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ABSTRACT

In this paper we introduce the notion of the total linear discrep-
ancy of a poset as a way of measuring the fairness of linear exten-
sions. For posets that are the sum of two chains, we characterize
those linear extensions that are optimal with respect to total linear
discrepancy. The characterization provides an easy way to count the
number of optimal linear extensions.

1 Introduction

We begin with some definitions and notation. In this paper we consider only
finite posets. A poset P = (X, <) consists of a ground set X together with an
order relation <. If there are several posets under consideration, we write <p.
When points z,y, € X are incomparable we write x || p y or just z || y. If there
are no incomparabilities then P is a linear order or chain. If x < y and there is
no z € X with < z < y we say y covers x and write x <: y. A linear extension
L of a poset P is a linear order that respects the relation of P, that is, z <p y
whenever  <p y. The height of a point x in a linear order L, denoted by hy,(z),
is the greatest cardinality of a chain whose maximum point is z. Finally, the
poset r + s consists of the disjoint union of a chain of r points with a chain of
s points. For all terminology and notation not defined here, we refer the reader
to [9].



The linear discrepancy of a poset was introduced by Tanenbaum, Trenk and
Fishburn [8] as a measure of how far a poset is from being a linear order. It was
studied further in [1], [3], [4] and [5]. Formally,

ld(P) = minmax |hy(z) — hy(y)|
L zy
where the minimum is taken over all linear extensions L of P.

The concept of linear discrepancy arises in many real world problems where
a linear extension of a poset is required and it is desirable to choose one that
minimizes the difference in height of incomparable points. For example, a poset
could represent a set of projects on a professor’s desk, ordered by urgency (or
perhaps importance). The professor must tackle these projects one at a time
and should order them so that more urgent projects are done before less urgent
ones (i.e., a linear extension). In addition, if two projects are incomparable, the
professor would not want to complete them at widely different times, for this
could be viewed as unfair by the person awaiting the completion of the second
project. Thus the professor seeks a linear extension that achieves the linear
discrepancy for this poset. Other examples appear in [8].

In this paper we consider a different measure of fairness. Rather than seeking
to minimize the mazimum difference in height between incomparable elements,
we now seek to minimize the average such difference. Equivalently, we seek to
minimize the sum of such differences.

Definition 1 The total linear discrepancy of a poset P is

tld(P) = min > lhe(z) = hr(y)l-

z|lpy

where the minimum is taken over all linear extensions L of P. A linear extension
for which this minimum value is achieved is called optimal.

It will sometimes be useful to refer to the sum in Definition 1 for a particular
linear extension.

Definition 2 Let P be a poset and L be a linear extension of P. The total
discrepancy of P in L, denoted by tdp(L), as is

tdp(L) = ) |he(z) = hr(y)].

z|lpy

Thus tld(P) = miny tdp(L) where the minimum is taken over all linear
extensions L of P.

In this paper we focus on the posets of the form r + s and determine which
linear extensions are optimal with respect to total linear discrepancy. A linear
extension of the poset r + s can be viewed as a linear arrangement of r X’s (the
points of the r-chain in their natural order) and s O’s (the points of the s-chain



in their natural order). All the figures in this paper denote linear extensions of
r + s in this way.

Posets of the form r 4 s play a central role in linear discrepancy and the
related concept of weak discrepancy. They form the basis for forcing cycles
which are the key tool in studying weak discrepancy ([2]), provide lower bounds
on both linear and weak discrepancy for posets that possess them, and in several
cases provide upper bounds on weak discrepancy for posets that do not possess
certain r + s combinations (e.g, see [6], [7]).

For linear discrepancy, optimal extensions of r + s have the smaller of the
two chains inserted in the middle of the larger [8]. This results in four optimal
linear extensions (when r and s are equal and odd), two optimal linear extensions
(when 7 and s are equal and even or when r < s and s odd), or a unique linear
extension (when r < s and s even). In contrast, we will see in Corollary 14
that there are 2" linear extensions that are optimal with respect to total linear
discrepancy when r < s and r + s is even and a unique optimal linear extension
when r + s is odd.

The next two definitions help in calculating the effect of swapping two con-
secutive points in a linear extension of r + s.

Definition 3 Let L be a linear extension of the poset P = r+s. For any
point v in P, let down(y) be the number of points in P below « in L that are
comparable to v in P and similarly, let up(vy) be the number of points in P
above v in L that are comparable to v in P

Definition 4 Let L be a linear extension of poset P = r + s and let a and 3 be
incomparable elements of P that appear consecutively in L as a <, 3. Then we
define the difference (A) of this pair to be A = down(f8) — down(a) + up(a) —

up(B).

Our primary tool for demonstrating that a linear extension L is not optimal
will be to produce two elements o and ( that are consecutive in L and show
that swapping them results in a lower total linear discrepancy. The next lemma
facilitates this.

Lemma 5 Let Ly and Lo be linear extensions of a poset P = r + s that are
identical except for one pair of points o || B in P that appears as a <: B in
Ly and B <: « in Lo. If A of this pair is defined as in Definition 4, then
tdp(Lg) = tdp(Ly1) + A.

Proof. Without loss of generality, assume « is from the r-chain and g is from
the s-chain. Swapping « and (8 brings « one unit farther from the down(S)
elements of the s-chain below it in L; and likewise brings § one unit farther
from the up(«) elements of the r-chain above it in L;. At the same time, it
brings « one unit closer to the up(3) elements of the s-chain above it in L, and
brings 3 one unit closer to the down(a) elements of the r-chain below it in L;.
Thus in moving from L; to Le, we add down(8) +up(a) —up(8) —down(a) = A
to the total discrepancy of P in L;. O
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Figure 1: The hub of each linear extension is shown in a (perhaps empty) box.
The elements of the r-chain are depicted by X’s and those of the s-chain by O’s.

The next definition identifies a center portion of a linear extension, called
the hub, in a way that allows for an equal distribution of points from each chain
above and below the hub.

Definition 6 Let P = r +s and L be a linear extension of P. The hub of L
consists of 0, 1, or 2 points as follows:

e If r and s are both even, the hub of L consists of no points.
e If r + s is odd, the hub of L consists of 1 point.
e If r and s are both odd, the hub of L consists of 2 points.

In all cases, the hub is located exactly in the center of L.

We will see below in Proposition 8 that in the case of an optimal linear extension,
the hub will consist of a point from each chain that is odd. Figure 1 shows
examples of each of these cases.

2 Optimal Extensions for Posets r + s

In this section we characterize those linear extensions of r 4+ s that are optimal
with respect to total linear discrepancy.

Proposition 7 In any optimal linear extension of P = r + s there will never
be three consecutive points from the same chain, except possibly at the ends.

Proof. Suppose for a contradiction we had an optimal linear extension L of P
consisting of a set R of n > 3 points from the r-chain appearing consecutively,
flanked by points from the s-chain. Let oy be the highest point from R in L and
(1 be the point just above it in L (which must be from the s-chain). Similarly,
let B2 be the lowest point from R in L and as be the point just below it in
L (which must also be from the s-chain). Let x; (resp. x2) be the number of
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Figure 2: A linear extension in which there are n > 3 points from one chain in
a row, flanked by points from the other chain.

points from the r-chain above (resp. below) R in L and let y; (resp. y2) be
then number of points from the s-chain above (resp. below) R in L. Figure 2
illustrates the situation.

Then if oy and B; are swapped to get a new linear extension L’ of P, the
resulting difference is

Ay = down(B1) — down(aq) + up(ar) —up(f1) =y2 — (w2 +n—1)+ 21 —
(-1 =yp2+r1—22—9y1+2—n.

Similarly, if s and f2 are swapped to get a new linear extension L” of P,
the resulting difference is

Az = down(fB2) — down(az) + up(az) — up(B2) = w2 — (y2 — 1) + 41 — (21 +
n—1)=xo+y1 —ys—x1 +2—n.

If we let ¢ = y2 + 21 — 22 — y1 then we can rewrite A; = ¢+ (2 —n) and
As = —q+ (2 — n). Since we have assumed n > 3 we know 2 — n < —1. Thus
if ¢ <0 then Ay < —1 and tdp(L') < tdp(L), a contradiction. Otherwise, if
g > 0 then Ay < —1 and tdp(L") < tdp(L), a contradiction. O

Next we specify which points can occupy the hub of an optimal linear ex-
tension of r + s.

Proposition 8 Let P = r+s and let L be an optimal linear extension of P.
If r + s is odd, the hub of L consists of 1 point from the odd chain. If r and s
are both odd, the hub of L consists of 2 points, one from each chain.

Proof. First consider the case in which r + s is odd, and without loss of
generality we may assume 7 is odd and s is even. Thus, » > 1,s > 2. By
definition, the hub of L consists of one point, located at the center of L. We
must show this point is from the r-chain, so for a contradiction, assume it is

from the s-chain. Since r is odd, there must be at least T'QH points from the




r-chain either above or below the hub, so without loss of generality we may
assume there are this many above the hub. Since there are a total of %
points in total above the hub, at most 552 points from the s-chain lie above
the hub. The remaining (at most “51) points from the r-chain and (at least %)
points from the s-chain lie below the hub.

Let 8 be the lowest point from the r-chain above the hub and « be the point
from the s-chain directly below it in L. Note that « is a point either in or above
the hub. The difference in swapping « and (3 is
A = down(B) —down(a) +up(a) —up(B) < 5 — 54552 — (22 —1) = -1 < 0.
Thus L is not optimal, a contradiction.

Now consider the case in which r and s are both odd. The case r = s =1
is trivial, so suppose that either » > 3 or s > 3. For a contradiction, assume
both points in the hub are from the same chain, without loss of generality from
the r-chain, so r > 3. Thus there are an odd number (r — 2) remaining points
from the r-chain to be distributed above and below the hub. Without loss of
generality we may assume there are at least 7;1 from this chain above the hub
and at most ’;3 from the r-chain below the hub. There are a total of %
points above the hub, thus at most 2% points above the hub can be from the

s-chain and the remaining at least SJQF points from the s-chain must be below
the hub.
Since 3'51 > 1 there is at least one point from the s-chain below the hub.

Let o be the highest point from the s-chain below the hub and let 8 be the
point from the r-chain directly above it. Note that (§ is either the lower of the
two hub points or lies below the hub. The difference in swapping « and  is
A = down(B) — down(a) +up(a) —up(B) < 52— (L —1)+ 22 — (5L 4+1) =
—2 < 0. Thus L is not optimal, a contradiction. [

By Proposition 8, in an optimal linear extension of r + s, there will always
be an even number of points from each chain that are outside of the hub. A
linear extension of P = r + s is said to be balanced around the hub if there are
an equal number of elements from the r-chain above and below the hub and
there are an equal number of elements from the s-chain above and below the
hub. Each of the linear extensions in Figure 1 is balanced around the hub.

Proposition 9 Any optimal linear extension of P = r + s is balanced around
the hub.

Proof. Let L be an optimal linear extension of P. We consider cases depending
on the parity of r and s.

Case 1: r + s is odd.

We may assume, without loss of generality, that r is odd and s is even. The
case 7 = 1 follows immediately from Proposition 8, so we assume r > 3 and
s > 2. By Proposition 8 we know that the hub of L consists of a single point
from the r-chain. Thus there are an even number (r — 1) of points from the
r-chain and an even number of points from the s-chain (s) remaining to be
distributed above and below the hub.



If the set of points from one chain are not equally distributed around the hub,
then neither are the points from the other chain. Thus for a contradiction, we
may assume that the points from the r-chain are not distributed equally above
and below the hub, and without loss of generality that at least "+ points from
the r-chain are above the hub. Then the remaining (at most T;%) points from
the r-chain must lie below the hub. Since there are a total of % points
above the hub and the same number below, there are at most 552 points from
the s-chain above the hub and at least S;2 below.

Let o be the highest point from the s-chain below the hub and 3 be the
point from the r-chain directly above o. Then [ is either the point in the hub,
or a point below it. The difference in swapping « and (3 is
A = down(B) — down(a) + up(a) — up(B) < 52 — 5+ 252 — Il = 3 < 0.
Thus L is not optimal, a contradiction.

Case 2: r,s are both odd.

By Proposition 8 we know that the hub of L consists of two points, one from
each chain. If either 7 = 1 or s = 1 the result follows from Proposition 8 and the
definition of hub. Thus, we assume 7, s > 3. Again there are an even number of
points from each chain remaining to be distributed above and below the hub.
As before, if the points from one chain are not distributed equally above and
below the hub, then this necessitates that the points from the other chain are
also distributed unequally. So for a contradiction we may assume, without loss
of generality, that there are at least “t1 points from the r-chain are above the
hub. Then the remaining (at most T_g) points from the r-chain must lie below

2
the hub. Since there are a total of ™5=2 points above the hub and the same
s—3

2
number below, there are at most *5= points from the s-chain above the hub and

at least 5;1 below.

If the hub consists of a point from the s-chain below a point from the r-chain,
then let a be the lower point in the hub and 8 be the higher point in the hub.
The difference in swapping « and (3 is
A = down(B) — down(a) + up(e) —up(B) < 552 — st p =3 il — 4 <.
Thus L is not optimal, a contradiction.

Otherwise, the hub consists of a point from the r-chain below a point from
the s-chain. In this case, let 3 be the lowest point from the r-chain above
the hub and « be the point from the s-chain directly below it. Note that by
Proposition 7, the point « either lies in the hub or just above it. The difference
in swapping a and 3 is
A = down(B) — down(a) + up(a) —up(B) < 5+ — = 4552 =l = 2 <0.
Thus again, L is not optimal, a contradiction.

Case 3: r,s are both even.

In this case, there are no points in the hub. Without loss of generality we
may assume that more than half the points from the r-chain lie above the hub,
thus at least 5 + 1 points from the r-chain are above the hub and the remaining
(at most § — 1) points form that chain lie below the hub. As before, at most
— 1 points from the s-chain are above the hub and the remaining (at least
+ 1) points form the s-chain lie below the hub.

[ NIV



Consider the lowest point from the r-chain above the hub. If the point
directly below it is from the s-chain, then let these points respectively be 3 and
a. The difference in swapping a and [ is
A = down(B) — down(a) +up(a) —up(f) < (5-1)—5+(5-1)—5 =-2<0.
Thus again, L is not optimal, a contradiction.

Otherwise, the points just above the hub and just below the hub must both
be from the r-chain. Let a be the higheest point from the s-chain below the
hub and g be the point directly above it, which must be from the r-chain. Now
the difference in swapping o and ( is
A = down(B)—down (o) +up(a)—up(B) < (5-2)—5+(5-1)—(5+1) = -4 <0.
Thus again, L is not optimal, a contradiction. [J

In the case of P = r 4+ s where r + s is even, there is a unique optimal linear
extension with respect to total linear discrepancy, as given in the following
theorem.

Theorem 10 Let P =r + s where v+ s is odd. Then there is a unique optimal
linear extension L of P as follows: (i) the hub of L consists of one point from
the odd chain, (ii) points from the r-chain and s-chain alternate from the hub
outward (ii) any extra points from the larger chain are distributed equally at
the ends of L.

Proof. Without loss of generality, assume that r is odd and s is even. The
case r = 1 follows from Proposition 8, so we assume r > 3,s > 2. Let L be
an optimal linear extension of P =r +s. The claim in (i) follows directly from
Proposition 8. Furthermore, Proposition 9 ensures that there will be Tgl points
from the r-chain above and below the hub and § points from the s-chain above
and below the hub. We prove (ii) and (iii) by showing that it is impossible to
have two or more points that are consecutive in L, come from the same chain,
and are flanked by points from the other chain. By Proposition 7, we know
there can not be three or more such consecutive points.

First assume there are two points from the r-chain that are consecutive in L,
without loss of generality, occur at or above the hub, and are flanked by points
from the s-chain. Consider the lowest occurrence of this at or above the hub.
Thus we may assume there are ¢ > 0 points from the s-chain alternating with ¢
points from the r chain directly above the hub, followed by a point « from the
r-chain. Let 3 be the point from the s-chain directly above « in L.

The difference in swapping « and (3 is
A = down(B) — down(a) + up(a) —up(B) = (£ +¢) — (52 +c+ 1) + (55 —
c—1)— (5 —c—1)=—-1<0. Thus L is not optimal, a contradiction.

Now assume there are two points from the s-chain that are consecutive in L,
without loss of generality, occur above the hub, and are flanked by points from
the r-chain. Consider the lowest occurrence of this at or above the hub, thus we
may assume there are ¢ > 0 points from the s-chain alternating with ¢ points
from the r-chain starting just above the hub and going upwards in L, followed
by two points from the s-chain. Let o be the higher of these two points and let
[ be the point from the r-chain directly above « in L.




The difference in swapping « and (3 is
A = down(B) — down(a) +up(a) —up(B) < (F+e+1) = (5 +e+1)+ (5 -
c—2)— (% —c¢—1)=-1<0. Thus L is not optimal, a contradiction. [J

When r 4 s is even, there is more than one optimal linear extension for
P = r+s, but as we show in Proposition 11, they all satisfy the following
condition.

A linear extension of P = r + s satisfies the domino condition if it has the
following form.

e Reserve one point from each chain that is odd to form the hub.

e From the remaining points, form as many dominoes as possible, each con-
sisting of one point from the r-chain and one from the s-chain. The points
within a domino may appear in either order.

e Set the dominoes out above and below the hub, evenly distributed.

e Put the extra points on the ends, evenly distributed.

Proposition 11 Any optimal linear extension of P = r + s satisfies the domino
condition.

Proof. Let L be any optimal linear extension of P = r + s. By Proposition 8§,
the hub of L consists of one point from each odd chain. This leaves an even
number of points from the r-chain and an even number of points from the s-
chain to be distributed above and below the hub. The case in which r + s is
odd follows directly from Theorem 10.

Next consider the case in which r+ s is even. Suppose the domino condition
is violated, that is, counting by pairs from the hub outwards, there is a pair
of points from the same chain. Without loss of generality, we may assume the
violation closest to the hub consists of two points from the r-chain and occurs
above the hub. Let a be the higher of these two points and let ¢ > 1 be the
number of dominoes below this violation down to and including the hub.

By Proposition 7, the points from the r chain in this violation are flanked
by points from the s-chain. Let 3 be the point from the s-chain directly above
«. By Proposition 9, half the points from each chain are below the hub. Thus
in the case of r and s both odd, the difference in swapping « and g is
A = down(B) — down(a) + up(a) — up(B) <

(14— (F+e+2)+ (G —c—2)— (55t —c—1)=-2<0.

And in the case of r and s both even, the difference in swapping « and  is
A = down(B) — down(a) + up(a) —up(B) <

5+ —(5+c+)+(5—c—2)—(5—c—1)=-2<0.

Thus in either case, L is not optimal, a contradiction. [

Theorem 12 Let P = r + s be the sum of two chains. There exists a linear
extension of P that is optimal with respect to total linear discrepancy and is
balanced around the hub and satisfies the domino condition.
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Proof. We know that optimal linear extensions exist because there are only
finitely many linear extensions of poset P. The proofs that an optimal linear
extension is balanced around the hub (Proposition 9) and satisfies the domino
condition (Proposition 11) proceed by taking a linear extension that violates
one of the conditions and showing that two points can be swapped to yield a
difference A < 0. Thus linear extensions that are not balanced around the hub
or that do not satisfy the domino condition can not be optimal and hence any
optimal linear extension is balanced around the hub and satisfies the domino
condition. [J

Theorem 13 Let P =r + s be the sum of two chains. If r+s is even, any linear
extension that is balanced around the hub and satisfies the domino condition is
optimal with respect to total linear discrepancy. If r+ s is odd, there is a unique
linear extension which is optimal with respect to total linear discrepancy; it is
balanced around the hub, satisfies the domino condition, and the dominoes must
be placed so that elements from different chains alternate, except possibly at the
ends.

Proof. The case in which r + s is odd is already covered in Theorem 10,
thus it remains to consider the case in which P =r + s and r + s is even. By
Proposition 12, there exists a linear extension L of P that is optimal with
respect to total linear discrepancy and is balanced around the hub and satisfies
the domino condition. Let L’ be any other linear extension of P that is balanced
around the hub and satisfies the domino condition. If » and s are both even,
consider the hub as an additional domino. Then by the definition of the domino
condition, we can get from L’ to L by a sequence of swaps of pairs of points
within a domino. Thus it suffices to show that such a swap gives a difference
(A) of 0.

Without loss of generality, we may assume r < s. Let a be the lower
point in a domino and [ the point just above it in the same domino. Then
below this domino are x > 0 dominoes, consisting of  points from the r-chain
and x points from the s-chain and below that, (s — r)/2 points from the s-
chain. Similarly, above the domino are y = r — « — 1 points from the each
chain and above them, the remaining (s — r)/2 points from the s-chain. The
difference in swapping a and 3 is A = down(8) — down(a) + up(a) — up(B) =
r—x+y—y+(s—r)/2—(s—r)/2=0.0

Since a linear extension of a poset r + s corresponds to a linear arrangement
of 7 X’s and s O’s, the number of such linear extensions is ("7*) = (TTTSS!)! . Using
Theorem 13, we can calculate the number of these that are optimal with respect
to total linear discrepancy.

Corollary 14 Let P =r +s where r < s. If r + s is odd, then P has a unique
optimal linear extension with respect to total linear discrepancy, and if v + s
is even, then P has 2" optimal linear extensions with respect to total linear
discrepancy.

Proof. The case where r + s is odd follows immediately from Theorem 13.
In the case where r + s is even, there will be r dominoes and two possible
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co[o[x[o[H[c][#]e
co[=[o][o[H[c[#]o o
co[o[x|[=[al[c[#]e
co[=[o|[=[a|[c[#]o o
co[o[x|[o[H|[#][a]o o
co[=]a] [l [=][a]e o
oo o[ [=[o|[#[a]e
co[=[o][=[o][#][a]e

Figure 3: The 23 = 8 (optimal) linear extensions of 8 + 7 that are balanced
around the hub and satisfy the domino condition.

orientations for each domino, thus 2" different linear extensions are optimal
with respect to total linear discrepancy. [J

Figure 3 shows all the linear extensions of 3 + 7 that are optimal with respect
to total linear discrepancy.

3 Concluding Remark

We can think of a poset P = r + s as representing a line of r people (or projects)
and a separate line of s people (or projects) waiting to be served (or completed).
A linear extension gives a way of merging these into one line while preserving
the order of each line. If r = s or = s — 1 a natural way to accomplish the
merge is to have points from each line alternate. Indeed Theorem 13, shows
that this is an optimal solution with respect to total linear discrepancy and the
other optimal solutions (in the case r = s) are not too different. In contrast,
the optimal solutions with respect to linear discrepancy insert one line into the
middle of the other [8]. In which case, two formerly adjacent members from one
line will find themselves separated by the entire length of the second, a situation
that might appear unfair to the member of the first line occupying the lower
position. By contrast, any optimal solution to the total discrepancy problem
never separates two formerly adjacent members by more than a two positions
and there exists an optimal solution for which the separation is never more than
one.

References

[1] G.B. Chae, M. Cheong, and S.M. Kim. Irreducible posets of linear discrep-
ancy 1 and 2. Far Fast J. Math. Sci. (FJMS), 22(2):217-226, 2006.



2]

12

J.G. Gimbel and A.N. Trenk. On the weakness of an ordered set. STAM J.
Discrete Math., 11:655-663, 1998.

D.M. Howard, M.T. Keller, and S.J. Young. A characterization of partially
ordered sets with linear discrepancy equal to 2. ORDER, 24:139-153, 2007.

D.M.Howard,G.B. Chae, M. Cheong, and S.M. Kim. Irreducible width 2
posets of linear discrepancy 3. ORDER, 25(2):105-119, 2008.

M.T. Keller, and S.J. Young. A Brooks-type theorem for the bandwidth of
interval graphs. Submitted for publication, 2008.

A. Shuchat, R. Shull, and A. Trenk. Range of the fractional weak discrepancy
function. ORDER, 23:51-63, 2006.

A. Shuchat, R. Shull, and A. Trenk. Fractional weak discrepancy of posets
and certain forbidden configurations. The Mathematics of Preference, Choice
and Order: Essays in Honor of Peter C. Fishburn (Studies in Choice and
Welfare Edited by Steven Brams, William V. Gehrlein, and Fred S. Roberts,
Springer-Verlag, New York (2009).

P.J. Tanenbaum, A.N. Trenk, and P.C. Fishburn. Linear discrepancy and
weak discrepancy of partially ordered sets. ORDER, 18:201-225, 2001.

W. Trotter, Combinatorics and partially ordered sets: Dimension theory
Johns Hopkins Univ. Press, Baltimore, 1992.



