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What is an Algorithm?

Sipser:     Section 3.3 pages 182 - 187
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Today’s adventures

• Hilbert’s Tenth Problem
• Church-Turing Thesis
• Definition of an algorithm
• Practice, practice, practice

Weekly tip: Everyone and everything can teach us 
something
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Warmup

• Give the sequence of 
configurations that the 
TM on the right enters 
when started on the input 
string 00.

• Can a TM’s head ever be in the same location in two successive steps?

• Can a TM contain just a single state?
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Computability

Hilbert’s Tenth Problem.

Find a process according to which it can be determined by a 
finite number of operations whether a given polynomial

has an integral root.

p(x1, x2, …, xn)
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Recipes and Processes

Definition. An algorithm  is a finite sequence of operations, each 
chosen from a finite set of well-defined operations, 
that halts in a finite time.
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Church-Turing Thesis

Algorithm Turing Machine=
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Languages and Problems

Definition. Let D = {p | p is a polynomial with an integral root}.

Hilbert’s Tenth Problem.

Determine whether D is Turing-decidable.
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D = {p | p is a polynomial with 
integral roots}

M = “The input is a polynomial p(x1, x2, …, xn).

1.  Lexicographically generate integer values for

2.  Evaluate p as each set of values is generated. If at any 
point the polynomial evaluates to 0, accept.”

(x1, x2, …, xn).
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Here We Go Again

Regular

Context-free

The Universe of Languages

a*b*

anbn

anbncnTuring-decidable

Turing-recognizable
D
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Describing Turing Machines

• Formal

• Implementation

• High-level

M = “On input string w:
1.  Sweep across tape, crossing off every other 0.
2.  If tape contained one 0, accept.
3.  Else, if number of 0’s is odd, reject.
4.  Return head to left-hand end of tape.
5.  Go to step 1.

repeat until n = 1
exit if n mod 2 ≠ 0
set n = n div 2
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Exercises

• Let a k-PDA be a pushdown automaton that has k stacks. Is a 
1-PDA more powerful than a 0-PDA? Is a 2-PDA more powerful 
than a 1-PDA? Is a 3-PDA more powerful than a 2-PDA?

• Is a TM with a doubly infinite tape (infinite to the left as well as 
the right) more powerful than an ordinary TM?
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Exercises

• Give implementation-level description of a Turing Machine 
that decides the language {w | w contains an equal number of 
0s and 1s}.
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Exercises

M = “On input string w:
1.  Scan the tape and mark the first 0 which has not been 

marked. If no unmarked 0 is found, go to stage 4. Otherwise, move 
the head back to the front of the tape. 

2.  Scan the tape and mark the first 1 which has not been 
marked. If no unmarked 1 is found, reject. 

3.  Move the head back to the front of the tape and go to step 1. 
4.  Move the head back to the front of the tape. Scan the tape 

to see if any unmarked 1s remain. If none are found, accept; 
otherwise, reject. 

• Give implementation-level description of a Turing Machine 
that decides the language {w | w contains an equal number of 
0s and 1s}.


