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Abstract. In this paper we present a method to obtain optimal h-v
and inclusion drawings in parallel. Based on parallel tree contraction,
our method computes optimal (with respect to a class of cost functions
of the enclosing rectangle) drawings in O(log? n) parallel time by using a
polynomial number of EREW processors. The method can be extended
to compute optimal inclusion layouts in the case where each leaf [ of the
tree is represented by rectangle I, x [,. Our method also yields an NC
algorithm for the slicing floorplanning problem. Whether this problem
was in NC was an open question [2].

1 Introduction

In this paper we examine drawings of rooted binary trees. We study the h-v
drawing convention studied by Crescenzi, Di Battista and Piperno [3] and Eades,
Lin and Lin [7]. Our results extend to the inclusion convention [6], and to slicing
floorplanning [10, 2].

The drawing of a rooted binary tree using the h-v drawing convention is a
planar grid drawing in which tree nodes are represented as points (of integer co-
ordinates) in the plane and tree edges as non-overlapping vertical or horizontal
line segments. Moreover, each node is placed immediately to the right or imme-
diately below its parent and the drawings of subtrees rooted at nodes with the
same parent are non-overlapping. Figure 1 shows three different h-v drawings of
the same tree. Different h-v drawings of the same tree can be of different quality.
The quality (or cost) is a function of the drawing. The most commonly used cost
function is the area of the enclosing rectangle of the drawing.

Eades et al. [7] showed how to compute in O(n?) time an optimal h-v drawing
of a tree with n nodes with respect to a cost function (w, h) which is nonde-
creasing in both parameters w and h, where w and h are the width and the
height of the enclosing rectangle of the drawing, respectively. The same method
can be used to develop optimal drawings (with respect to some cost function )
when the inclusion convention is adopted. In the inclusion convention, a node is
represented by a rectangle and the parent-child relation by enclosing the rectan-
gle which represents the child within that of the parent. Moreover, rectangles of
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Fig. 1. Examples of h-v drawings.

nodes with the same parent are non-overlapping, next to each other (same X or
Y coordinate of the top left corner) and in at least distance ¢ from each other.
The rectangles representing the leaves are assumed to have sidelengths which
are multiples of the “unit” of length.

A closely related problem is that of slicing floorplanning. In slicing floor-
planning we are given a regular binary tree (called slicing tree) in which leaves
represent rectangular modules that are to be placed in the plane. Each internal
node is an H or V node. In the final drawing, the modules are drawn as rectan-
gles of the corresponding size but with a choice on their orientation (i-e., z X y
or y X x) and internal nodes by horizontal or vertical line segments. The drawing
of the subtrees rooted at the children of a V-node (H-node) are drawn next to
(on top of) each other. Alternatively, the drawing of the subtree rooted at a
V-node (H-node) consists of two vertical (horizontal) slices, each next to (on top
of) each other and containing the drawings of the subtrees rooted at its chil-
dren. An O(n?)-time sequential algorithm for the slicing floorplaning problem
was given by Stockmeyer [10]. Chen and Tollis [2] derived a parallel algorithm
that needs O(n) time and O(n) processors, where n is the number of leaves of
the slicing tree.

In this paper, we present a method that derives optimal drawings of rooted
binary trees in parallel for both the h-v and the inclusion conventions. We choose
to present our method for the h-v drawing convention since the drawings are still
trees in their familiar “conventional” form. Our method determines an optimal
h-v drawing of a tree of n nodes in O(log” n) parallel time using O(n®/logn)
EREW processors. Even though the number of processors is too high for the
method to be of practical interest, our work places the problem in the class NC.
In the case that we want to minimize the area of the drawing, we can reduce the
number of processors to O(n*logn).

Applying our method to the slicing floorplanning problem yields an O (log® n)
PRAM algorithm which uses O(L®/logn) processors, where L is the sidelength
of the floorplan of maximum enclosing rectangle. This proves that when L =
O(n®), for some constant ¢ > 1, the slicing floorplanning problem is in NC. The
assumption L = O(n¢) is a reasonable one since, otherwise, the layout would be
of superpolynomial size.

Because of space limitations, all proofs are omitted and can be found in the
full paper [9].



2 Preliminaries

For definitions related to drawings (or layouts) the reader is referred to [5]. In
this paper, we will study orthogonal straight-line planar grid drawings of rooted
binary trees. Unless otherwise specified we will refer to them simply as drawings.

Given a graph G = (V,E) and a drawing A of G on the plane, the draw-
ing of any subgraph H of G resulting from A is called a partial drawing of
H (with respect to A). The enclosing rectangle of a drawing is the smallest
rectangle with sides parallel to the axes which contains all points of the draw-
ing. Let Xjax = maXueV{l”u}, Xmin = miﬂvev{%}, Yiax = maXUGV{yv}a
Yiin = minyev{¥v}- Xmax, Xmin, Ymax and Y, completely define the enclos-
ing rectangle of a drawing. Two rectangles are overlapping if they share at least
a point of the plane. Otherwise, they are non-overlapping or disjoint. The width
of a drawing is equal to X ax — Xmin while its height is equal to Yipax — Yinin: A
drawing is reduced if (1) for all integers ¢ such that X, < i < Xpax theres ex-
ists node v € V' with z, = i; and (2) for all integers ¢ such that ¥, < i < Viax
theres exists node v € V with y, = ¢. In the rest of the paper we will assume
only reduced drawings.

A rooted tree T = (V, E) is a weakly connected directed graph in which all
nodes but the root are of indegree 1. We will use the notation |T'| to denote the
number of nodes of tree T. The subtree rooted at v, denoted T, consists of v,
all of v’s descendants and the edges between them. A partial tree is a weakly
connected subgraph of a rooted tree.

The enclosing rectangle of a drawing can be completely described by its
width, height and the coordinates of one of its corners, say the left-top one.
Most times, during the description of our algorithm, we will assume that the
left-top corner of the enclosing rectangle has coordinates (0, 0). By fixing a point
of reference, it is sufficient to describe a rectangle R by a pair of two integers,
its width and height, i.e., R = (w,h), w > 0, h > 0. Two rectangles are called
equal if they have identical width and height.

Given two rectangles Ry = (wy, hy) and Ry = (ws, hy) we say that rectangle
R, dominates (or fits in) Ry if w; < wy and hy < hy. Given aset S of rectangles,
an atom is an element of S which dominates no other rectangle in S. Any set of
atoms that are sorted in increasing order with respect to their widths, are also
sorted in decreasing order with respect to their heights.

With each drawing we associate a cost. Our objective is to derive draw-
ings of minimum cost. In this paper, the cost function will be a function of
the enclosing rectangle of the drawing, i.e., a function @ : 2 — R. Our re-
sults will hold for any function that is nondecreasing in both parameters, i.e.,
Y(x1,y1) > YP(x2,y2) whenever 1 > x2 and y; > yo. Let R = (width, height).
The following are commonly used cost functions that are non-decreasing in
both parameters: area(R) = width - height, minimum_enclosing_square(R) =
max(width, height), perimeter(R) = 2(width + height).

The problem of minimum size h-v drawing of a binary rooted tree T is the
problem of determining an h-v drawing of 7" of minimum cost with respect to
some cost function .



3 The Parallel Algorithm for h-v Drawings

The algorithm for finding a minimum size h-v drawing of a binary tree T' = (V, E)
is based on the parallel tree contraction technique [1]. Within a logarithmic
number of phases, the parallel tree-contraction algorithm contracts a tree T
to its root by processing a logarithmic number of intermediate binary trees
T(i)=(V(@3),E()),i=0,1,---k, with £ = O(log|T'|). Note that the algorithm
starts off with T'(0) = T', and proceeds by contracting tree T'(i — 1) to tree T'(3)
of |T'(i)] < e|T(i—1)| nodes, 0 < € < 1. At the end, T'(k) contains only one node.
During the ith phase of the algorithm, the tree 7'() is obtained from 7'(i — 1) by
applying a local operation, called shunt, to a subset of the leaves of T'(i —1). The
shunt operation is composed of two steps: In the first step, a subset of the tree
leaves are removed (an operation called pruning) and their parent (or sibling)
nodes are updated to reflect this fact. In the second step, each of these parents
is removed (by an operation called shortcutting), and its child is updated. The
shunt operation removes roughly half of the tree nodes, so € is roughly 1/2. To
use the tree contraction technique, one has to describe the updates that take
place during the shunt operation. Before we do that, we give some notation and
describe the information associated with each node of the tree.

3.1 Data Structures and Useful Operations

If v € V(i) then let TS be the partial tree (of T') contracted to v after applying
the shunt operation to siblings of v during the first ¢ phases of the parallel
tree-contraction algorithm.

With each node u in V(i) we associate a tuple L, containing the follow-
ing information: The root r, of the partial tree T);* that has been contracted
to u, and a set R, that keeps information for all useful drawings of T (the
notion of a useful drawing will be defined shortly). Each element of R, cor-
responds to a specific reduced partial drawing m and consists of 3 tuples, i.e.,
7 = (Wu, Hu), (Au, By), (Zu,y.)). The first tuple, ie., (W,, H,), describes
the width and the height of the enclosing rectangle of w. The second tuple,
i.e., (Ay, By) describes the width A, and the height B, of the largest rectangle
(having u at its top left corner) that can be included in the partial drawing 7
such that the enclosing rectangle (W,,, H,) of 7 remains unchanged and 7 is still
a valid h-v drawing of T)¢. We shall refer to (A, By) as the empty rectangle
corresponding to R,. Finally, the third tuple, i.e., (x4,y.), is the location of u
in 7, where (0,0) is the coordinate of the top left corner of any partial draw-
ing. Note that, w is a leaf in the partial tree T)j'. For each uw € V = V;, we
initialize L, = (u; ((0,0),(0,0),(0,0))).

Suppose that at some phase of the parallel tree-contraction algorithm we
want to include the partial drawing = of a partial tree rooted at a node v in a
partial drawing 7' of another partial tree whose v is a leaf. Then, we need to
know the position of v in 7’ as well as how much the inclusion of 7 in 7’ will
change the rectangle corresponding to #n’. Thus, all the parameters associated
above with each node of each T'(i), ¢ = 0,---,log|T|, are necessary for the



parallel tree-contraction approach to work. In Section 3.3, we shall show that
the information kept by those parameters is all that is needed for the algorithm
to work.

Let 1 = (W, H1), (AL, BY), (e}, yb)) and 72 = (W2, H2), (A2, B2), (a2, 42))
be two partial drawings of Tj.

Definition 1. We say that (partial) drawing 7' dominates (or fits in) (partial)
drawing 72 if the enclosing rectangle of m' fits in the enclosing rectangle of 2.

Definition 2. Partial drawing ' prevails partial drawing 7% with respect to
integer A > 0 if 7! fits in 72 and at least one of the following conditions is
satisfied: a) (42, B2) fitsin (AL, Bl);b) A2 < AL and B2 > B. >\ c) A2 >
AL > X and B2<Bl;d) A2 > Al >X and B2 > B.L >\

In this paper, when using the notion of “prevail”, A will usually be the size (i.e.,
the number of nodes) of a partial tree.

Definition 3. Let u € V (i), TS be the partial tree (of T') contracted to u during
the first ¢ phases of the parallel tree contraction algorithm, T, be the subtree of
T rooted at u and R a set of partial drawings of T'¢*. A partial drawing 7 in R
is called useful if 7 is prevailed, with respect to the size |T),| of tree T, by no
other partial drawing in R.

Lemmad4. Let u € V (i), TS be the partial tree (of T') contracted to u during
the first © phases of the parallel tree contraction algorithm and T, be the subtree

of T rooted at w. Then the number of useful partial drawings in L, is at most
O(min(|Tul, IT5) - |75 7).

3.2 The Shunt Updates

Let [ be a leaf in tree T'(i — 1), s be I’s sibling, f be I’s parent and p be f’s
parent. Let alsp Ly = (?"f;Rf), where Ry = {(W}, H}), (A}, B}), (x},9})), -,
((W}7 H}): (Azfa B;f)a (mlfay}))}a LS = <T‘s, RS>7 where R, = {((Wsla Hsl)7 (AiaB;)a
(miay;))a -, (WY HY), (AL, BY), (24,92))} and Ly = (ri; Ry), where Ry =
{((Wlla Hll)a ('7 ')7 ('7 ))7 T ((Wlka Hlk)a ('7 ')7 ('7 ))}7 be the information associ-
ated with f, s and [ respectively®.

Recall that R;, Ry and R, keep information for all useful partial drawings of
T, Ty ', and T)f"’l respectively. Note that since [ is a leaf of T', T,,, = T} .
Note also that r; and 7, are the children of f in the tree T' = T'(0).

During the ith phase of the tree contraction algorithm, we apply the shunt
operation to a set of leaves of V(i —1). The shunt operation to a leaf I of V(i —1)
consists of two stages, namely, a pruning and a shortcutting stage.

5 Because we deal with the drawing of subtree T,, rather than a partial tree, we do
not have to record any information about an empty rectangle. Thus, the notation

((Wl,Hl), ('7 ')7 ('7 ))



The Pruning Stage. In the pruning stage, we use the tuples L; and Ly to
construct the tuple Ly = (f; Ry/) containing information about all useful (with
respect to the size |T| of T) partial drawings of the partial tree rooted at f and
including the subtree 7)., and the partial tree T5*~".

Let wy = (Ws, Hs), (As, Bs), (5,ys)) be an element of the set Ry and m; =
(Wi, Hy), (-,-), (,-)) be an element of the set R;. There are essentially 4 ways
to arrange T}, and Ty,'~*. For each one we compute the new drawing. In what
follows, the superscripts in (zf ,y{ ) are used to avoid confusion with (s, ys).
(zI',y!") are the coordinates of s in the drawing of the partial tree rooted at f
and including the subtree T, and Ts‘~' while, (z,,ys) are the coordinates of s

in the partial drawing of Ts* .

(2) (b)

(©) (d)

Fig. 2. The cases which occur when combining the subtree T, together with the partial
tree T5*~' during the pruning phase of the shunt operation.

Case 1: The situation in case 1 is described in Figure 2(a). The produced partial
drawing (W, Hy:), (Agr, By), (] ,y]')) is defined by:

Wy =W+ W, +1 Ap = A, ol =+ W +1
Hp =max(H,+ 1,H,) By =B, +max(0,H +1-H,) vyl =y,

The correctness of the computed values for Wy, Hyr, Apr, m{l,ygu is obvious
from Figure 2(a). For By, note that we simply extent the height of the empty
rectangle up to the bounds of the enclosing rectangle.

Case 2: The situation in case 2 is described in Figure 2(b). The produced partial
drawing ((Wyr, Hyr), (Apr, By), (xf,yl')) is defined by:

Wp =W+ W, +1 Ap = A z! =z,

Hp =max(H, +1,H;) Bp = By +max(0,H, — H, —1) yl =y, +1
Case 3: The situation in case 3 is described in Figure 2(c). The produced partial
drawing (W, Hy:), (Ap, Byr), (x1',yl")) is defined by:

We =max(Ws +1,W;) Ap = A+ max(0,W; — W, —1) mf =z,+1

’

Hf’:Hs+Hl+]- Bf’:Bs Ys =UYs



Case 4: The situation in case 4 is described in Figure 2(d). The produced partial
drawing (W, Hy:), (A, By), (2], y1')) is defined by:
Wy =max(W; +1,W,) Ap = A, + max(0,W; +1 - W) m{l =x,
Hfr:Hl+Hs+1 Bfr:Bs ygc’:ys+Hl+1
Note that in all of the above cases the size of the empty rectangle is extended
up to the bounds of the enclosing rectangle.
It is possible that the sibling s of leaf [ does not exist. This can happen when
tree T is not a regular binary tree. This leads to the following additional cases:

Case 5: The produced drawing ((Wyr, Hyr), (+,-), (,+)) of T}, is defined by:

We =W, Hpy =H +1
Case 6: The produced drawing ((Wy:, Hy:), (+,-), (,+)) of T}, is defined by:
Wpo=W,+1 Hp = H,

After computing all the possible partial drawings, the prevail operation (with
respect to the size |Ts| of Ts) is applied to them and the set Ry is obtained.
Le., all the drawings that are prevailed by other drawings are eliminated. (For
details regarding the parallel implementation of the prevail operation see the full

paper [9].)

The Shortcutting Stage. In the shortcutting stage, the tuples Ly and Ly
are used to construct the new tuple for Ls;. The root of the new L, will be
r¢. To determine an element 7 of the new set Ry we combine drawings 7/ =
(Wpr, Hp), (g, Bp), (2f,yl')) of Rys with drawing 7/ = (Wy, Hy), (Ay, By),
(z7,ys)) of Ry. In simple words, we embed 7/ into 7/. The new element
7 = ((Ws, Hy), (As, Bs), (z5,ys)) of Ry produced by embedding 7/ into 7/ is
computed as follows:
Wy =W; +max(0,Wp — Ay) Ay = Ap +max(0,Af — W) x5 =5 + 2!
H, = Hy +max(0,Hp — By) By = By + max(0, By — Hyp)  ys =ys +yl
The correctness of the computed values for W, and Hy is obvious. For A5 and B,
note that in the case that Ay > Wy and/or By > Hy, A, equals Ap + Ay —Wy
and/or B, = By + By — Hyi. Le., the empty rectangle of 7 is extended to be
as large as the difference between the sizes of the enclosing rectangle of 7/* and
the empty rectangle of 77 allow.

Finally, the prevail operation (with respect to the size |Ts| of T}) is applied
to the computing drawings and the new set R is obtained.

3.3 Correctness and Analysis

To prove the correctness of the algorithm we have to establish that during the
course of the algorithm we keep all the necessary information. To do that we
have to prove two things: firstly, that it is enough to keep only one drawing
out of those that differ only in the coordinates of the “interface to bellow”, i.e.,
they have the same enclosing and “empty” rectangles and, secondly, that we can
safely use the prevail operation to shorten our R-sets after each stage.



Lemmab5. Consider two partial drawings 7151 = (Ws, Hy), (As, Bs), (z15,y15))
and 72571 = (Ws, Hy), (As, Bs), (225,y25)) of Rs that differ only in the coor-

dinates of s in the drawing. Also assume a drawing = (W, H), (), ()

of Ry and a partial drawing 7T}71 = ((Wy,Hy),(Ay,By), (xs,yr)) of Ry. Let

71l be the partial drawing obtained by combining w1:71, wffl and wjfl during

phase i. Let w2% be the partial drawing obtained by combining w251, w;_l and

W}_l during phase i©. Then, w1}, and w2} have the same enclosing and empty

rectangles.

Lemma 6. We can “safely” eliminate prevailed elements from R after the end
of each shortcutting stage as well as after the end of each pruning stage.

Theorem 7. A minimum size h-v drawing of a binary tree with n nodes can be
correctly found in O(log® n) parallel time using O(nS/logn) EREW processors.

3.4 Minimum Area h-v Drawings

When we are after minimum area h-v drawings, the number of processors re-
quired by the parallel algorithm can be substantially reduced. To achieve that,
we used the following result due to Crescenzi, Di Battista and Piperno: For
any binary tree T of n nodes, there exists an h-v drawing of T with at most
n(logn + 1) area. Moreover, the width of the layout is at most logn + 1 while its
height is at most n. Based on this result we can show:

Theorem 8. A minimum area h-v drawing of a binary tree with n nodes can be
correctly found in O(log® n) parallel time using O(n*logn) EREW processors.

Theorem 9. A h-v drawing of area at most n(logn + 1) of a binary tree with
n nodes can be correctly found in O(log® n) time using O(n?log® n) EREW pro-
Cessors.

4 Related Problems

Inclusion Drawings of Binary Trees. The method used to compute minimum
size h-v drawings can be also used to compute inclusion drawings.

Theorem 10. A minimum size inclusion drawing of a binary tree with n nodes
can be found in O(log® n) parallel time using O(((6+max(a,b))n)®/logn) EREW
Processors.

In the case that the rectangle associated with leaf [ is of dimensions [, x
l, rather than a x b, the number of required processors increases®. Let L =
> leaves ; Max(lz,1,). Then, as a corollary of Theorem 10 we get:

6 Again, I, and I, are supposed to be multiples of the “unit” of length.



Corollary 11. A minimum size inclusion drawing of a binary tree with n nodes
in which each leaf | is associated with a rectangle of size l, x I, can be found
in O(log”>n) parallel time using O(dn + L)®/logn) EREW processors, where

L =3 leaves 1 max(le,ly)

Slicing Floorplanning. We can apply our method to get a parallel solution
for the slicing floorplanning problem. We set d to 0 while, for the pruning stage,
we compute partial floorplans based on whether the parent of the leaf is an H
or V node. Initially, the list of partial floorplans of each leaf of the slicing tree
contains two partial floorplans, one for each orientation of the leaf’s module.

Let the module associated with leaf [ of the slicing tree have dimensions
le x 1y, I <1y Let L =73 jeaves ; ly- From Corollary 11 we get:

Theorem 12. A minimum size slicing floorplan of a slicing tree with n leaves
can be found in O(log® n) parallel time using O(LS /logn) EREW processors.

Thus, for slicing floorplans which can be drawn in polynomial area, the prob-
lem of determining an optimal area slicing floorplan is placed in the class NC.
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