Hidden Markov
Models (HMMs)

Hidden Markov Models

Coin Example Coin Example
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HMM: Emission Probabilities, B

H|0.2
H|0.9 T|(0.8
T (0.1
Emission Probabilities, B

b,(H)=0.9
b(T)=0.1
by(H)=0.5
b(T) =05
by(H)=0.2
b(T)=08

Probability of Observation Sequence

If only state 2, i.e., the second coin, is used...

T T H T T T H H T
¥ XX FXFFF X

P(O) = b,(H) b,(T) b(T) by(H) b,(T) b,(T) b,(T) b(H) b(H) by(T)
05 05 05 05 05 05 05 05 05 05
0.0009765625

Probability of Observation Sequence

If only state 1, i.e., the first coin, is used...

T T H T T T H H T
Q1 Q1 Q1 Q1 Q1 Q1 Q1 Q1 Q1 Q1

P(0) = b,(H) b,(T) b,(T) b,(H) b,(T) b,(T) b,(T) b,(H) b,(H) b,(T)
09 01 01 09 01 01 01 09 0.9 0.1
0.0000006561

Probability of Observation Sequence

If only state 3, i.e., the third coin, is used...

T T H T T T H H T
Q¢ @ Q@ @ @ @ & @ @ &

P(O) = by(H) b,(T) by(T) by(H) by(T) b,(T) b,(T) by(H) b,(H) by(T)
02 08 08 02 08 08 08 02 02 0.8
0.0004194304




Coin Example

HTTHTTTHHT

HMM: Transition Probabilities, A

0.05

Transition Probabilities, A
a,, =0.90
a,, =0.05
a,,=0.05

HMM: Transition Probabilities, A

Transition Probabilities, A

HMM: Transition Probabilities, A

0.40

Transition Probabilities. A




HMM: Transition Probabilities, A

0.40

0.05

(o

Transition Probabilities, A
a,, =0.90
a,,=0.05
a,; =0.05

a,, =0.02
a,, =0.70
a,,=0.28

0.30

a,,=0.30
a,,=0.30
a,, = 0.40

Probability of Observation Sequence

If we can transition between states (coins) ...

T T H T T T H H T
Q@ @& ¢ X X X F

P( O) = b1 (H)a12 bZ( T)aZZ bZ( T)aZZ bZ(H)aZZ b2( T)aZZ bZ(T)aZZ bZ( T)aZZ bZ(H)aZZ bZ(H)aZZbZ( T)

0.90 0.050.50 0.700.50 0.700.50 0.700.50 0.700.50 0.700.50 0.700.50 0.700.50 0.70 0.50

0.00000506671962890525

* Assuming we start in state 1, i.e., the first coin

Probability of Observation Sequence

If we can transition between states (coins) ...

T T H T T T H H T
Q' Q@ Q@ Q@ @ @ @ @ @ &

P(O) = b,(H)a, b,(TNay, b,(T)ay, by(H)a,; by(T)ay; by(T)ay; by(T)ay; by(H)ay, by(H)azby(T)

0.90 0.900.10 0.900.10 0.900.90 0.050.80 0.400.80 0.400.80 0.400.20 0.400.20 0.40 0.80

0.0000000220150628352

* Assuming we start in state 1, i.e., the first coin

Probability of Observation Sequence

If we can transition between states (coins) ...

T T H T T T H H T
Q Q@ Q@ Q@ @ @ Q@ @ Q@ @

P(O) = b,(H)a, b,(Na,, b,(Ta,, by(H)a,, b,(Na,, b,(T)a,, by(T)a,, b,(H)a,, b,(H)a,;b,(T)

0.900.900.10 0.900.10 0.900.90 0.900.10 0.900.10 0.900.10 0.900.90 0.900.90 0.90 0.10

0.0000002541865828329

* Assuming we start in state 1, i.e., the first coin




Probability of Observation Sequence

If we can transition between states (coins) ...

H T
Q @

T H T T T H H T
¢ ¥ Q@ Q¢ @&

P(O) = b/(H)ay,by(Mag, by(Nayb,(Hay, by Tas, by(Tas, by(Tas, by(Ha,,by(Hiay,b,(M

0.90 0.050.80 0.300.50 0.700.50 0.280.80 0.400.80 0.400.80 0.300.90 0.050.50 0.70 0.50

0.0000001024192512

* Assuming we start in state 1, i.e., the first coin

O=H

e Begin in the first state,
i.e., the first coin

Generating an Observation
Sequence 05

Emit an output character
from the current state,
i.e., flip the coin

0.90

Emission Probabilities. B
b,(H)=0.9
b,(T)=0.1

HMM: Model, A )= (A, B)

Transition Probabilities, A Emission Probabilities, B

a,, =0.90 b,(H)=0.9
a,,=0.05 b,(T)=0.1
a,; =0.05 b,(H)=0.5
a,, =0.02 b,(T)=0.5
a,,=0.70 by(H)=0.2
a,,=0.28 by(T)=0.8
a,, =0.30
a,, =0.30
a,,=0.40

O=H
Generating an Observation « Begin in the first state,

i.e., the first coin
Sequence 05

0.90

e Emit an output character
from the current state,
i.e., flip the coin

e Transition to the next
state, i.e., choose a coin
to flip next

Transition Probabilities. A
a,,=0.90
a,, =0.05
a,;=0.05




O=HT

Generating an Observation o Begin in the first state,
i.e., the first coin
S e q uence 0.05 p e Emit an output character
from the current state,
0.90 i.e., flip the coin

e Transition to the next
state, i.e., choose a coin
to flip next

e Emit an output character
from the current state,
i.e., flip the coin

0.30
Emission Probabilities, B
b,(H)=0.9
b,(T)=0.1

O=HTT

e Begin in the first state,
i.e., the first coin

Generating an Observation
Sequence 05

Emit an output character
from the current state,
i.e., flip the coin

0.90

e Transition to the next
state, i.e., choose a coin
to flip next

e Emit an output character
from the current state,
i.e., flip the coin

e Transition to the next
state, i.e., choose a coin
to flip next

by(H)=0.2 0.02 e Emit an output character

by(T)=0.8 from the current state,

i.e., flip the coin

Emission Probabilities. B

O=HT
Generating an Observation « Beginin the first sate,
i.e., the first coin
Seq uence 0.05 p e  Emit an output character
from the current state,
0.90 i.e., flip the coin

e Transition to the next
state, i.e., choose a coin
to flip next

e Emit an output character
from the current state,
i.e., flip the coin

e Transition to the next
state, i.e., choose a coin
to flip next

0.30

Transition Probabilities. A
a,, =0.90
a,,=0.05
a,;=0.05

O =HTTHTTTHHT

Generating an Observation « Begin in the first state,
i.e., the first coin
Seq uence 0.05 e Emit an output character

from the current state,
i.e., flip the coin

0.90

e Transition to the next
state, i.e., choose a coin
to flip next

e Emit an output character
from the current state,
i.e., flip the coin

e Transition to the next
state, i.e., choose a coin
to flip next

e Emit an output character
from the current state,

i.e., flip the coin

0.30




O=HTTHTTTHHT
Hidden Information HMMs are Memoryless

The likelihood of a given future state depends
Q = Q'Q'Q*RRR*Q*Q'Q'Q! only on the present state and not on past states

A Common Application of HMMs: Induction Path (State Sequence) Through HMM

Q

Q' Q' Q' Q Q Q@ Q Q

Given an observation sequence O = O1O2O3 OT and a model & = (A, B),
what is the optimal state sequence?

b,(H)a,,b,(T)a,, b,(T)a,,b,(H)a,;b,(T)a,; by(T)as; by(T)ay,by(H)ay;b(H)ay, by(T)

e We want to uncover the hidden information.
We want to maximize P(Q | O, &)

Srgmag (bo,(01)ag,b0(0:)a0,0b0(03) g, ,0b0,(0r)

R RO R R
0 00 0070 00"
SvoiuboinivSosiute

t=1 2 3 4 T




Path (State Sequence) Through HMM

Q' Q? Q? Q? Q? Q@ Q? Q? Q@ Q?

b1(H)a12b2( T)aZZ b2( T)aZZbZ(H)aZZbZ(T)aZZ b2( T)aZZ bZ(T)aZZ bZ(H)aZZbZ(H)aZZ bZ(T)

Path (State Sequence) Through HMM

Q' Q Q? Q? Q Q@ Q Q' Q@ Q?

b,(H)a,;b;(T)az, b,(T)a,b,(H)ay;by(T)ay; by(T)as; by(T)ay by(H)a,,b,(H)a,, b,y(T)

1.0‘.0*.@.01.@.@.'0'vo*. p
elelelelelelel el

t=1 2 3 4 T

Path (State Sequence) Through HMM

Q' Q' Q' Q' Q' Q' Q' Q' Q' Q'

b1(H)a11b1(T)a11b1(T)a11b1(H)a11b1(T)a11b1(T)a11 b1(T)a11b1(H)a11b1(H)a11 b1(T)

6 6666060606

2 3 4 T

Viterbi Algorithm

b](ol) 1f l‘:l7 ]:1 # base case, start in state 1

7 3 . #b , d t start i

5,G) = {00 , if =1, jEl  Liaeorermansae
g%ﬁ(éf‘l(l)*ai» *bj (01) if ZStST # recursive case

g .%(1) *w) .oﬁm .06(1) ’a,(n .aam) .ogm
‘elelelelelelele:

WS g W ea W S Vg Ve WS

5,(3) EXE))




Dynamic Programming Table

b,(0)) if =1, j=1

5,G) = 100 s o, i =L J#1
max (5,.,()*a)xb;(0) ¢ r</<T

1<i

# base case, start in state 1

# base case, do not start in
# state other than state 1

# recursive case

Dynamic Programming Table

0,() = .
lrglas);’(5t—l(l)*aij>*bj(0t) if 2<t<T

# recursive case

8,(2) =max { d,(1) * a,,, 84(2) * a,,, 84(3) * a,, } * b,(0,)

Dynamic Programming Table

b 1 (Ol) 1 f 1= 1 , j= l # base case, start in state 1

# base case, do not start in

5!(]) = 0.0 if t=1v J;él # state other than state 1

Dynamic Programming Table

51(1) =
max
1<i<N

(5t—1(i)*azj> >l<bj (01) if 2StST # recursive case

8,(3) =max {d,(1) * a,,, 8,(2) * a,,, 8,(3) *a,;} * b,(O,)

o,(1)

5,2)

9,(3)




Dynamic Programming Table

6,()) = S (i) b.(O
ma)lg\l( r—l(l)>'<aij)>k j( t) if ZSIST # recursive case

1<i<

8,(1) = max {8,(1) * a,,, 8,(2) * a,,, 8,(3) * a,, } * b,(O,)

o5(1) | 8g(1)

9,(2)

9,(3)

Backtracking Table
bl(ol) 1f [=1, J=1 # base case, start in state 1
5,G) = 100 i =1l
fgi);l(ét_l(l)*al)*b] (Ot) if ZSIST # recursive case

Probability of Optimal State Sequence

b 1 (Ol) 1 f 1= 1 , j= l # base case, start in state 1

# base case, do not start in

5! (]) = 0.0 K if t=1v J;él # state other than state 1
max (5t—1(l)*aij) *bj (Or) lf 2<t<T # recursive case

1<i<N

Determine Optimal State Sequence

* Assuming optimal state sequence terminates in state #2

QAXRRAXFRRRAR?




Runtime of Viterbi Algorithm?

b,(0))
6:(/) =100

maﬁ’{‘\](ém(i)*aij) xb;(0,) if 2<i<T

1<i

if =1, j=1
if =1, j#1

# base case, start in state 1

# base case, do not start in
# state other than state 1

# recursive case

HMM: Model, A

Transition Probabilities. A
a,, =0.90
a,,=0.05
a,,=0.05

a,, =0.02
a,,=0.70
a,,=0.28

a,,=0.30
a,,=0.30
a,,=0.40

A= (A B, n)

Emission Probabilities. B

b,(H)=09
b(T)=0.1
b,(H)=0.5
by(T)=0.5
by(H)=0.2
b(T)=0.8

Initial Probabilities.

n,=0.6

Extension: Initial Probabilities

We may not always want to start in the first state.
Perhaps the first observation character was
generated by a different state (other than the first).

We can have a probability of starting in each state:

Dynamic Programming Table

77:_1' bj (0]) if =1 # base case
51(1) =

max
1<i<N

(5t—1(l.)*azj> >kbj (01) if ZStST # recursive case




Extension: Number of States

HMM: Transmission Probabilities, A

Transition Probabilities. A

a,,=0.90
a,,=0.02
a,,=0.02

a,,=0.10
a,,=0.60
a,, =015

HMM: Emission Probabilities, B

Emission Probabilities, B
H 0.1

b,(H)=0.9

T|09 b(T)=0.1

b,(H)=0.5

by(T)=0.5

by(H)=0.2

by(T)=0.8

H|0.7 b,(H)=0.7
H|02 T10.3 b,(T)=0.3
T10.8 by(H) = 0.1
by(T)=0.9

H|0.9
T101

HMM: Transmission Probabilities, A

Transition Probabilities. A
a,, =0.90 a,, =0.10
a,,=0.02 a,, =0.60
a,,=0.02 a,,=0.15
a,=0.03 a,, =0.09
a,;=0.03 a,, =0.06
a,; =0.20 a,, =0.04 ag, =0.07
a,, = 0.15 a,, =0.04 ag, =0.22
a,;,=0.30 a,,=0.04 a5, =0.10
a,, =0.25 a, =084 ag, =011
a,,=0.10 a,;=0.04 ag, = 0.50




HMM: Model, A

A= (A, B)

Transition Probabilities, A Emission Probabilities, B

a,=090  a,=0.10 by(H)=0.9

_ _ b,(T)=0.1
a,=002  a,=0.60 1

a,,;=0.02 a,,=0.15 b,(H) = 0.5

b,(T)=0.5

by(H)=0.2

5 =0.20 b(T)=0.8

SR
o
8
nonon
oo
3

N

@

=

O I )
(I TR (RN TIT!
cooo0o
oo oow©
®D®N RN O

o

W 0w
8 8 X
LU L LN I 1|

o
®
coooo

DO D O D
= N W =N
o oo ;oo

w
&

HMM: Model, A

coooo

Transition Probabilities, A

NONDNDN
RSN

(ORI N )
S i

n
&

O ® o oo
ESERNE O

10
60
15
09
06
ag, =0.07
ag, =022
a5, =0.10
ag, =011
a.. =0.50

o
a

A= (A, B)

Emission Probabilities. B

b,(H)=0.9
b,(T)=0.1
by(H)=05
b(T)=0.5
by(H)=0.2
b(T)=08
b,(H)=0.7
b(T)=03
by(H) = 0.1
by(T)=0.9

Extension: Emission Alphabet

@
@

OUU'IAODI\)—\I

0.09
0.10
0.23
0.10

HMM: Emission Probabilities, B

by(1)

b,(1)=0.42
b,(2) = 0.09
b,(3)=0.10
b,(4)=0.23
b,(5)=0.10
b,(6) = 0.06

Emission Probabilities. B

=0.11
=0.25
=0.04
=0.30
=0.08
=0.22
b,(1)=0.166
b,(2) =0.166
b,(3)=0.166
b,(4) =0.166
b,(5) = 0.166
b,(6) = 0.166




HMM: Model, A
A= (A, B)

Transition Probabilities, A Emission Probabilities, B
a,, =0.90 b,(1)=0.11
a,,=005 b,(2)=0.25

- b,(3)=0.04

a,3=0.05 b,(4)=0.30

a,, =0.02 b,(5)=0.08

b,(6)=0.22

a,, =070

22 b,(1)=042  b,(1)=0.166
a,, =028 b,(2)=0.09  b,(2)=0.166
8,,=0.30 b,(3)=0.10  b,(3)=0.166
b,(4)=0.23  b,(4)=0.166
a;,=0.30 b,(5)=0.10 b (5)=0.166
a,,=0.40 b,(6)=0.06  b,(6)=0.166

Overview

ML Algorithms

Supervised Unsupervised
Learning Learning
[ L 1 —,
Non-Parametric Parametric Hierarchical
Clustering
— I
isi l l | H K-Means
| Decision Trees Regression Linear Non-Linear
Models Classifiers Classifiers | Crnedem
| kNN Mixture Models
Linear P Neural - - -
|| Support Vector Regression P Networks 1 Dlmensmpahty
Machines Reduction
Logistic
L_| Collaborative Regression Hidden Markov
Filtering Models

Applications

suitcase

ACATTTGCTTCTGACACAACTGTGTTCACTAGCAACCTCAAACAGA
CACCA! ACCTGACTCC AGTCTGCGGTTACTGCC

TGGTCTACCCTTGGACCCI TCTT' CTT T
GTCCACTCCTGATGC AACCCTAAGGTGAA TCAT
GGCAAGAAA TCGGTGCC' CTGGCTCACCTGG
ACAACCTCAAGGGCACCTTTGCCACACTGAGTGAGCTGCACTGTGA
ATAGGA AGTAAC: ATGGGAAACAG
ACGAATGAT! ATC. AGTCTCAGGATCGTTTTAGTTTC
TTTTATTTGCTGTTCATAACAATTGTTTTCTTTTGTTTAATTCTTG
CTTTCTTTTTTTTTCTTCTCCGCAATTTTTACTATTATACTTAATG
AGTAACTTAAAAAAAAACTTTAC

Non-coding Gene




