More on Parametric Equations
Computer Graphics
Scott D. Anderson

Parametric equations of lines are very cool, and most of whatemember from high-school math will serve you
well. This document will help fill out some of the applicat®tihat we might want to do

1 Linelntersections

Graphics systems and graphics programmers often care ahether lines or line segments intersect. Let’s look at
one example. Here are four points:

(0,3,1)
(12,7,17)
(2,0,8)
(7,20,-2)
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The two lines we are interested in afe= AB and@ = CD. Each line gets its own parameter (why?), so the
parametric equations are

We’'ll need the vectors on the RHS a lot, so let's name them atwlitate them:

= B-—A=(12,7,17) - (0,3,1) = (12,4, 16)
w = D—C=(7,20,-2)—(2,0,8) = (5,20, —10)

Okay, now we're ready to go.

2 2D Linelntersections

To warm up a bit before we get to 3D, let’s first find the intetigecin 2D. We'll just have to ignore the coordinate:

Pit) = (0,3)+(12,4)¢
Q(s) = (2,0)+(5,20)s

Now, at the intersection point, the point ét{¢) is equal to the point of)(s):

P(t) = Q(S) (1)
(0,3) + (12, 4)t (2,0) + (5,20)s

That last equation is just shorthand for two equations (onedch dimensionz andy) in two unknownsgs andt:



0+12t = 2+45s @
3+4t = 04 20s

Multiplying the second equation by three and subtractirigiin the first yields:

-9 = 2+55—060s
—11 = -—55s
s = 1/5=0.2

If s = 0.2, we can substitute it into either of the equations above ttfifctually, let's substitute it into both, to
check that it works for both.

0+12t = 2+45(0.2)=t=1/4=0.25
344t = 0+20(02)=t=1/4=0.25

So, usings = 0.2 andt = 0.25, we can compute the intersection point. Again, let's corapiutwice, to double-
check:

P(0.25) = (0,3)+ (12,4)0.25 = (0,3) + (3,1) = (3,4)
Q(0.20) = (2,0)+ (5,20)0.20 = (2,0) + (1,4) = (3,4)

So, the intersection point is the same. Whew!

What else do we know? Since botlandt are between 0 and 1, we know that the Isegmentsintersect, not just
the lines. In fact, we know that the intersection point isatlyeone quarter of the way from A to B and one fifth of the
way from C to D.

Very cool! Take thaty = mx + b!

3 3D Linelntersections

What about doing the intersection using the 3D lines? Thengetthree equations in two unknowns (compare with
equation 1).

P(t) Q(s) 3)
(0,3,1) + (12,4, 16)t (2,0,8) + (5,20, —10)s

This is equivalent to three equalities, one for each dimmmnéi, y andz) in two unknownsgs and¢. Compare to
equation 2)

0+12t = 2+5s
344t = 0+20s (4)
1+16t = 8—10s

We can then choose any two of them to solvesfandt. If we choose the first two, the algebradentical, so we
don’t have to re-do it here. However, we do need to check beat equation is satisfied:

1+16(0.25) = 8—10(0.20)
5 = 6



Oops! So, the: equation isnot satisfied.
Let's check what happens to the point of intersection:

P(0.25) = (0,3,1)+ (12,4,16)0.25 = (0,3,1) + (3,1,4) = (3,4,5)
Q(0.20) = (2,0,8) + (5,20, —10)0.20 = (2,0,8) + (1,4, —2) = (3,4,6)

So the 3D lineglon't intersect. The: andy coordinates are the same, but theoordinate is different. (The lines
areskew.)

In general, lines in 2D almost always intersect. The onlyetitmey don'’t is when they are parallel. In 3D, lines
almost never intersect.

4 Intersecting 3D Lines

They do sometimes, though. If we change points C and D, sutbitgal from thez coordinate of each (this moves the
line parallel to itself), we get two line segments thatintersect:

0,3,1)
12,7,17)
2,0,7)
7,20,-3)
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Here are the vectors. Note that they are the same as in theriisiem, which shows that the nef)(s) line is
parallel to the old one:

= B—A=(12,7,17) = (0,3,1) = (12,4, 16)
w = D-—C=(7,20,-3)—(2,0,7) = (5,20, —10)

The equation we need to satisfy is nearly the same, excefitdarcoordinate oi”":

Pt) = Q(s)
(0,3,1) + (12,4,16)t = (2,0,7) + (5,20, —10)s

Now, the intersection parameters satisfy thexjuation, too:

1+16(0.25) = 7 —10(0.20)
5 = 5
And, the intersection points are really the same:
P(0.25) = (0,3,1)+ (12,4,16)0.25 = (0,3,1) + (3,1,4) = (3,4,5)
Q(0.20) = (2,0,7)+ (5,20,-10)0.20 = (2,0,7) + (1,4, -2) = (3,4,5)



