusedto
compile data parallelism (Blelloch, 1993),to resolwe overloading in Haskell (Jones,
1994), to optimize method invocation in object-oriented languages (Chambers &
Ungar, 1989a;Chambers & Ungar, 1989b; Agesen,1995;Dean et al., 1995; Cham-
bers et al., 1996; Plevyak & Chien, 1995; Plevyak, 1996). Although the copying
implied by type specialization introducesthe threat of code blowup, the increase
in code sizeobsenedin practice is often quite modest due to the fact that the spe-
cialized code is more amenableto traditional optimizations (Jones, 1994; Tolmach
& Oliva, 1998;Benton et al., 1998; Cejtin et al., 2000).

The “nitary polymorphism of | ©'“ is similar to the monomorphization approac
to type specialization exceptfor two key di®erencesFirst, becaus€ow typesencale
°ow information, they permit °ow-basedspecializationsthat are more "ne-grained
than the type-basedspecializations of traditional type systems. For instance, a
higher-order "Ttering function can be specializedaccordingto the Ttering predicate
in addition to the elemen type of the TTtered list. In this case,similar specialization
canbe achieved by inlining the Ttering function at ead call site. But the °ow-based
specialization can be performed even in situations where inlining is not performed
(e.g., when multiple functions °ow to the operator position of a given call site).

Second, whereas monomorphization e®ectively commits to duplicate copies of
code at run-time, virtual tuples and caseclausesonly represen the potential of run-
time duplication. If that potential is not realized, no duplicate code is created. For
example,supposethat a Ttering function is applied to both a list of integersand a
list of characters. Monomorphizing this code basedon sourcelanguagetypeswould
yield two run-time copieseven though the machine-level represenation of integers
and characters might be exactly the same.In cortrast, if a virtual tuple containing
the two copiesof the Ttering function were not rei ed by the compiler, only a
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single run-time copy would be generated. To reduce the number of unnecessary
copies of polymorphic functions, monomorphizing compilers typically instantiate
polymorphic functions to machine-level typesrather than sourcelanguagetypes.

Another approadc to removing the overheadof polymorphism is dynamic type dis-
patch, in which a polymorphic function can dispatch to monomorphic code based
on a type argumert that is passedseparately from a value argumert of that type.
In the TIL compiler, polymorphic functions are handled e+ciently by dispatch-
ing to monomorphic code basedon all possiblerepreseration typesat which the
function can be used (Harper & Morrisett, 1995; Morrisett, 1995). Although the
type dispatch in general may take place at run-time, it usually can be performed
at compile-time, yielding code without a run-time overhead.Duggan's re nement
kinds extend dynamic type dispatch to user-de ned types (Duggan, 1999). The
main advantage of dynamic type dispatch over nitary polymorphism is that it is
compatible with separate compilation. However, this strength turns into a weak-
nesswhen it comesto customization. The range of represenation types must be
“xed in advanceto allow separately compiled modulesto interface with ead other,
and represerations for valuesexported by a module must be chosenwithout any
knowledge of how those values might be usedin other modules.

3.3 Explicit Syntax for Interse ction and Union Types

Systemswith intersection typesare ordinarily implicitly typed using the following
typing rule for intro ducing intersection types:

A°M %A M:¢
- (™ intro)
A M %N

This typing rule is incompatible with the decisionto annotate variableswith explicit
types. For instance, how can we shaw that an identit y function hasthe type (int!
int) ~ (bool! bool)? The derivation might look somethinglike:

A" xMxc(int! int); A xP%:x:(bool! bool)

B

A" x?x:(int! int)~ (bool! bool)

There are two problems with this approad:

1. The derivation doesnot match the (* intro) rule above becausethere is not a
singleM , but three di®eren versionsof M that di®eronly in type annotations.

2. It is not clear how to annotate the bound variable(s) in a term of intersection
type (as re°ected by the ???in the example).

The rst problem can be solved by a rule that usesthree terms that are not the
samebut the samemodulo type annotations:



A Calculus with Polymorphic and Polyvariant Flow Types 17

A M1:% A" Ma:g¢,
M 3 is the \combination" of M; and M5;
M1, M, and M3 are \the samemodulo type annotations"

A" M3 :3%N ¢

In section 4.3, we introduce a notion of type erasure that formalizes the notion of
\the samemodulo type annotations".

With regard to the second problem, there are seweral approaces to dealing
with the problem of annotating bound variables for terms of intersection type.
The approach used by Reynolds in the language Forsythe (Reynolds, 1996) an-
notates the binding of an abstraction (,x:M ) with a list of possibletypes, asin
(X : %4 ¢e¢j¥,:M ). If the body M of the abstraction is typable with the sametype
¢, for eadh possibletype % of the bound variable x, then the abstraction is assigned
the type (34! ¢)”™ ¢6e™ (34! ¢). However, this method is not sutcient to represen
dependencieshetweenthe typesof nestedvariable bindings. For instance, (,x.,y :X)
cannot be giventhe type (34! (3! 33) " (¢! (¢! &)

Pierce usesa more generalterm-level for construct specifying that atype variable
rangesover the typesin a nite set (Pierce, 1991). For example, using this method
the term (,x:,y :X) can be annotated as (for ® 2 f¥¢0:.x : ®:,y :®:x), which has
the type (34! (34! 33) ~ (¢! (¢! ¢)). However, this method is insutcient to
represert sometypings, such as giving the term M; ~ x.y 1.z :(xy;xz) the type
((® HAC ! 2l ® "1 (ZE)A((°! °)! °1 o1 (°£°)). By extending
Pierce'sfor notation with a notion of simultaneoussubstitution of type variables, it
is possibleto handle more complex dependencies.For example, an explicitly typed
version of M; can be written:

for f[u7! ®;- 7V ;" 7V o 7L 2L [u7t °;- 7V ;7 7V 0071 °g:
X oo YNG9y Lz (XY xz)

There are two problems with both the original and extended for notations. First,

they depend on intersection typesbeing assaiative, commutativ e, and idempotent
(ACI). But recert researt suggeststhat non-AClI intersection and union typesare
neededto faithfully encade °ow analyses(Amtoft & Turbak, 2000). Second,the
type information doesnot satisfy the cornvenient accessibility goal; it is not locally
obvious but is determined by enclosingtype variable bindings. Although the types
canbeinstantiated by a tree-walking processthis is not a conveniert represenation

for °ow-basedcompiler transformations, which needto referenceterms at arbitrary

locations in the program by their sourceand sink program points.

In , ©' | we solve the two problems with a new approad for giving explicit type
annotations to terms of intersection type. Since every implicitly typed term of
intersection type must have a type derivation tree, we can encade the structure of
the typederivation tree in the term itself. That is, we treat ead term of intersection
type as a combination of componert terms (which must be the samemodulo type
annotations) whosetypesare combined to form the intersection type.
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A M1:¥% A" My,
M, and M, are \the samemodulo type annotations"
AT MM M) % ¢
We call the term ~(M ;M) a virtual tuple and pre x it with the \*" symbol to
distinguish it from an ordinary tuple. The intended meaningis that M, M, and
N (M1;M») are merely di®erert type-annotated versionsof the same untyped term.

We alsointroduce an explicit projection ¥ to extract a componert out of a value
of intersection type:

A° M Meiiiién) 10
A Y Mg
An implication of this approacd is that constructors for intersection types and
virtual tuples are not ACI.
Recording all type derivation choicesin the syntax of , > makesit possibleto
use ordinary type annotations on variable bindings within ead componernt of a
virtual tuple. For example, below are the | {* type-annotated terms (without °ow

labels) for seweral examplesconsideredabove. Note how type information is locally
accessibleat ead term.

n
(™ elim)

Untyped Term LS Type LSt Term
Vi . . ¢
XX Afint! int;bool! bool] | = x Mtixint: x bool.ybool
NT3/,1 3/,1 3/
(o) ¢ ¢
Vi - -
A[® £ 2], ®. .

. VEA[®! £ 2] X ARGl .;;*!.2’12 @
AX- ] | ®| _| £[_|__'2]’ E(( 4 X/\[®| — 2]) @y71
Y 1 oo (AT ez

A £ (X @y-x @Z) o o E[o.o]u X7 Ly Lz oo ¢

T ' £ T @y x!' T @z2)

We emphasizethat virtual tuple constructors and projections are purely compile-
time notions intro ducedfor typing purposesAt run-time, computation is essetially
performed on the single untyped term that is the type erasure of all the type-
annotated componerts of a virtual tuple.

In , L | terms of union type are handledin a mannerdual to terms of intersection
type. An explicit injection iny is usedto create a virtual variant. If Mo denotes
a virtual variant (i.e., is a term of union type) then it is discriminated on via the
construct

case- Mg bind xin ¢ ) Mqj:iii;én) My
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where x is bound to the \untagged" portion of the variant at type ¢; within term
M. The purposeof case- isto encade the type derivation tree for unions within the
term structure of | ©' . Sincethe terms My;::: ;M, represen the samerun-time
term, they must be be the samemodulo type annotations.

An advantage of recording type derivation choicesin the syntax of , ¢ is that it
simpli es the expressionof represertation transformations that use°ow information
to transform the sourcesand sinks of valuesto be consistert with a changesin the
represenations of those values. For example, even though a polymorphic function
used at two di®eren typesis a single value, it is possible that a type-directed
transformation will transform the function in incompatible ways for ead type, in
which caseit must be represerted as a pair of function values. With , ¢ | this
sort of transformation can easily be expressedby transforming a virtual tuple to a
real tuple | i.e., changing the appropriate occurrencesof  and ¥ to £ and ¥4 ,
respectively as shown in Figure 2. Similarly, , ©'* faciliates transforming virtual
variants to real variants as shown in Figure 3.

Onedrawback of our approach to handling terms of intersection and union typeis
that reduction of typed terms must essetially work on typing derivations, a notion
that is non-trivial to formulate. Sinceall the componerts of a virtual tuple stand
for the samerun-time term, any computation step in one componert of a virtual
tuple must be taken in parallel by all components of the virtual tuple. A similar
constraint holds for the clausesof a case-. Section 4.3 intro ducesparallel contexts
to formalize this notion of parallel computation step.

3.4 Explicit Coercions

Explicit subtyping coercionsare another example of how aspectsof type derivations
are recordedin the term syntax of | ©'“ . The usual rule for subtyping is

A M % %
A M :¢

(subsumption)

In , ¢ | all usesof subtyping are indicated by an explicit coerce:

A M % % ¢
- (coerce)
A " coerce (¥%¢)M ¢

Explicit coercions can facilitate the expressionof represeration transformations.
Givena sourceterm in which %- ¢, atype-directedtransformation T may produce
atarget term in which T[¥] £ T[¢]. In such atarget term, the subtyping coercion of
the sourceterm may be represeried by manipulations of run-time data structures.
Eventhough it implies no run-time overhead,an explicit subtyping coercionin the
sourceterm recordsthe position at which a transformation may insert code that
performs coercionsbetweendi®erert data represerations. This position would not
be apparert if subtyping were implicit.
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3.5 Shallow Subtyping

The only subtyping rule in , ©~ is on arrow types:

Ap A% Ay A
(arrow-+ ) = o
Y ¢ Yo ¢

Becausethis rule is invariant in the argument and result types, it is said to be a
shalow subtyping rule. In contrast, a deep subtyping rule would be contravariant
in the argumert type and covariant in the result type.

We avoid deep subtyping in , '~ becausewe do not know how to formulate it
in such a way that it is compatible with our goal of using °ow typesto guide rep-
resertation transformations in a strongly typed framework. For example, consider
the following types:

¥ int Hg int - int iffl%gg int = ¥
¢ bool i;f;;'gg bool - bool J;’g bool ~ ¢0

In a languagewith deepsubtyping, the following term would be well typed:
3

coerce ¥ oAk ° gk ¢

In many type systemsthat support subtyping, when aterm M hasa type ¥that
is a subtype of ¢, we expect that we can transform M to a term M ° that can be
shown to have type ¢, without using a subtyping rule as the last step of the proof
shawing that M © has type ¢. In this example, we expect that we can \lo wer the
depth" of the subtyping represenied by the coerce by making a new abstraction
that performs coercionson its argumenrnt and result:

Lf ”coerce (¢; ¢9) (g%iiﬂg ¢ @ (coerce (2 %17

Howevwer, this transformation intro ducesa new abstraction, labelled 7, and a new
application site, labelled 8. The new application site consumesall sourcesin A but
doesnot passthem onto the sinksin A. Instead, the setf 7g takesthe placeof A This
is problematic becauseepresenation decisionsmadefor 3/4£ ¢ in the untransformed

term may not be valid for either 3/4;@9 ¢ or ?/?ifég ¢%in the transformed term. For
example, if all the abstractions in A were closed (i.e., had no free variables), and
thesewerethe only values®owing to the application sitesin A, it might be assumed
that those sites could use a customized calling convertion more excient than the
standard closureinvocation (Wand & Stedler, 1994; Dimock et al., 1997). But in
the above translation, abstraction 7 is open (it cortains the free variable g); this
thwarts the attempted customization.
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3.6 Par allel Reduction

The fact that typed terms in , © are isomorphic to typing derivations makes it
impossibleto usethe ordinary de nition of reduction. For example, consider the
following untyped terms:

Me” let g= y:(.z:y) @lin £(g @6:001 g @true )
KNe” let g=,y:yin £(g @6:00L g @true )

In one call-by-value ~-reduction step, M reducesto N in , C'“ . Now considera
typed term M whosetype erasureis Me:

Me . let g'\[reaI! real;bool! bool] — Vi y real:( z int:y) @1. ybool:( z int:y) @1¢
in £((% ) @6:00% (¥ g) @true)

It takestwo call-by-value -reduction stepsto transform M. into the typed term
which correspondsto N.:
Ne 4 let g/\[reaI! real;bool! bool] — Vi yreal Y ybooI :y¢

in £((4 9) @6:00L (%4 g) @true )

Furthermore, if thesestepsare performed sequettially , the intermediate result is ill-
typed and correspondsto no , { term (becausethe type erasureof all componerts
of a virtual tuple must be identical).

To solve this problem, , ©'* usesa notion of parallel context to force ead reduc-
tion step at the typed level to correspond to a single reduction step at the untyped
level (Kfoury & Wells, 1995). A parallel context is a typed context, possibly con-

taining multiple holes, whosetype erasurecorntains a single hole. All typed terms

Mq;:::; My “ling the holesof a parallel context type eraseto the sameuntyped
term M. If M is a redex, then a typed reduction step can take placein which eat
of Mq;:::; My simultaneously takes a computation step corresponding to the one

taken by M . This notion of reduction allows M. to reduceto N in one call-by-value
~ step, thereby avoiding the unde ned intermediate state noted above.

3.7 Subject Reduction for Union Types and Cal l-by-V alue Reduction

It is dizcult to formulate animplicitly typed calculuswith union typesthat hasthe
subject reduction property. For an explicitly typed calculus,this problem manifests
itself as a ditcult y in guaranteeing the property that any computation that can
be performed on an untyped program can be duplicated on a typed version of the
sameprogram. For a languagewith union types,this property doesnot hold in the
presenceof general ™ reduction, but can hold for a call-by-value version of the —
rule, where variables are not consideredvalues.

Here we motivate the call-by-value restriction of , ©'“ in the context of an exam-
ple. Consider the following , {* term:

M1 (f (v ) @4 1)) @(if bthen £((.eze+ 1);5) else £((,e:2);£()))
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If , S did not have the value restriction on the ~ rule, then M; could reduceto
M, (¥ (if bthen £((.e:e + 1);5) else £((,e:2);£())))
@(¥5 (if bthen £((,e:e + 1);5) else £((,e:2);£())))
and, assumingb is true , this in turn could reduceto
Mz (V5 £((.e:e + 1);5)) @(% (if bthen £((,e:e + 1);5) else £ ((,e:2);£())))

However, we shall seethat this term is not typable.

We now considertwo formulations of a _-elimination typing rule that we shall
comparein the context of the above example.In an implicitly typed calculus, the
_-elimination rule is usually formulated as (Barbanera et al., 1995):

Ax¥ M i Axe MivnA N3
A Mx=NK]:%

¢ (_ elima)

This rule is unlike typical typing rules in that the M and N' mentioned in the
premisesare not immediate subterms of the term mentioned in the conclusion.
This implies the needto seard for a way to decompsethe conclusionterm into
an appropriate M and K. The term M; can be typed by instantiating (_ elim a)
with

M (4 x) @¥ x)

Kof

¥ £[int! int;int]

¢ EE[]Y IntE[]]

Y% int

and M, can be typed using the sameexcept
K~ (if bthen £((.eie + 1);5) else £((.e:2);£())):

However, it is impossibleto construct a type derivation for M5 that uses(_ elim a).

The union type intro duced by the if subterm cannot be eliminated no matter how

the term is decomposed.This type can be eliminated in M, becauseboth copiesof

the if subterm are e®ectiely sharedvia the substitution for x. But the reduction

stepfrom M to M3 reducesonly oneof thesecopies,thereby destroying the sharing.
An alternativ e formulation of the _-elimination rule is:

Axy M v Axe MivnA N3 ¢ .
(_ elim b)
A (x:M)@N : %

This formulation hasthe advantage that the M and X' appearing in the premises
are immediate subterms of the conclusionterm. M, can be typed via (_ elim b),
but this rule cannot be usedto type either M, or M3 becauseneither cortains the
"~ redexrequired by the conclusion.Essertially, (_ elim b) requiresthe sharing of a
term of union typeto be explicit in the syntax of the language,and is not applicable
to terms like M, where such sharing is implicit.

In , ©" | we avoid the decomposition problem assaiated with the (_ elim a) rule
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by adopting the (_ elim b) rule and addressthe sharing problem by stipulating call-
by-value reduction. The rule (_ elim b) is the _-elimination rule for the implicitly

typed language, €' . The corresponding _-elimination rule for the explicitly typed
language, ©'* involvesthe case- construct. We addressthis in sections4.3and 4.4.
Valuesin , {* are constarts and abstractions and the set of valuesis closedunder
tuple and variant formation. Valuesin , ¢~ are similar but also include virtual

tuples and variants. Requiring the operand of a~ redex to be a value guarantees
that in the explicitly typedlanguage, - aterm of union type ca@notbe copiedvia
substitution unlessit is a union introduction form (i.e., iny V "1y In the
implicitly typed language, “'* (seesection 4.4) this implies that when (_ elim b)
is usedto type a -value redex, it occursin the following pattern:

AN :¥% (intro)
———— (_intro
Ax¥ M Axe M ACN:% ¢
- (_ elim b)
A (,x:l\ﬁ)@N\:l/z

But any typing derivation pattern of this form can be replaced by the following
pattern, for which subject reduction is straightforward to prove:

A x:¥ M v it
A (X M) : %l 1/2(' Inlro);A‘ A _ )
(! elim)
A (xM)@N :%

1)

Soin , S | the reduction from M to M, is illegal. Instead, again assumingb is
true , the only legal reduction from M is to

M2 (f (%4 f) @¥5 1)) @E((,ece + 1);5)
and thenceto
M (¥ £((.ee + 1);5) @(¥5 £((.ee + 1);5))

Note that in the explicitly typed language, ', the statemert that values of
union type must be union introduction forms is only true if variables are not con-
sideredto be values. While variables are typically consideredvaluesin other call-
by-value calculi (e.g., (Plotkin, 1975)), they causetrouble in , ¢ becausethey can
invalidate the equivalencebetweenthe two typing derivation patterns (1) and (2)
shown above. As a concrete example of this trouble, considerthe following terms:

M (if bthen £((,e:e + 1);5) else £((,e:2);£())
Ms = (zz@My)@(y:(.f:(¥4 )@ ) @y)
Ms = (zz@My) @Ly:(4y) @% )

If variables were consideredvalues,then M, could reduceto Ms. But whereasM 4
can be typed using (_ elim b), M5 cannot, becauseit doesnot contain the ~ redex
required by the conclusion.

Subject reduction is achievedin both the explicitly and implicitly typed versions
of , '~ by requiring call-by-value reduction and not treating variables as values.
This ensuresthat ewvery reduction at the untyped level will have a corresponding
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reduction at the typed level. In this way, the implicitly typedlanguage, &' inherits
subject reduction from the explicitly typed language, ' .

,CIb appears to be the st implicitly typed calculus with union types that
has the subject reduction property for a single call-by-value —-reduction step.
The loss of subject reduction in the presenceof union types and unrestricted
reduction has been noted before. Barbanera, Dezani-Ciancaglini, and de'Liguoro
(Barbanera et al., 1995) report the following example (due to Pierce): the term
(x.y Lz :x((,tt)yz)((,t:t )yz)) can be given the type ((%2! %! ¢) » (Y2 ¥
Y (W (3 ) YA ¢, but the term (,x:,y :,z :x(yz)((,t:t )yz)) to which it re-
ducescannot. To regain subject reduction, they adopt a notion of parallel reduction
basedon complete developmerts, but this needsto perform multiple ~-reduction
stepssimultaneously at the untyped level.

Inspired in part by an earlier version of the work reported here, Palsberg and
Pavlopoulou (Palsberg & Pavlopoulou, 2001) developed a languagewith union and
intersectiontypesthat usesthe call-by-valuerestriction to achievea property that is
similar to subject reduction, but wealker. In particular, they show the presenation of
typesacrossan evaluation relation rather than the more generalreduction relation
consideredhere.

The fact that , ©“ usescall-by-value reduction and does not treat variables as
values meansthat some common local transformations cannot be proven correct
within the calculus. For example, considerthe following transformations:

(,z¢:£(z;2)) @M is transformed to £(M;M) (3)

Yé((,z¢£(z;2)) @y) is transformed to |y ¢:£(y;y) 4)

Although transformation (3) presenesmeaningfor any M in the purely functional
calculus, ©'t | this canonly be provenvia the calculuswhen M is a value. Similarly,
transformation (4) is always safe, but it cannot be justied by , ' becausevari-
ablesare not values.Proving meaning presenation in thesecasesequiresreasoning
outside of the calculus. The sort of limitation illustrated by transformation (3) is
exhibited by any call-by-value calculus, but the limitation illustrated by transfor-
mation (4) is speci ¢ to , ©“ . In the typed calculus, the restriction that no variables
are valuescould be loosenedto say that no variables of union type are values;vari-
ablesof all other typeswould be consideredvalues.In this case,transformation (4)
would be provablein the calculusif ¢, werenot a union type. We have not taken this
approad in this paper becauseit complicatesthe relationship betweenthe typed
and untyped calculi.

4 Formal Language De nition

The formal de nition of the language, ©'* proceedsin seweral steps:

2 Section 4.1 introducesnotation and terminology for the formal developmert.
2 Section 4.2 de nes the untyped calculus ;| {*, which is later usedto de ne
reduction and evaluation on the typed calculus., ' is a call-by-value version
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of the pure , -calculus extendedwith tuples, variants, and recursion. We show
that | §“ is con°uent. Work we have reported elsewhereshows standardiza-
tion for , § . Theseimply that ;| § is computationally sound: any calculus
step is meaning-preservingrelativ e to the operational semarics.

2 Section 4.3 de nes the explicitly typed language, ©'* using product, inter-
section, sum, and union typesand °ow-annotated function types.First, type-
annotated and °ow-annotated contexts and terms of | ' are de ned along
with a notion of type erasure mapping the annotated terms back into , ‘.
Then, reduction and evaluation rules are de ned that provide the expected
correspondencebetween | ' and | {* . We also show that | “'“ satis'es a
subject reduction property, and usethis property to prove type soundness.

2 Section 4.4 obsenesthat an implicitly typed language, - is automatically
obtained by taking typing derivations of an unlabelled version of | & and

s ut
erasingtypesfrom the terms in these derivations.

4.1 Gener al Notation and Terminolo gy

A context is a term containing holes, where ead hole is denoted by 2. However,
in this paper, it is simpler to view terms as cortexts without holes.The expression
C[M1;:::;Mp] denotesthe result of placing terms My, :::, M, in the n holes
of the context C from left to right, possibly capturing free variables. For terms,
M ~ N denotesthat M and N are the sameterm after renaming bound variables.
We identify terms up to such renaming. For contexts, C; =~ C, is similar but
only allows renaming bound variables whose scopes do not include a hole. The
statemert X C Y meansthat the syntactic ertity X occurs properly within the
syntactic ertity Y; X E Y hasthe samemeaningexceptX and Y may bethe same.
The expressionM [x:=N] denotesthe result of replacing all free occurrencesof x
in M by N after rst renaming the bound variables of M to be distinct from the
free variables of N . For types, ¢[®=%] has an analogousmeaning. The expression
FV (X) denotesthe set of free (unbound) variables of the syntactic ertity X , where
X is aterm or type.

Our presenation generalizesnotions of reduction (n.o.r.) (Barendregt, 1984).
A simple n.o.r. R is a pair (A ;C) of a redex/contractum relation A and a set
of reduction contexts C.” Given R = (A ;C), the statemert M A N means
that M is an R-redex and N is the R-contractum of M. Given R = (A ;C),
the statement M j! g N meansthat M is transformed into N by contracting R-
redexesin positionsin M speci ed by an R-reduction context, i.e., there is a context
C 2 C with k holesand there are terms M; and N; for i 2 f1;:::;kg sud that
M~ C[Mqy;:::;MJand N~ C[Ng;:::;N¢]and M; A N; fori 2 f1;:::;kg. A
composite n.o.r. R is a rule composing reduction stepsof simple n.o.r.'s; in this case
M ij! R N meansM and N are related by the rule (see gure 9 for an example of

7 Barendregt's denition sec.3.1.1is a special case of our denition for simple n.o.r.s which is
equivalent to requiring for any n.oor. R = (A ;C) that C is the set of all single-hole contexts.
In this case, Barendregt's formulation yields j! r asthe compatible closure of A .
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a composite n.o.r.). The symbol j 3 g denotesthe transitiv e and re°exive closureof
i! r.Aterm M isin normal form with respectto R, written R-nf(M ), whenthere
isnoterm N such that M j! g N. The statemert M { Rk N meansM j3 g N
and R-nf(N).

4.2 Untyp ed Language , §*

4.2.1 Syntax and Semanticsof ;| {*

Figure 4 shaws the syntax and semartics of the untyped language, § . The syn-
tactic categoriesUn tCon text , UntT erm, UntV alue and UntEv alCon text are
respectively the untyped contexts, terms, values and evaluation contexts.

, St includes constarts, but no primitiv e operators on constarts. The reason
for this is that values at ground type are necessaryfor some formal statemerts
(including somestatemerts in other papersrelying on this one), but the presenation
is simpler without primitiv e operators on these values.

4.2.2 Con°uence of , Gt

We will prove conuenceof , {& by translating it into a regular combinatory re-
duction system (CRS). The notion of a CRS and what it meansfor a CRS to be
regular is de ned in appendix A. We de ne a CRS § using the following set of
function symbols?®

F=1f0;@;:®;val®;notval®g[ Constan t
[F£D% @i @ caser ™ ji2Ng

We de ne the function G : UntTerm ! Ter(F) together with an auxiliary func-
tion By : UntTerm ! Ter(F) to translate untyped terms into CRS terms:

_val(By (M) if M 2 UntV alue,

Cu (V1) = notv al(By (M) if M 2 UntV alue.
But(c) = ¢
But (X) = x

But (rec x:M) = 1 (]Gt (M))
Bue (x: M) =, (IXIC (M))
s Bu(M @N) = @G (M); G ()
Bu(E Myt My ) = £0(Ge(M1);:r ;G (My))
But (% M) = % (Gt (M))
But (in{ M) = in{" (G (M)
Bu (case* M bind x in My;:::;My) = case’ (G (M); [X1Gue (M'1); 111 5 [X]Cut (M)

Now we give reduction rules for the CRS to simulate reduction in , {* . The key
technical challenge here is to specify the value restriction of the application, pro-
jection, and caseanalysisreduction rules using only non-ambiguous CRS reduction

8 All members of Constan t are assumedto have arity 0.
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Untyp ed Syntax
X;y;z 2 Variable ¢ 2 Constan t
¢ 2 UntCon text = 2sjcjxjrecxCj xCjé @t
j £ CiiiiCh jC
jinf € j case® €bind xin Cy;:::;C,
M:N 2 UntTerm = féjZSég3 )
U 2 Untvalue == cj xM j£ V0% jin/ ¥
Untyp ed Redex/Con tractum Relation

(x M) @9 Ay M[x:=V]
Aw ¥

VEE OO A ¥ ifl1-i-n
case* (in; V) bind xin My;::: ;M A w (X M) @Y if 1- i- n
rec xxM A« M[x:=(rec x:M)]
Untyp ed Reduction Con texts
UntRedCon text = fC€j¢€ 2 UntCon text and € has exactly one holeg

Untyp ed Evaluation Con texts
3 ,
E 2 UntEvalContext == F j£ ViV EsMy My jin/ E
F o= 2jF@Mj¢x M) @E .
P EP Y E O On BV M,
j case® F bind xin My;::: ;M
j case’ (in] E) bind xin My;:::; M,
Notions of Reduction

Untyped Reduction ut = (A ;UntRedCon text )
Evaluation &= (A ,;UntEv alCon text )

Fig. 4. Untyped language , §* .

rules. We also desireto usesimple rule schemasrather than rule schemaswith one
rule for eac possibleshape of a value. We will de ne the set of rules R, to prop-
agate the value status of a term and the set of rules Ry to simulate the reduction
rulesof , §* . Let n 2 N.

8 notv al(, (Z))! val(, (2))

_ “notval(c)! val(c)
V' znotval(En(val(Zy);:::;val(Zn)) | val(En(val(Z1);::: ;val(Zn)))
'8notv al(in] (val(z))) ! val(in; (val(Z))) wherei 2 N

notv al(@(al(, (IX]Z(x)));val(z9)) ! Z(Z9)
%notv al(lﬁf (val(En(Z1;:::;Zn)))) Y Zi wherel:- i n

notv al(case}, (val(in; (val(Z))); [X]Z1(x);::: ; [X]Zn (X))
E I notv al(@(al(, ([x]Zi(x)));val(Z))) wherel- i:- n
" notv al (P ([XIZ(x)) ! Z(* ([X]Z(x)))

Ryt =
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Let §, bethe CRS with function symbols Fun(§ ,;) = F and the reduction rules
Red(8u) = Ry [ Rut.

Remark 4.1. The CRS §,; meets the structure-preserving criteria of (Bloo &
Rose, 1996), since every argumert of a RHS metavariable occurs as a subterm of
the corresponding LHS. Thus, the techniquesof (Bloo & Rose,1996) can easily give
an explicit-substitution versionof § ;. In turn, from this it is possibleto derive an
abstract machine implemertation. O

Now we prove con°uenceof § ; and usethis result to prove con°uenceof | {* .

Lemma 4.2. The CRS § is regular, i.e., its rules are left-linear and unambigu-
ous. (See the appendix for a de nition of theseterms.) O

Proof. Simple cheding revealsthat the rulesareleft-linear. To seethat the rulesare
unambiguous, rst obsene that the root symbol of the LHS of every rule is notv al
and none of the LHS's contain notv al anywhere else.Thus, if two distinct redexes
overlap, the overlap must occur at the root of both redexes.Simple inspection of
ead rule pair revealsthat no sud overlaps are possible. O

Corollary 4.3. Reduction in 8§ is con°uent. O

Now we needto show a correspondencebetweenreduction in | § and the CRS
8. First, we de ne a function E: Ter(F) ! Ter(F) which erasesval and notv al

from terms:

( F(E(u)) if F 2fval;notv alg,
E(u) otherwise.
E(F(ui;:::;un)) = F(E(uy);:::;E(up)) wheren=0orn>1
E([x]u) = [X]E(u)
E(x) = x

E(F(u) =

Lemma 4.4. If E(Gy(M1)) = E(Gt (M) then M1 = M». O

Next we de ne a partial function qtl :Ter(F)! UntT erm which cortains the
inverseof Gy :

Gl = ( M if M is the unique term s.t. E(Gye (M) = E(u),

undened if no such M exists.

Lemma 4.5. If Gy(M) i3 s, u, thenG,*(u) is dened. O

ut

Lemma 4.6. Both of the following statementshold:

11 M i3 o« N, then Ge(M) 3 5, Ge(N).
2. If Ge(M) i3 s, u, thenM i3  Glu). O

Theorem 4.7 (Con°uence of Untyped Reduction). If M j3 , NyandM 3
N5, then there exists M ® suchthat Ky j3 o M%and K, (3 , M2 0
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Proof. By constructing this diagram:

NP Sotutunbual 074 (\ ¥)
/ ut Su o
M ______ _) t(,\ﬁ) qtl(v D Y,
\ ut 8ut 8t
K=o 277G (Ny)

4.2.3 Standardization for ;| {*

The , S calculus has the property that if a term M reducesto a value ¥, then
there exists a value ¥, and a reduction sequencefrom M to Y in which the re-
ducedredexesoccur in the restricted contexts UntEv alCon text . The proof of this
theorem is presenied elsewhere.

Theorem 4.8 (Standardization for | b). If M j3 , ¥, thenthere existsV 2
UntV alue suchthat M i3 o2 u V. 0

Proof. See(Muller & Wells, 2000). O

4.3 Explicitty Typed Language , '

B

4.3.1 Type/Flow-A nnotated Term Syntax

Figure 5 shows the syntax of the explicitly typed language, ©'* . The syntactic cat-
egoriesContext , Term, and Value are respectively the type and °ow-annotated
versionsof UntCon text , UntT erm, and UntV alue.

In this presenation, only abstractions, applications, and function typesare given
°ow labels. We could have similarly annotated product, sum, intersection, union,
and basetypesalong with the introduction and elimination terms for thesetypes?
However, we avoid these additional annotations in order to simplify the presena-
tion. The absenceof theseadditional annotations in no way e®ectsthe classof °ow
analysesthat can be encadedin | ' .

All sets of °ow labels are assumedto be non-empty and "nite. The require-
ment of non-empty label setsis imposedby certain represertation transformations
in the compiler framework basedon , ¢ (Dimock et al., 1997). Even under the
whole-program assumption, it is possibleto have terms and typeswithout sources
or without sinks (due to dead code). To represen this, we use distinguished \no
source" and \no sink" labels.

9 In fact, our implementation of , ' includes annotations on all of these types.
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Syntax Shared between Types and Terms
Q:=PjS Su= _j+ Pu=AjE l:k2 Label = N ? 6 A;/A%Label
Types

02 BaseT ype
®2 TypeVariable

»2 OpenType =0 ] Alié A j QAL A | @
A =®j »
B¥¢2Type = f»jFV(») = ?g

Typ e Equalit y
Y%= ¢ i® the innite unfoldings of 3%and ¢, are identical

Typ e-Annotated  Con texts

C2Context ©= 2 jcjx¢jrecxéCj, h xx¢:CjCi@f Co
j F(Cl;:é.: iCn) j ¥£ C | coerce (%¢)C j let x¢ = Cyin Cs
j inSC*° jcaseSChind xin¢1) Ci;iiiién) Ca

Typ e Erasure (a partial function from Context to UntCon text )

j2j " 2 " ¢
x4 x _jirec x¢:Cj." rec x:jCj
L kx¢:C 7 xiCj T1 @ C2 Cij @|Coj
JE(C1;:i5Cn)i” £(Caj;iit5iCai) jecoerce (¥%¢)Cj~ Cj
. v é;; v§ jCj - I CJ_— iCj
iny C* 7 in]jCj (inF C)¢ ~ jCj

jlet x¢=Cyin Coj © (X jCz2j) @jCyj 3

‘case” Chind xin &) Ci;iiiién) Cn ~ gase jCjbind xin jCij;::::jCn]

= (x:iCaj) @JCj if JCaj "~ eee” jCaj,
é unde ned otherwise.

TN if jC1j = ¢6¢" jCaj,

jcase- C bind xin ¢1) Ci;:ii5¢n) Caj

* unde ned otherwise.

Typ e-Annotated Terms, Values, Parallel Con texts
M;N 2 Term = f C j the type erasure jCj 2 UntT erm g
V2 Value = f Cj the type erasure jCj 2 UntV alue g
Cp 2 ParallelCon text = f C j the type erasurejCj has exactly one holeg

Syntactic Sugar for Examples

bool

_ . L. + ¢b00| Lo + ¢
bool= +H[£[];E[]] true iny £() false” 'in; £()
(if M1 then M; else M3) " case* M1 bind xin £[]) M2;£[]) M3z x fresh

Fig. 5. Syntax of explicitly typed language, “"* .
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The recursive binding construct \1" is used to build recursive types. We use
a standard de nition of type equality (Amadio & Cardelli, 1993), in which two
types are consideredequal only if the regular trees that result from unfolding all
recursive types (potentially an in"nite number of times) within the two typesare
equal. While it is possibleto axiomatize this notion of type equality (Amadio &
Cardelli, 1993), there is no bene't to doing soin our calculus; we do not care which
particular "nite represenation is usedto represer a given in nite regular tree.
Since we do not distinguish between equal recursive typesin any context, we do
not include any rules for folding or unfolding recursive types. All type variables
appearing in a type must be ! -bound; the syntax forbids free type variables from
occurring in typing derivations and terms.

The syntax (coerce (¥%¢) M) explicitly recordsat the term level the use of the
subtyping rule in "gure 6 to coercethe type of M from 34to ¢. As explained in
section 3.5, there is only a single \shallow" subtyping rule that can add labels to
the set of sourcelabels and remove labels from the setof sink labelsof a\! "-type.
If °ow annotations were added to other types (e.g., products, sums, etc.), shallow
subtyping would be extended accordingly.

Although let could be de ned assyntactic sugarfor the application of an abstrac-
tion, the desugaringwould have to invert unnecessary’ow labels. Furthermore, an
explicit let construct makesit easierfor a transformation to handle this pattern
di®erertly from how it would handle an abstraction within an application (e.g.,
there is no needto closure cornvert an applied abstraction).

The type erasurejCj of a type-annotated context C (de ned in "gure 5) is the
corresponding untyped and unlabelled context. The fact that virtual tuples, virtual
case expressions,and coercionsare erasedby type erasureunderscoresthe virtual
nature of these constructs. Type erasuredoesnot ertirely eliminate virtual case
expressions,but instead leavesbehind the application of an abstraction. This is a
consequencef the formulation of the union elimination typing rule, asdiscussedn
section 3.7. Somecorntexts do not have a type erasure,i.e., those corntaining virtual

tuples like ~(Cy;:::; Cy) or virtual caseexpressiondike
case- Chind xin ¢ ) Cyp;iii5éa) Ci
where the type erasuresof Cq, :::, C, are not identical. In the de nition of jCj, it

is assumedthat if any immediate subcontext of C has an unde ned type erasure,
then the type erasureof C is also unde ned.

Lemma 4.9 (Prop erties of Sub-Con texts).

1. If C; E C; and jC,j is de ned, then jC,j is de ned.
2. If C E Cp, then either C 2 ParallelCon text or C2 Term.
3.IfCEM,thenC 2 Term. O

Lemma 4.10 (Contexts Are Injectiv e Functions). Both typed and untyped one-
holed contexts can be seen as one-to-one functions from contexts to contexts (after
identifying ®-equivalene classes),i.e.,
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1. ClG]” CIGl() ¢ G
2. C[C1]" CICo] () Ci™ Co. O

Lemma 4.11 ((De)Comp osing Parallel Contexts).

1. LetC "~ Cp[Cy;:::;Cp]. If jC1j~ ¢t¢" jC,j, then jCj is de ned if and only

if jCij is de ned, and C is a parallel context if and only if jC;jj has exactly

one hole.
2. If jCp[Cy;:::;Cpliis dened, thenjCsij = ¢¢¢” jC,j, andjCp[Cy;:::;Chli”
iCpj [IC4j]. O
Lemma 4.12. If jC1j © jCyj, then for any one-holal context C, either jC[C1]j ~
JCIC.]j or both jC[C,]j and jC[C;]j are unde ned. O
4.3.2 Typing Derivations and Well Typed Terms
ConstType(c) = o
(const) (var) < ...
A c:o A; X X ¢
A M %l ¢ AT N % AXHa M e
(1 elim) iy © ) ( intro) ———; e
A M@ N:¢ A LAXTIM DR ¢
8Li: A Mi:y¢ A" M ¢
(£ intro) (re¢) —m8 —
A> E(M1;:: Ma) i Eéas: i én] A’ rec x¢:M ¢
8L A Mg jM1j” ¢¢ jMpj A M % % ¢
(™ intro) (coerce)
AT MM Ma) s ™Meéas it énl A" coerce (%)M ¢
A" M:g;1-i-n Aqu;AopA
(+;_ intro) ? lexine n) " Vo
A inP M sl DS[easiiiénd Y ¢ - %iﬁ[éc;
A" M :Pla;:iién; 120+ n AXx¥ N:¢g, A M %
(E;™ elim) (let) -
AY Y M g A let x*=M in N :¢
. AS M i+l 8u i Arxig T Mg
(+ elim)
A case’ M bind xin ¢1) Mi1;iii5én) Mn:é
AT M [asiinién ] 8t Ajxig T Mitgs jMaj T €8¢ jMgj
(_ elim)
A" case- M bind xin¢1) Mi;iiiién) Mp:ié

Fig. 6. Typing rules of explicitly typed language, “"" .

Figure 6 givesthe typing rules of | ' . The function ConstType assignsa base
type to ead constart. A type environment is a nite mapping from term variables
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to types,i.e., aset of variable/t ypepairs. If A isatype ernvironment, then A; x:¢, de-
notesA extendedto map x to type ¢. The domain of de nition of A is DomDef(A).
A triple A° M : ¢ is ajudgement

A derivation D in languageX is atree in which ead node N contains a judgemert
that follows by an instantiation of a typing rule whoseconclusionis the judgemert
of N and whosehypothesesare the judgemerts of the children of N. To guarantee
uniquenesof derivations (seetheorem 4.13), the children of a node must be ordered,
and their order must match the order of hypothesesin the typing rule. A derivation
is said to end with a judgemert if that judgemert is the root of the derivation tree.
We write \A " x M : ¢ via D" to meanthat derivation D is valid in language X
and D endswith A~ M : ¢. In this case,D is a typing for M in X and M is
well typed in X . The statemert A ~ x M : ¢ meansthere exists someD sud that
A x M :¢viaD.

The (» intro) rule requiresthe equivalenceof the type erasureof all componerts
of the virtual tuple, while the (_ elim) rule requires the equivalence of the type
erasuresof all clausebodies of a case- expression.These two rules formalize the
restrictions on virtual tuples and virtual variants mertioned earlier. The (£ ;* elim)
(resp. (+;_ intro)) rule works for both product and intersection (resp. sum and
union) types,sinceP (resp. S) rangesover £ and * (resp. + and ).

Addition and Subtraction of Typ e Environmen ts

AOB = A[ B if A[ B is a function,
( unde ned otherwise.
Ad B = Ai B if Aj B is a function,

unde ned otherwise.

Environmen t Inference Function
Env:Term ! TypeEnvironment

Env(c) = ?
Env(x¢) = fx:ég
Env(, ix¢:M) = Env(M) 2 fx:¢g
Env(M @ N) Env(M) © Env(N)

Env(coerce (¥%¢)M)
Env(rec x¢:M)
Env(let x¢ = M in N)
Env(P(M1;:::;Myp))
Elnv(l/f M) Env(M)
Env( inP M ) Env(M)
Env(case® M bind xin &) Mi;:ii:¢én) Mp)=
Env(M)© (Env(M1) 2 fx:¢410)©:::© (Env(Mp) 2 fX:¢énQ)

Env(M)

Env(M)2 fx:¢g
Env(M) © (Env(N) 2 fx :¢Q)
Env(M1) © ¢¢¢© Env(Mp)

Fig. 7. De nition of the Env function.

We will show that typing derivations and well typed terms are isomorphic, using
the functions de ned in "gures 7 and 8. Env is a partial function that mapsa , '
term to a type environment pairing ead free variable of the term to its type. Env
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Typ e Inference Function
Typ:Term | Type
Typ(c) = ConstType(c)

Typ(x¢) = ¢
TYP(, 5x¢M) = ¢ {#® Typ(M)
Typ(M @ N) = ¢ if Typ(M) = Typ(N) ijdy ¢
Typ(coerce (%¢)M) = ¢ if Typ(M) = %=1 ihpAi{O Yo
and ¢ = % {4 %
Typ(rec x¢:M) = ¢ if Typ(M) = ¢
Typ(let x¢ = M in N) = Typ(N) if Typ(M) = ¢

Typ(E(M1;:::;Mp)) = £[Typ(M1);:::;Typ(Mn)]
Typ("(M1;:::;Mn)) = ATyp(Ma); 200 Typ(Mn)]

Typ(¥f M) = ¢ if Typ(M) = Pléa;iiténl
i ¢, andl- i- n
Typ(inP M “)=¢ if &= Sleasiit;énl
1-i- nandTyp(M) = &

Typ(case* M bind xin &) May;:ii;én) Mnp)
= Typ(M1) if Typ(M) = +[éas::t;énl
and Typ(M1) = ¢¢¢= Typ(Mn)
Typ(case- M bind xin ¢1) Mi1;iii5én) Mn)
= Typ(M1) if Typ(M) = _[éa;:005¢nl
and Typ(M1) = ¢¢¢= Typ(Mn)

Fig. 8. De nition of the Typ function.

is unde ned if there are con’icting type assignmers for somefree variable within
the term. The partial function Typ constructs the type of a , ©* term basedon
the explicit type information in the term. In the de nition of Typ, if the value of
Typ(M) is not explicitly speci ed, then it is unde ned.

Theorem 4.13 (Uniqueness of Typings in , ©").

1. Every typing derivation for M endswith
Env(M)©A " o M :Typ(M) for someA.

2. If Env(M)© A and Typ(M) are de ned, then there is a unique typing
derivation D suchthat Env(M)©A " o M :Typ(M) via D. O

Proof. By induction on typing derivations. The important thing to obsene is that
together the functions Env and Typ encade all of the restrictions of the type system,
soif M is not typable then either Env(M ) or Typ(M) will be unde ned. O

Thus, when desired, we may recover the type of any well typed term from the
term itself. The notation M ¢ assertsthat M is well typed and Typ(M) = .

4.3.3 Reduction on Explicitly Typed Terms

The call-by-value reduction rules for the typed language, “* are in "gure 9. The
main notion of reduction, r-reduction, is divided into three steps: simplifying type
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Main Notion of Reduction for Type-Annotated Terms

Mi! N i® IMEN%(M # M%1 NO@E | N)
Computation  Reduction (A ¢;C¢)
let x¢ =V in M AcM[xi=V]
%3 (Vi) AV if1- i n
case’ 'iny V “bind xin ) Mi;iiiién) MpAclet x4 =Vin My ifl- i- n
rec x¢:M A M[x:=(rec x¢:M)]

Reduction contexts: C. = ParallelCon text

T yp e-Annotation-Simpli cation Reduction (A {;Cy)

(,ix¢N) @ ™ Ailet x¢ =M in N

Y4 MMy My) A M, if1-i- n
case- (iny N)¢bind xin ¢ ) Mi;iii5én) MnAclet x4 =Nin Miifl1- i- n
(coerce (%¢) (, sxM)) @ N Ailet x*= N in M

coerce (%;¢) coerce (Y2%)M A\ coerce (Yoie) M

Reduction contexts: Cy = f Cj C 2 Context and C has exactly one holeg
Typ ed Evaluation
Mil eN i® Mj!  NandjMjj! ejNj

Fig. 9. Reduction rules of explicitly typed language, “"* .

annotations, performing a computation step, and then simplifying type annotations
again. Type annotations that might block a computation step are removed by t-
reduction. Sincet-reduction is terminating (lemma 4.15), it is corveniert to go to
t-normal form before and after computation steps. We assumeterms are always
kept in t-normal form. The notion of c-reduction performs real computation steps.
In our term formulation, parallel c-redexes(i.e., di®eren type-annotated versions
of the same program phrase) must be contracted simultaneously. This is formalized
using parallel contexts (members of ParallelCon text ), which require parallel c-
redexesto 1l holesthat map to the samehole in the type-erasedprogram.

Remark 4.14. In the t-reduction rulesin gure 9, constraints that might be ex-
pected on the type and °ow annotations are not imposed by the reduction rules
but are instead a consequencedf the typing rules in "gure 6. For example, in the
application rule, the typing rules imply that A must be flg and A must be fkg.
Similar constraints hold for the other t-reduction rules. O

Lemma 4.15. t-reduction is terminating. O

Proof. t-reduction reducesthe size of a term, where the size is measuredas the
number of symbols appearing in the term. O

Remark 4.16. We have proven that t-reduction is con°uent but do not presert
this fact, becauseit is not required for our subject reduction and con°uenceresults
for j! ;. Theseresults only require that any term can be reducedto t-normal-
form. O
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Lemma 4.17.

1.1f M A.C,thenC2 Term and jMj A  jCj.
2.fMA;C,thenC2 Term andjMj~ jCj. O

Proof. By inspection of the reduction rulestogether with the type erasurerules. O

Lemma 4.18 (Redex/Con tractum Relations Are Functions). For eachsim-
ple n.o.r. R 2 fut;c;tg, for any syntactic entity X, there is at most one Y such

that X AR Y. O
Proof. By inspection of the reduction rules. O

Lemma 4.19. The set Term is closal under c-reduction and t-reduction. Also,
each c-reduction step correspnds to a ut-reduction step on the type erasure while
each t-reduction step preservesthe type erasure. More speci c ally,

1.1fMj! cC,thenC2 Term andjMji! y jCj.
2.1f M j! {C,thenC2 Term and jMj " |Cj. O

Proof.

1. By the de nition of c-reduction, we know that M = Cp[Mgy;:::;My] and
C’~ Cp[Cy;:::;Ch] whereM; A.Ciforl- i- n. By lemma4.11, we know
that jM1j = ¢¢¢” jMyjandjMj” jCpj[iM1ij]. By lemma4.17, we know that
C1;:::;Ch 2 Term and jMj A jCijfor1- i- n.Bylemma4.18we know
that jC,j ~ ¢¢¢” jC,j. By lemma4.11, we know that jCj is de ned, implying
C 2 Term, and that jCj ~ jCpj[iC4j], implying that jMji! y jCj.

2. By de nition of t-reduction, weknowthat M = CIM JandC ~ CYCY where
MCA , C% By lemma4.17, we know that C?2 Term andjMY ~ jCY. By
lemma 4.12, we know that jMj =~ jCAMYj ~ jCICj ~ jCj implying that
C2Term. O

Lemma 4.20. If Env(M) is de ned andif x 2 DomDef(Env(M )) implies (Env(M ))(x) =
¢, then

1. Env(M[x:=N]) p (Env(M) 2 fx :¢g) © Env(N).
2. If Typ(N) = ¢ and Typ(M) is de ned, then Typ(M [x:=N]) = Typ(M). O

Proof. Both parts are by induction on the structure of M. O
Lemma 4.21. If M Ag N for R 2 fc;tg, then

1. If Env(M) is de ned, then Env(N) pu Env(M).
2. If Typ(M) is de ned, then Typ(N) = Typ(M).
BIFA" o Mg, thenA”™ o N :¢. O

Proof. For 1 and 2, by caseson the reduction rule, using lemma 4.20for the reduc-
tion of let. For 3, using 1 and 2 together with theorem 4.13. O
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Lemma 4.22 (Sub ject c/t-Reduction).
LIEM ! cNandA™ o M ¢, thenA”™ o N :¢.

2.IfMi!tNandA"uLM:(;,thenA"cm N :¢. O
Proof.
1. Weknow that M~ Cp[My;:::;MyJandN = Cp[Ny;:::;N,] whereM; A
N; for 1 - i - n. Consider the typing derivation D which provesA ° av
M :¢. Forl- i n the typing derivation D has subderivation D; proving
Ai " o M :¢ for someA; and ¢. By lemma4.21,for 1- i - n thereis
a derivation Di0 proving A; © o N; : ¢. Consider the derivation DY formed
from D by replacing D; by D% for 1 - i - n. The only typing rules which

inspect the internal structure of the terms in the judgemerts in their premises
are (™ intro) and (_ elim), which merely verify that the type erasureof the
term they are building is de ned. BecausgN j is de ned (sinceit is a term by
lemma 4.19), we know that D%is a valid derivation, giving the desiredresult.

2. Similar reasoningto the previous case,only simpler. O
Theorem 4.23 (Sub ject r-Reduction for ,C). If M j! ; N and A * a
M :¢, thenA™ o N :¢. O
Proof. The claim follows immediately from lemma 4.22 and the de nition of r-
reduction asthe composition of c-reduction and t-reduction. O
De nition 4.24 (Erasable Form). A term M i;,s an era@_ableform if it hasthe
form A(My;:::;Mp), % M coerce (%¢)M% or inp MY°. O
Lemma 4.25. If t-nf(M) and jMj = C€[N], then M~ Cp[N1;::::Nn] wher
icpi~ €, jN4j~ N, and N; is not an erasableform for 1- i - n. O
Lemma 4.26. If M is well typed, t-nf(M), M is not an erasableform, and jMj is
a ut-redex, then M is a c-redex. O
Proof. By caseanalysison the form of M . O

Lemma 4.27. If t-nf(M), M is well typed, andjMji! . N, thenthereis aterm
N suchthat M j! ¢N andjNj~ K. O

Proof. BecausejMj i! « N, we know that jMj -~ C[M9 and &~ E[X9 where
MOA , NO By lemmas4.25and 4.26, we know that M~ Cp[M1;::: ;M,] where
icpi” €, jM4j " ¢e¢” jMnj- M%andM; A Njforl- i- n.Thus,M j! ¢N
whereN *~ Cp[N1;::: ;N,]. All that remainsis to show that jNj~ N.

By lemma 4.19,jMj j! 4 jNj. By lemma 4.11 and the above reasoning we
know that C[M9 ! u C[iN4j]. Thus, M® A ¢ jN1j. By lemma 4.18, we know
that N jN4j. Thus, jNj © C[[N4j]~ C[N9 - K, which is exactly the desired
result. O

Theorem 4.28 (T yped/Un typed Reduction Corresp ondence).



38 Wells, Dimock, Muller and Turbak

1.1fM ! N, thenjMji! « jNj.
2. fMjil N and M is well typed, then there existsaterm N whee M ! .
N andjNj " N. O

Proof.

1. This claim follows immediately from lemma 4.19 and the de nition of r-
reduction asthe composition of c-reduction and t-reduction.

2. By lemma4.15,M #f { M2 By lemma4.22,M %is well typed. By lemma4.19,
MG~ jMj, implying that MG j! o K. By lemma4.27,M°;! . N°where
iNg ~ K. By lemmas4.15and 4.19,N°{§ ; N wherejN9 = jNj ~ K. By
de nition of r-reduction, M j! N, shawing the desiredresult. O

Theorem 4.29 (Con°uence Mo dulo Type Erasure of Typed Reduction).
If My and M, are well typed, jM1j © jM2j, M1 i3 N1, and M3 i3 Ny, then
there exist MY and M2 suchthat M~ jM%, Ny i3 ;M2andN, i3 M2 O

Proof. By theorem4.28,jM1j i3  jNijandjMyj i3 4 jN2j. By theorem4.7,there
exists N' such that jN1j i3 o K and jN,j i3 , N. By theorem 4.28, there exist
terms M1 and M, such that jM1j " jMyj”~ N andN; i3 ; Myand Ny 2 ; Mo.

O

Remark 4.30. Con°uence modulo type erasureis not as strong a result as tradi-
tional con°uence,in which M; = M, and M? "~ M2, Howewer, since meaning in
. ClL is entirely determined at the untyped level, con°uence modulo type erasure
is suzcient for the purposeof shaving that transformations presene meaning. We
conjecturethat | ©“ is con°uent in the traditional sensebut have not proven this
fact. O

Lemma 4.31 (Value Characterization).

1. If M closal, well-typed, and an evaluation normal form, then M is a value.

2. If M is a value, then it is an evaluation normal form. O
Lemma 4.32 (Progress). If ; © o M : ¢, then either M is a value or there
existsan N suchthat M j! < N. O

De nition  4.33 (Stuck Terms). M 2 Term is stuck i® it is an evaluation nor-
mal form that is not a value. O

Theorem 4.34 (Typing Soundness). If M is a well-typed closel term in | ©'- |
then evaluating it \cannot gowrong". l.e., for all N suchthat M j3 ¢ N, N is not
stuck. O

Proof. By assumption, there is a ¢ sud that ; ° o M : ¢. The proof is by
induction on the length n of the reduction M j3 ¢ N.If n = 0, then by lemma4.32,
N is not stuck becauseit is either a value or can be evaluated. If n > 0, then there
isan NOsudthat M j! ¢N%j3 ¢ N.Sincej! isasubrelationof j! ,, subject
reduction of j !  implies ; ~ o NO: ¢, which is assumedtrue by the induction
hypothesis. O
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4.4 Implicity Typed Language , '

The implicitly typed language, C'* is obtained from | §“ and | ©'“ . The syntax

and semartics of implicitly typed language, ¢ are the sameas, {* asgivenin
“gure 4. The typesof ¢'“ are obtained from those of | ©'“ by erasinglabels. We
will informally usethe notation hXi to denote the label erasureof X where X is
a term, type, or type ervironment. The typing rules of | £'* are the rules of | ¢
modi ed by replacing every judgemert A ° M : ¢ mentioned in a , ““ rule by
PAI © jMj:hei.

While the implicitly typed languageis not as useful for a compiler intermediate
languageas the explicitly typed language,it is helpful for comparing our approach
to intersection and union typeswith traditional approadhes.As noted before, , c'-
appearsto bethe rst implicitly typedlambda calculuswith intersection and union
typesthat hasthe subject reduction property for a single call-by-value — -reduction

step.

Theorem 4.35 (Sub ject ut-Reduction for ,CL). If M j! N and A" o
I\ﬁ:a,thenk"icm N ;e O

Proof. BecauseA ° cu M : & we know by the deTition of , St there are A,
M, and ¢ such that hAi ~ A, jM|j~ M, ki~ & and A "o M ¢ Because
M i1 . N, by theorem 4.28thereisan N such that M ;! , N andjNj ~ N. By
theorem 4.23,A * o N :¢. By the denition of ', this implies that A cu

Nz O

5 Epilog

We have implemerted a whole-program compiler for core Standard ML using CIL,
a typed intermediate languagethat is basedon , ' . For implemerting features of
coreStandard ML, CIL extendsthe purely functional , - with primitiv e datatypes,
referencesarrays, and exceptions.Theseextensionsare describedin Appendix A of
(Dimock et al., 2001b). Although CIL is basedon , ¢, CIL itself is not a calculus.
We have implemented a semartics for CIL, but we have not written its formal
counterpart. While we have proven formal properties like standardization, subject
reduction, and type soundnessfor | ©'“ |, we have not yet establishedany of these
properties for CIL.

The key novel feature of our compiler is its useof °ow typesto choosecustomized
represenations for functions. To determine the e®ectof customizations and pollu-
tion removal on the dynamic costs of function represenations, we have measured
the run-time performance (relativ e to a cost model) of code generatedusing vari-
ousfunction customization strategies(Dimock et al., 2001a).Our experiments show
that °ow-basedcustomization of closedfunctions can give signi cant improvemerts
over uniform closure represerations. The excacy of using °ow typesto remove
represenation pollution is lessclear. For the benchmarks tested and the types of
represenation pollution detected by our compiler, the pollution removal strategies
we consideroften cost more in overheadthan they gain via enabledcustomizations.
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However, somestrategiesthat usedefunctionalization and °ow-basedinlining often
achieve signi cant customization bene ts via aggressie pollution removal.
Although CIL's listing-based intersection and union types and its duplicating
term represenations raise the specter of compile-time spaceexplosionat both the
term and the type level, we have not obsened such blowups in practice (Dimock
et al., 2001b). Our experiments show that spacecostsin our compiler can be made
tractable by using sutciently "ne-grained °ow analysestogether with standard
hash-consingtechniques. A surprising result of our experimerts is that they sug-
gestthat non-duplicating formulations of intersection and union typeswould not
achieve signi cantly better spacecomplexity than our duplicating term represen-
tation. However, only one of the °ow analyseswe have experimented with to date
expresses non-trivial form of polyvariance, soit remainsto be seenwhether these
results hold up in the presenceof °ow analysesexpressingmore polyvariance.
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A Combinatory Reduction Systems

We use the functional presenation of CRS's (Klop et al., 1993). An alternative
applicative presenation can be found in (Klop, 1980). Both ways of preseriing
CRS's have the same expressieness;they only di®er in the number of \garbage
terms" that must be ignored.

A CRS 8§ is speci ed by a set of function symtols Fun(8) (in the applicative
preseration, a set of constarts) and a set of reduction rules Red(8) (sometimes
calledrewrite rules). Each function symbol F hasa xed arity n, which we denoteby
writing F (™), We will often omit the arity from function symbols and metavariables
when writing terms sinceit will be obvious from the context. The function symbols
arethe only part of the CRS's alphaket which canvary from CRSto CRS. The xed
part of the alphabet includes the set of variables Var and the set of metavariables
MVar. The set of metaterms and the set of terms are determined by the set of
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function symbols F (where F = Fun(8) for someCRS §) together with the "xed
portion of the alphabet. Let u and v range over terms and let s and t range over
metaterms. The set of metaterms MTerF is the smallest set satisfying all of the
following:

1. If x 2 Var (i.e., x is a (ordinary) variable), then x 2 MTerF .

2. If x 2 Var and s 2 MTerF, then [x]s 2 MTerF. (This construct declaresa
variable x which may be usedin s. The variable x is bound by this construct.)

3.1 FM 2 F andsy;:::;sy 2 MTerF, then F(M(sq;:::;s,) 2 MTerF.

4. 1f z(M 2 MVar (i.e., Z is a metavariable with "xed arity n) and s1;::: ;Sn 2
MTerF, then Z(M(sy;::: ;sp) 2 MTerF.

The set of terms Ter(F) is the subsetof MTer(F) containing only those metaterms
which do not mention metavariables. The notion of (one-holed) context is de ned
for metaterms and terms as usual.

A valuation © : MVar! MTerF isafunction mapping metavariablesto metaterms
sudh that for any metavariable Z ("), the metaterm © (Z (")) mertions only metavari-
ables in the set fZio);::: :z0 g. A valuation ° is automatically extended to a
function from MTerF to Ter(F) as follows:

1. °(x) = x.

2. °([x]s) = [x]°(s) (assuminghby ®-conversionthat x is not mentioned in the
range of ©).

3. o (FM(sy;:ii5sn)) = F(M(O(s1);:::5°(sn)).

4.°(Z(M(sy;:1:580)) = °%°(Z2™M)) where°%z®@) = o(s;) for 1- i - n.

Each reduction ruler ofaCRSisapair s! t (wheresisthe left-hand side (LHS)
and t is the right-hand side (RHS)) of metaterms obeying the following conditions:

1. Neither s nor t has free (ordinary) variables, i.e., each variable x occurs in
the scope of a binder [x].

2. The LHS is of the form F(s;1;::: ;sn) for somefunction symbol F and some
metaterms sy, :::, Sp.
3. Any metavariable which occursin the RHS also occursin the LHS.

4. Any metavariable Z(" (of arity n) occurs in the LHS only in the form
Z(M(xq;:::;%xn) wherexy, :::, X, are n distinct (ordinary) variables.

Any reduction rule r = s! t automatically determinesa reduction relation j!
(sometimescalled a rewrite relation) such that C[°(s)] j! ; C[°(t)] for every val-
uation °© and every term (g)rtext C. Any set of reduction rules R determines a
reduction relation j! r =,z i! r.

A reduction rule s! t is left-linear if every metavariable in s (the LHS) occurs
in s exactly once. A set of reduction rules R is left-linear if every reduction rule
r 2 R is left-linear.

Two metaterms s and t interfere i® for somevaluations © and ° °and somecontext

10 This denition of valuation di®ers from that of (Klop et al., 1993) and (Klop, 1980) (which
di®er from each other anyway), but produces equivalent results.
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C it is the casethat (1) °(s) = C[°qt)] and (2) the position? of the hole in C
is a position in s which is not occupied by a metavariable. The interferenceis at
the root i® C is the empty context. A pair of reduction ruless! t ands®! tCis
ambiguous (sometimescalled overlapping) i® s and s interfere and either the two
rules are distinct or the interferenceis not at the root. A set of reduction rules R
is ambiguous i® there exists an ambiguous pair of rules r;r°2 R (wherer and r°
may be the samerule).

A CRS 8§ is regular (also called orthogonal) if and only if the set of reduction
rules Red(8) are left-linear and non-ambiguous. We write j! s asan abbreviation

for i! Redg) -
Theorem A.1 (Con°uence of Regular CRS's). If § is a regular CRS, and

Uid s vy, andui? g Vo, then there existsu® suchthat vi j3 s u®andv, j3 s
0
u. O

Proof. See(Klop, 1980)or (Klop et al., 1993) for proofs that any regular (orthog-
onal) CRS is con®uernt. O

11 We leave this notion of position unspecied. See(Klop et al., 1993) or (Klop, 1980) for a more
precise de nition.



