Mapping Reducibility

Sipser: Section 5.3 pages 234 - 238
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* formalizing a process we already know
* computable functions
® using problem reduction to show

— decidability

— undecidability/

— recognizability/unrecognizability,

— co-Turing recognizability & beyond

Weekly tip: There is something we can share with everyone
we meet
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For every TM M, construct the machine:

M_=“Oninputx:
1. Run Mon x.

2. If M accepts, accept.
3. If Mrejects, loop.”

Fill in the blanks:

L(M) = ..
M_ haltsif and only if ...
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Theorem.

Proof.

E.,,is undecidable.

Given an input <M, w> we construct a machine M
that accepts a nonempty language iff M accepts w:

M =“Oninput x:
1. If x# w, reject.
2. If x=w, run Mon input wand acceptif M does.”

Suppose TM R decides E.,, and establish a contradiction
by creating a decider Sof A, :
S =“Oninput <M, w>:

1. Use the description of M and wto construct M .

2. Run Roninput <M >.

3. If Raccepts, reject. If Rrejects, accept.”
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Definition. A function f: £* — 2* is a computable function if
some Turing machine M, on every input w, halts with
just {w) on its tape.

Example. The increment function
inc A1 - {1}*

is Turing computable.
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F="Oninput <M>:

1. Construct the machine

M_ =“Oninput x:
1. Run Mon x.

2. If M accepts, accept.
3. If Mrejects, loop.”

2. Output<M_>.
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Definition. Language A is mapping reducible to language B,
written A< B, if there is a computable function
f. * — ¥* where for every w,

we A& f(w) €B.




1 1
m/—\

()
~(s) @ Mapping Reducibility

Definition. Language A is mapping reducible to language B,
written A< B, if there is a computable function
f. * — ¥* where for every w,

we A& f(w) €B.

A< B
is equivalent to

A’ B’

(A’ is the complement of A)
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Theorem.
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@ Problem Reduction

If A < B and Bis decidable, then A is decidable.
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@ Problem Reduction

If A < B and Bis decidable, then A is decidable.
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Corollary.
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() The Contrapositive is Also Useful

If A < B and Bis decidable, then A is decidable.

If A < B and A is undecidable, then Bis undecidable.

-12



1
/g\
\o_/
Theorem.

Corollary.
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@ Similarly ...

If A< Band Bis Turing-recognizable, then Ais
Turing-recognizable.

If A< Band Ais not Turing-recognizable, then Bis
not Turing-recognizable.
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A =1{ <M, w>| MisaTM and M accepts w }

<
—m

HALT,,,={ <M, w> | Mis a TM and M halts on input w }
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<M,w> <M_,w>
A, HALT,,,
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F="Oninput <M, w>:
1. Construct the machine

M_ =“Oninput x:
1. Run Mon x.
2. If M accepts, accept.
3. If Mrejects, loop.
2. Output<M_, w>."
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RecallE = {<M>|MisaTM & L(M) = 2}.

Write out a description of the complement of this
language.

Give a description of a Turing-recognizer for the
complement of this language.
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“ @ Out-to-Lunch

Turing
decidable

co-Turing
recognizable

Turing
recognizable
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arNaly: = { <M,M,> | L(M)=L(M,
e @ Qv =1 | (M,) }

1s Qut-to-Lunch

Theorem. EQ,,,is neither Turing-recognizable nor
co-Turing-recognizable.

Proof. We show A < EQ.. .(Why does this help?)
/
—_—
o
<M |, M»>
EQ ™
/
= ~~ EOQOm

<M1, M >
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Theorem. EQ,,,is neither Turing-recognizable nor
co-Turing-recognizable.

Proof. We show A < EQ.. .(Why does this help?)
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1. Show that A, , is not mapping reducible to E, .

a. Is AE Turing recognizable?

a. Is E,,, Turing recognizable?

2. Show thatif Pis Turing-recognizable and P< P, then Pis
decidable.
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